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•The problem of generalization in overparameterized neural networks 

•Neural persistence: a complexity measure based on PH 

•Predicting generalization from the PH of activations  

•Fractal dimension 

•Computing fractal dimension with PH 

•Bounding the generalization gap with the fractal dimension of the optimization trajectory 

•Bounding the generalization gap with the fractal dimension of the optimization trajectory: behavior in practice
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Training NNs: revisited
Generalization

4

Training data:

Data space: Probability space:  
<latexit sha1_base64="IN5ERuJz1KTmZqOnfFsX8AAg8+M=">AAAB/3icbVDLSgMxFL1TH63ja1Rw4yZYhApSZgSry4IgLluwD2yHkknTNjTzIMkIZezCX3HjQhG3/oY7f0D8DDNtF9p6IHByzr3k5HgRZ1LZ9qeRWVpeWc3m1sz1jc2tbWtnty7DWBBaIyEPRdPDknIW0JpiitNmJCj2PU4b3vAy9Rt3VEgWBjdqFFHXx/2A9RjBSksda98s3J6gto/VgGCeXI3TS3zcsfJ20Z4ALRJnRvJlVP3+ymXPKh3ro90NSezTQBGOpWw5dqTcBAvFCKdjsx1LGmEyxH3a0jTAPpVuMsk/Rkda6aJeKPQJFJqovzcS7Es58j09mQaV814q/ue1YtW7cBMWRLGiAZk+1Is5UiFKy0BdJihRfKQJJoLprIgMsMBE6cpMXYIz/+VFUj8tOqViqarbKMMUOTiAQyiAA+dQhmuoQA0I3MMjPMOL8WA8Ga/G23Q0Y8x29uAPjPcfSxGXTg==</latexit>

(Z,F , µ)
<latexit sha1_base64="yvxUNH1m4Rw6DHWoBg2qi4PsWJM=">AAAB9XicbVA9SwNBEJ2LJsb4FbW0WQyCVbiziDZCwMYygvnQJIa9zSZZsrd37M4pIaT1N1hooYiV4H+x84fYu/koNPHBwOO9GWbm+ZEUBl33y0ksLSdTK+nVzNr6xuZWdnunYsJYM15moQx1zaeGS6F4GQVKXos0p4EvedXvn4396i3XRoTqEgcRbwa0q0RHMIpWurkmp6RGGigCbshVK5tz8+4EZJF4M5Irph6/1ft9stTKfjbaIYsDrpBJakzdcyNsDqlGwSQfZRqx4RFlfdrldUsVtWuaw8nVI3JglTbphNqWQjJRf08MaWDMIPBtZ0CxZ+a9sfifV4+xc9IcChXFyBWbLurEkmBIxhGQttCcoRxYQpkW9lbCelRThjaojA3Bm395kVSO8l4hX7iwaRRhijTswT4cggfHUIRzKEEZGGh4gGd4ce6cJ+fVeZu2JpzZzC78gfPxA1ZvlM0=</latexit>

Z = X → Y

Task:

Empirical risk Loss

 Model

Learn:
<latexit sha1_base64="FLVW79Os1PujoYoq9WQFzziLeSM="></latexit>

ŷ = fω(x), ω → Rm

 s.t. is minimized

<latexit sha1_base64="T8dXC7WiDtc7vin+Y/vq9PZfMTo="></latexit>

R̂(Z, ω) =
1

n

n∑

i=1

L (fω (xi), yi)

Linear regression

Mean Squared Error

<latexit sha1_base64="CYN1X6AZ11m8wRX0BiAk03p6TZk="></latexit>

R̂ = MSE =
1

n

n∑

i=1

(yi → ŷi)
2

<latexit sha1_base64="Uq8ji1JdknQbpCi8ZY9Xt0s6bKg=">AAAB/XicbVDLSsNAFJ3UV62v+NgJMrQIFaUkLqoboeDGZQX7gDaEyWTSDp1JwsxEWkNx4Y/owoUibv0Pd36KO6ePhbYeuHA4517uvceLGZXKsr6MzMLi0vJKdjW3tr6xuWVu79RllAhMajhikWh6SBJGQ1JTVDHSjAVB3GOk4fUuR37jlghJo/BGDWLicNQJaUAxUlpyzb3ATfkJ9IbF/hG8gLwPj6HnmgWrZI0B54k9JYVK/unh+8CPqq752fYjnHASKsyQlC3bipWTIqEoZmSYayeSxAj3UIe0NA0RJ9JJx9cP4aFWfBhEQleo4Fj9PZEiLuWAe7qTI9WVs95I/M9rJSo4d1IaxokiIZ4sChIGVQRHUUCfCoIVG2iCsKD6Voi7SCCsdGA5HYI9+/I8qZ+W7HKpfK3TqIAJsmAf5EER2OAMVMAVqIIawOAOPIIX8GrcG8/Gm/E+ac0Y05ld8AfGxw8U2pa4</latexit>

fm,b(x) = mx+ b

<latexit sha1_base64="9ZQN831Wid6QCkEVvY/ZrZfGcKg=">AAACDXicbVDLSsNAFJ3UV62vqCtx4WAVXEhJXFQ3QsGNyyr2IU0Ik8m0Dp1k4sxEKKFrwY2/4saFIm7dd+d3+ANO2i5s64ELh3Pu5d57/JhRqSzr28jNzS8sLuWXCyura+sb5uZWXfJEYFLDnHHR9JEkjEakpqhipBkLgkKfkYbfvcj8xgMRkvLoRvVi4oaoE9E2xUhpyTMPmvAcOiFSd76fXvePoXOfoADeTqieWbRK1hBwlthjUqzsPHp8sPdT9cyBE3CchCRSmCEpW7YVKzdFQlHMSL/gJJLECHdRh7Q0jVBIpJsOv+nDQ60EsM2FrkjBofp3IkWhlL3Q153ZhXLay8T/vFai2mduSqM4USTCo0XthEHFYRYNDKggWLGeJggLqm+F+A4JhJUOsKBDsKdfniX1k5JdLpWvdBoVMEIe7IJ9cARscAoq4BJUQQ1g8ARewBt4N56NV+PD+By15ozxzDaYgPH1C/EDnfA=</latexit>

X = R, Y = R

<latexit sha1_base64="d3XchlC04raeTE5zF5Rv3M+atIc="></latexit>

Z = {(xi, yi) → X ↑ Y : 1 ↓ i ↓ n}

<latexit sha1_base64="w/dJ3vfCGGphrkUVSQEJ3AWdj8k="></latexit>

R(µ, ω) = Ez→µ[L(fω(x), y)]

<latexit sha1_base64="VWZQmDUvqJ5y9cn0z1/qPBqM4lk="></latexit>

G(Z, µ, ω) = |R(µ, ω)→ R̂(Z, ω)|

Population risk:

Generalization gap:

Typically approximated as the difference between 
the risk over the training and the test data
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How to estimate the generalization error
Classical statistical learning theory
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Vapnik-Chervonenkis (VC) dimension
Size of the largest set of points that the model can shatter, i.e. classify 

correctly under all possible labels

Example: linear classifier in  has VC dimension of d + 1 ℝd

Vapnik, V. N., and A. Ya. Chervonenkis. “On the Uniform Convergence of Relative Frequencies of Events to Their Probabilities.” In Theory of Probability and Its Applications, 
Volume XVI, Number 2, pages 264–280, 1971.

 a model  can shatter all sets of n points, but no set of n + 1 points 
<latexit sha1_base64="u0VVwc0I4s04+2PilBhHLYZ2Io0=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCUMwMCjEkvHItGH1FSV4zqtVceJ7BtQFfobbCwMIMTKDzDwA2x8Bz+A+xig5UiWjs65V/f4+LHgGhzny8osLC4tr2RXc2vrG5tbdn67pqNEUValkYhUwyeaCS5ZFTgI1ogVI6EvWN3vX478+g1TmkfyGgYxa4WkK3nAKQEjte18D3tcYi8k0KNEpOVh2y44RWcMPE/cKSlcfL/D+f3ZR6Vtf3qdiCYhk0AF0brpOjG0UqKAU8GGOS/RLCa0T7qsaagkIdOtdBx9iPeN0sFBpMyTgMfq742UhFoPQt9MjiLqWW8k/uc1EwhOWimXcQJM0smhIBEYIjzqAXe4YhTEwBBCFTdZMe0RRSiYtnKmBHf2y/Okdlh0j4pHV06hdIomyKJdtIcOkIuOUQmVUQVVEUW36AE9oWfrznq0XqzXyWjGmu7soD+w3n4Ab4GX5A==</latexit>

h → H

<latexit sha1_base64="BmA1x7+pi2eFeG9NvEHxcHOhlWc=">AAACCnicbZDLSsNAFIYn9dJab1GXbkaLUDclEaxuhEI3XbZgL9CEMplO2qGTSZiZCCV07cZXceNCEbc+gTtfQHwMJ2kX2vrDwMd/zmHO+b2IUaks69PIra1vbOYLW8Xtnd29ffPgsCPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb1JP6907IiQN+a2aRsQN0IhTn2KktDUwT5wAqbEIkk59Vs4YI5Y0ZufwBnLoUN8fmCWrYmWCq2AvoFSDre+vQv6yOTA/nGGI44BwhRmSsm9bkXITJBTFjMyKTixJhPAEjUhfI0cBkW6SnTKDZ9oZQj8U+nEFM/f3RIICKaeBpzvTZeVyLTX/q/Vj5V+7CeVRrAjH84/8mEEVwjQXOKSCYMWmGhAWVO8K8RgJhJVOr6hDsJdPXoXORcWuVqotnUYNzFUAx+AUlIENrkANNEATtAEG9+ARPIMX48F4Ml6Nt3lrzljMHIE/Mt5/AMNFnJY=</latexit>

VC(H) = n →↑

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



How to estimate the generalization error
Classical statistical learning theory
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Size of the largest set of points that the model can shatter, i.e. classify 
correctly under all possible labels

Vapnik, V. N., and A. Ya. Chervonenkis. “On the Uniform Convergence of Relative Frequencies of Events to Their Probabilities.” In Theory of Probability and Its Applications, 
Volume XVI, Number 2, pages 264–280, 1971.

 a model  can shatter all sets of n points, but no set of n + 1 points 
<latexit sha1_base64="u0VVwc0I4s04+2PilBhHLYZ2Io0=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCUMwMCjEkvHItGH1FSV4zqtVceJ7BtQFfobbCwMIMTKDzDwA2x8Bz+A+xig5UiWjs65V/f4+LHgGhzny8osLC4tr2RXc2vrG5tbdn67pqNEUValkYhUwyeaCS5ZFTgI1ogVI6EvWN3vX478+g1TmkfyGgYxa4WkK3nAKQEjte18D3tcYi8k0KNEpOVh2y44RWcMPE/cKSlcfL/D+f3ZR6Vtf3qdiCYhk0AF0brpOjG0UqKAU8GGOS/RLCa0T7qsaagkIdOtdBx9iPeN0sFBpMyTgMfq742UhFoPQt9MjiLqWW8k/uc1EwhOWimXcQJM0smhIBEYIjzqAXe4YhTEwBBCFTdZMe0RRSiYtnKmBHf2y/Okdlh0j4pHV06hdIomyKJdtIcOkIuOUQmVUQVVEUW36AE9oWfrznq0XqzXyWjGmu7soD+w3n4Ab4GX5A==</latexit>

h → H

<latexit sha1_base64="BmA1x7+pi2eFeG9NvEHxcHOhlWc=">AAACCnicbZDLSsNAFIYn9dJab1GXbkaLUDclEaxuhEI3XbZgL9CEMplO2qGTSZiZCCV07cZXceNCEbc+gTtfQHwMJ2kX2vrDwMd/zmHO+b2IUaks69PIra1vbOYLW8Xtnd29ffPgsCPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb1JP6907IiQN+a2aRsQN0IhTn2KktDUwT5wAqbEIkk59Vs4YI5Y0ZufwBnLoUN8fmCWrYmWCq2AvoFSDre+vQv6yOTA/nGGI44BwhRmSsm9bkXITJBTFjMyKTixJhPAEjUhfI0cBkW6SnTKDZ9oZQj8U+nEFM/f3RIICKaeBpzvTZeVyLTX/q/Vj5V+7CeVRrAjH84/8mEEVwjQXOKSCYMWmGhAWVO8K8RgJhJVOr6hDsJdPXoXORcWuVqotnUYNzFUAx+AUlIENrkANNEATtAEG9+ARPIMX48F4Ml6Nt3lrzljMHIE/Mt5/AMNFnJY=</latexit>

VC(H) = n →↑

<latexit sha1_base64="4+knVMIWxM3V3rmYI69krut6Pkc="></latexit>

R(h) → R̂(Z, h) +O

(√
d log(n/d) + log 1/ω

n

)

Let
<latexit sha1_base64="PeRX7adnuiTlcL6S+mWAW6ZuhIA=">AAACBXicbZC7SgNBFIZnvcZ4W7U0xWAQYhN2LaKFQiBNygjmAtklzM7OJkNmL8zMCmHZxsYyr2FjoYit4CPY+SD2zm5SaOIPAx//OYc553ciRoU0jC9tZXVtfWOzsFXc3tnd29cPDjsijDkmbRyykPccJAijAWlLKhnpRZwg32Gk64wbWb17R7igYXArJxGxfTQMqEcxksoa6CUXXkPLR3LE/aTTSCs5Y8SSZno20MtG1cgFl8GcQ7lemlqV749pa6B/Wm6IY58EEjMkRN80ImkniEuKGUmLVixIhPAYDUlfYYB8IuwkvyKFp8pxoRdy9QIJc/f3RIJ8ISa+ozqzHcViLTP/q/Vj6V3aCQ2iWJIAzz7yYgZlCLNIoEs5wZJNFCDMqdoV4hHiCEsVXFGFYC6evAyd86pZq9ZuVBpXYKYCOAYnoAJMcAHqoAlaoA0wuAeP4Bm8aA/ak/aqvc1aV7T5zBH4I+39B2U4m5c=</latexit>

d = VC(H)

with probability at least  
<latexit sha1_base64="nv3VpSuwEpYcd5osqhNEHl2sOI4=">AAAB73icbVC7SgNBFL2b+IjxFbW0GQyCjWHXIlpYBESwjGAekIQwO3s3GTL7cGZWCEt+wsZCEVv/wtbWQvBD7J08Ck08cOFwzr3ce48bC660bX9ZmezS8spqbi2/vrG5tV3Y2a2rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBi7DfuUCoehTd6GGMnoL2Q+5xRbaSmc9z2UGjaLRTtkj0BWSTOjBQr2ff62+f3ZbVb+Gh7EUsCDDUTVKmWY8e6k1KpORM4yrcThTFlA9rDlqEhDVB10sm9I3JoFI/4kTQVajJRf0+kNFBqGLimM6C6r+a9sfif10q0f9ZJeRgnGkM2XeQnguiIjJ8nHpfItBgaQpnk5lbC+lRSpk1EeROCM//yIqmflJxyqXxt0jiHKXKwDwdwBA6cQgWuoAo1YCDgHh7hybq1Hqxn62XamrFmM3vwB9brDw/Gk8E=</latexit>

1→ ω

For a NN with M parameters and linear activations
<latexit sha1_base64="/cp53OWKOnl0BzTdXqDOpB1OS3Y="></latexit>

VC(HNN) = O(M logM)

Typically , so you need millions of samples for reliable generalization guarantees
<latexit sha1_base64="wYr1qFglWjTMlY0p29v7CYmeSOU=">AAAB9XicbVC7SgNBFJ31GeMrainIYBCswq5FtBAM2NgICZgHJJswO5lNhszODDOzalhS+g82ForY2tr6C3Z+g36Ek0ehiQcuHM65l3vvCSSj2rjupzM3v7C4tJxaSa+urW9sZra2K1rECpMyFkyoWoA0YZSTsqGGkZpUBEUBI9Wgdz70q9dEaSr4lelL4keow2lIMTJWal7CBpJSiVvouc18K5N1c+4IcJZ4E5I9e/+623srfRdbmY9GW+A4ItxghrSue640foKUoZiRQboRayIR7qEOqVvKUUS0n4yuHsADq7RhKJQtbuBI/T2RoEjrfhTYzgiZrp72huJ/Xj024YmfUC5jQzgeLwpjBo2AwwhgmyqCDetbgrCi9laIu0ghbGxQaRuCN/3yLKkc5bx8Ll9ys4VTMEYK7IJ9cAg8cAwK4AIUQRlgoMA9eARPzo3z4Dw7L+PWOWcyswP+wHn9AQfKlgI=</latexit>

M → 106

Vapnik-Chervonenkis (VC) dimension

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



How to estimate the generalization error
Classical statistical learning theory
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Rademacher complexity given some specific training points, how well can a model  correlate with pure random noise?
<latexit sha1_base64="u0VVwc0I4s04+2PilBhHLYZ2Io0=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCUMwMCjEkvHItGH1FSV4zqtVceJ7BtQFfobbCwMIMTKDzDwA2x8Bz+A+xig5UiWjs65V/f4+LHgGhzny8osLC4tr2RXc2vrG5tbdn67pqNEUValkYhUwyeaCS5ZFTgI1ogVI6EvWN3vX478+g1TmkfyGgYxa4WkK3nAKQEjte18D3tcYi8k0KNEpOVh2y44RWcMPE/cKSlcfL/D+f3ZR6Vtf3qdiCYhk0AF0brpOjG0UqKAU8GGOS/RLCa0T7qsaagkIdOtdBx9iPeN0sFBpMyTgMfq742UhFoPQt9MjiLqWW8k/uc1EwhOWimXcQJM0smhIBEYIjzqAXe4YhTEwBBCFTdZMe0RRSiYtnKmBHf2y/Okdlh0j4pHV06hdIomyKJdtIcOkIuOUQmVUQVVEUW36AE9oWfrznq0XqzXyWjGmu7soD+w3n4Ab4GX5A==</latexit>

h → H

<latexit sha1_base64="88xML4MXruiHxL2LPm7Tsv+2Jmg="></latexit>

RZ(H) = Eω

[
sup
h→H

1

n

n∑

i=1

ωih(xi)

]

random noise labels
<latexit sha1_base64="ytWpMt4U090BmnUHUrSbRkS+z7M=">AAACAHicbVC7SgNBFJ31GeNr1cJCi8EgBNSwaxEtLAI2lhHMA7LLMjuZTYbMzC4zs0JY0vgD+QgbC0VsLf0EOz/E3smj0MQDFw7n3Mu994QJo0o7zpe1sLi0vLKaW8uvb2xubds7u3UVpxKTGo5ZLJshUoRRQWqaakaaiSSIh4w0wt71yG/cE6loLO50PyE+Rx1BI4qRNlJg73uKdjgKKPSogF525p7CE9cbBHbBKTljwHniTkmhcjj0it8fw2pgf3rtGKecCI0ZUqrlOon2MyQ1xYwM8l6qSIJwD3VIy1CBOFF+Nn5gAI+N0oZRLE0JDcfq74kMcaX6PDSdHOmumvVG4n9eK9XRpZ9RkaSaCDxZFKUM6hiO0oBtKgnWrG8IwpKaWyHuIomwNpnlTQju7MvzpH5ecsul8q1J4wpMkAMH4AgUgQsuQAXcgCqoAQwG4BE8gxfrwXqyXq23SeuCNZ3ZA39gvf8AVTiYpQ==</latexit>

ωi → {↑1,+1}

<latexit sha1_base64="AN6ru9iI4s3uucQ5xTSBHQT4HMo="></latexit>

R(h) → R̂(Z, h) + 2RZ(H) +O

(√
log(1/ω)

n

)With probability at least  
<latexit sha1_base64="nv3VpSuwEpYcd5osqhNEHl2sOI4=">AAAB73icbVC7SgNBFL2b+IjxFbW0GQyCjWHXIlpYBESwjGAekIQwO3s3GTL7cGZWCEt+wsZCEVv/wtbWQvBD7J08Ck08cOFwzr3ce48bC660bX9ZmezS8spqbi2/vrG5tV3Y2a2rKJEMaywSkWy6VKHgIdY01wKbsUQauAIb7uBi7DfuUCoehTd6GGMnoL2Q+5xRbaSmc9z2UGjaLRTtkj0BWSTOjBQr2ff62+f3ZbVb+Gh7EUsCDDUTVKmWY8e6k1KpORM4yrcThTFlA9rDlqEhDVB10sm9I3JoFI/4kTQVajJRf0+kNFBqGLimM6C6r+a9sfif10q0f9ZJeRgnGkM2XeQnguiIjJ8nHpfItBgaQpnk5lbC+lRSpk1EeROCM//yIqmflJxyqXxt0jiHKXKwDwdwBA6cQgWuoAo1YCDgHh7hybq1Hqxn62XamrFmM3vwB9brDw/Gk8E=</latexit>

1→ ω

RC gets worse with number of neurons in the layers and the values of 
the weights, and improves with the number of samples

Bartlett, Peter L., and Shahar Mendelson. “Rademacher and Gaussian Complexities: Risk Bounds and Structural Results.” Journal of Machine Learning Research 3, no. Nov (2002): 463–82.
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Generalization in NNs
The paradox

8

Zhang, Chiyuan, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. “Understanding Deep Learning Requires Rethinking Generalization.” 
arXiv:1611.03530. Preprint, arXiv, February 26, 2017. 

Takeaways: 

•VC dimension grows with the number of parameters, so networks should overfit 

•Rademacher complexity increases with the richness of the model, so networks should fit noise

However, in practice, neural networks generalize well. Why?

We haven’t yet mentioned an important ingredient in our construction: the optimization algorithm 

These measures assume that all models can be reached, but maybe this is not what we have in practice 

We need to develop new complexity measures that are able to capture this to bound the generalization error more tightly

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026
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Seeing an MLP as a stratified graph

10

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

We can see an MLP as a stratified graph:  
<latexit sha1_base64="1aUVkaR7OTlv20NgL/CTUHlzKvE=">AAAB8XicbVDLSgNBEOyNrxhfUY96GAxCBAm7HqIHhYCIHiOYByZLmJ3MJkNmZ5eZWSEs+YZcvHhQxKt/4Sd480O8O3kcNLGgoajqprvLizhT2ra/rNTC4tLySno1s7a+sbmV3d6pqjCWhFZIyENZ97CinAla0UxzWo8kxYHHac3rXY782gOVioXiTvcj6ga4I5jPCNZGur9GFyhfPUZXR61szi7YY6B54kxJrrQ/bOa/P4blVvaz2Q5JHFChCcdKNRw70m6CpWaE00GmGSsaYdLDHdowVOCAKjcZXzxAh0ZpIz+UpoRGY/X3RIIDpfqBZzoDrLtq1huJ/3mNWPtnbsJEFGsqyGSRH3OkQzR6H7WZpETzviGYSGZuRaSLJSbahJQxITizL8+T6knBKRaKtyaNc5ggDXtwAHlw4BRKcANlqAABAY/wDC+Wsp6sV+tt0pqypjO78AfW+w+Ck5KQ</latexit>

G = (V,E)

<latexit sha1_base64="HyRWR/D1stdjaTKGFuwQdhS+gUU=">AAACE3icbZDLSgMxFIYz9Vbrbaor6SZYBHFRZlxUFwoFNy5ctGCnhc4wZNJMG5rJjElGKKXv4MZXceNCEbe6cKdPY3oRtfWHwMd/zkly/iBhVCrL+jAyC4tLyyvZ1dza+sbmlpnfdmScCkzqOGaxaAZIEkY5qSuqGGkmgqAoYKQR9M5H9cYNEZLG/Er1E+JFqMNpSDFS2vLNQweeQce3oCuvcZpotL/RbcdK/viXvlm0StZYcB7sKRQrebfwWdt9q/rmu74CpxHhCjMkZcu2EuUNkFAUMzLMuakkCcI91CEtjRxFRHqD8U5DuK+dNgxjoQ9XcOz+nhigSMp+FOjOCKmunK2NzP9qrVSFJ96A8iRVhOPJQ2HKoIrhKCDYpoJgxfoaEBZU/xXiLhIIKx1jTodgz648D85RyS6XyjWdximYKAsKYA8cABscgwq4AFVQBxjcgnvwCJ6MO+PBeDZeJq0ZYzqzA/7IeP0CzKufNw==</latexit>

V = V0 → V1 → · · · → VL
<latexit sha1_base64="B+IcKnlVz84g/70+GqUbjFKSRzU="></latexit>

(u, v) → E ↑↓ ↔k → {0, . . . , L}, u → Vk ↗ v → Vk+1

With a weight function on the edges: 
<latexit sha1_base64="OHMWb4yFgYvE/3YoqkD9OO3gCsA=">AAACBHicbVDLSgMxFM3UV62vUcFNN8EiuCozLqqIi4IILivYB3SGkknTNjSTCUmmMgxduPE3XLpxoYhbP8KdH+B/mGm70NYDgcM595J7TiAYVdpxvqzc0vLK6lp+vbCxubW9Y+/uNVQUS0zqOGKRbAVIEUY5qWuqGWkJSVAYMNIMhpeZ3xwRqWjEb3UiiB+iPqc9ipE2UscueiMkxYDCc3gFPR1BL0R6gBFLm+OOXXLKzgRwkbgzUqoeNO5E8v1Y69ifXjfCcUi4xgwp1XYdof0USU0xI+OCFysiEB6iPmkbylFIlJ9OQozhkVG6sBdJ87iGE/X3RopCpZIwMJPZiWrey8T/vHase2d+SrmINeF4+lEvZtCEzRqBXSoJ1iwxBGFJza0QD5BEWJveCqYEdz7yImmclN1KuXJj2rgAU+RBERyCY+CCU1AF16AG6gCDe/AEXsCr9WA9W2/W+3Q0Z8129sEfWB8/UfKa8w==</latexit>

ω : E → W

<latexit sha1_base64="Y7GpC+6cEPzQi2x9cuHauAkJWm0="></latexit>

Gk = (Vk → Vk+1, E ↑ {(u, v) ↓ Vk ↔ Vk+1})

<latexit sha1_base64="UqiABEWIWmjc0gCI0ve3KQK/rUg=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLiziJYBCy0jmg9IjrC32SRL9vaO3TkhHGnsbSwUsfUXWQj+A3+DlZuPQhMfDDzem2FmXhBLYdB1P52l5ZXVtfXMRnZza3tnN7e3XzNRohmvskhGuhFQw6VQvIoCJW/EmtMwkLweDC7Gfv2OayMidYvDmPsh7SnRFYyilW4u2247V3CL7gRkkXgzUijnP77vv0YnlXbuvdWJWBJyhUxSY5qeG6OfUo2CST7KthLDY8oGtMeblioacuOnk1NH5MgqHdKNtC2FZKL+nkhpaMwwDGxnSLFv5r2x+J/XTLB77qdCxQlyxaaLuokkGJHx36QjNGcoh5ZQpoW9lbA+1ZShTSdrQ/DmX14ktdOiVyqWrm0aZZgiAwdwCMfgwRmU4QoqUAUGPXiAJ3h2pPPovDiv09YlZzaThz9w3n4Aa5KRqQ==</latexit>

G0

<latexit sha1_base64="Jsqf+WnLe5y+qjpAqGkMKFk9Ajc=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLiziJYBCy0jmg9IjrC32SRL9vaO3TkhHGnsbSwUsfUXWQj+A3+DlZuPQhMfDDzem2FmXhBLYdB1P52l5ZXVtfXMRnZza3tnN7e3XzNRohmvskhGuhFQw6VQvIoCJW/EmtMwkLweDC7Gfv2OayMidYvDmPsh7SnRFYyilW4u2147V3CL7gRkkXgzUijnP77vv0YnlXbuvdWJWBJyhUxSY5qeG6OfUo2CST7KthLDY8oGtMeblioacuOnk1NH5MgqHdKNtC2FZKL+nkhpaMwwDGxnSLFv5r2x+J/XTLB77qdCxQlyxaaLuokkGJHx36QjNGcoh5ZQpoW9lbA+1ZShTSdrQ/DmX14ktdOiVyqWrm0aZZgiAwdwCMfgwRmU4QoqUAUGPXiAJ3h2pPPovDiv09YlZzaThz9w3n4AbRaRqg==</latexit>

G1
<latexit sha1_base64="IEMKsq2a5EOyZcsj1nKMhofDxMo=">AAAB6nicbVC7SgNBFL0bXzG+oiltBoNgIWE3RbQMWGgZ0TwgWcLsZDYZMjO7zMwKYUljb2OhiK1fZCH4B36DlZNHoYkHLhzOuZd77wlizrRx3U8ns7K6tr6R3cxtbe/s7uX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsOLid+8o0qzSN6aUUx9gfuShYxgY6Wby265my+6JXcKtEy8OSlWCx/f91/j01o3/97pRSQRVBrCsdZtz42Nn2JlGOF0nOskmsaYDHGfti2VWFDtp9NTx+jYKj0URsqWNGiq/p5IsdB6JALbKbAZ6EVvIv7ntRMTnvspk3FiqCSzRWHCkYnQ5G/UY4oSw0eWYKKYvRWRAVaYGJtOzobgLb68TBrlklcpVa5tGlWYIQuHcAQn4MEZVOEKalAHAn14gCd4drjz6Lw4r7PWjDOfKcAfOG8/bpqRqw==</latexit>

G2
<latexit sha1_base64="h6wjKC7WqP/JrhBVGBT0fTlaZfI=">AAAB6nicbVC7SgNBFL0bXzG+oiltBoNgIWFXIVoGLLSMaB6QLGF2MpsMmZ1ZZmaFsKSxt7FQxNYvshD8A7/Bysmj0MQDFw7n3Mu99wQxZ9q47qeTWVpeWV3Lruc2Nre2d/K7e3UtE0VojUguVTPAmnImaM0ww2kzVhRHAaeNYHAx9ht3VGkmxa0ZxtSPcE+wkBFsrHRz2Tnt5ItuyZ0ALRJvRoqVwsf3/dfouNrJv7e7kiQRFYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUsFjqj208mpI3RolS4KpbIlDJqovydSHGk9jALbGWHT1/PeWPzPayUmPPdTJuLEUEGmi8KEIyPR+G/UZYoSw4eWYKKYvRWRPlaYGJtOzobgzb+8SOonJa9cKl/bNCowRRb24QCOwIMzqMAVVKEGBHrwAE/w7HDn0XlxXqetGWc2U4A/cN5+AHAekaw=</latexit>

G3

<latexit sha1_base64="NxmblCMVW/1d3MJEvQzcShXt9Jc=">AAAB6nicbVA9SwNBEJ2LXzF+RVPaLAbBQsKdRbQM2FhGNB+QhLC32UuW7O0du3NCONLY21goYusvshD8B/4GKzcfhSY+GHi8N8PMPD+WwqDrfjqZldW19Y3sZm5re2d3L79/UDdRohmvsUhGuulTw6VQvIYCJW/GmtPQl7zhDy8nfuOOayMidYujmHdC2lciEIyilW7qXbebL7oldwqyTLw5KVYKH9/3X+PTajf/3u5FLAm5QiapMS3PjbGTUo2CST7OtRPDY8qGtM9blioactNJp6eOybFVeiSItC2FZKr+nkhpaMwo9G1nSHFgFr2J+J/XSjC46KRCxQlyxWaLgkQSjMjkb9ITmjOUI0so08LeStiAasrQppOzIXiLLy+T+lnJK5fK1zaNCsyQhUM4ghPw4BwqcAVVqAGDPjzAEzw70nl0XpzXWWvGmc8U4A+ctx+CbJG4</latexit>

V0

<latexit sha1_base64="4yJtYmt/PwbwqtrYYz1fchGGXwI=">AAAB6nicbVA9SwNBEJ2LXzF+RVPaLAbBQsKdRbQM2FhGNB+QhLC32UuW7O0du3NCONLY21goYusvshD8B/4GKzcfhSY+GHi8N8PMPD+WwqDrfjqZldW19Y3sZm5re2d3L79/UDdRohmvsUhGuulTw6VQvIYCJW/GmtPQl7zhDy8nfuOOayMidYujmHdC2lciEIyilW7qXa+bL7oldwqyTLw5KVYKH9/3X+PTajf/3u5FLAm5QiapMS3PjbGTUo2CST7OtRPDY8qGtM9blioactNJp6eOybFVeiSItC2FZKr+nkhpaMwo9G1nSHFgFr2J+J/XSjC46KRCxQlyxWaLgkQSjMjkb9ITmjOUI0so08LeStiAasrQppOzIXiLLy+T+lnJK5fK1zaNCsyQhUM4ghPw4BwqcAVVqAGDPjzAEzw70nl0XpzXWWvGmc8U4A+ctx+D8JG5</latexit>

V1
<latexit sha1_base64="o1QvR0TCPZ7VizjkhLSCO9fdAAk=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLhLES0DNpYRzQckIext9pIle3vH7pwQjjT2NhaK2PqLLAT/gb/Bys1HoYkPBh7vzTAzz4+lMOi6n87K6tr6xmZmK7u9s7u3nzs4rJso0YzXWCQj3fSp4VIoXkOBkjdjzWnoS97wh5cTv3HHtRGRusVRzDsh7SsRCEbRSjf1bqmbK7hFdwqyTLw5KVTyH9/3X+Ozajf33u5FLAm5QiapMS3PjbGTUo2CST7OthPDY8qGtM9blioactNJp6eOyYlVeiSItC2FZKr+nkhpaMwo9G1nSHFgFr2J+J/XSjC46KRCxQlyxWaLgkQSjMjkb9ITmjOUI0so08LeStiAasrQppO1IXiLLy+TeqnolYvla5tGBWbIwBEcwyl4cA4VuIIq1IBBHx7gCZ4d6Tw6L87rrHXFmc/k4Q+ctx+FdJG6</latexit>

V2
<latexit sha1_base64="AnVtvlsMzY3cFkBGdDTtvr108ao=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLhTiJYBG8uI5gOSI+xtNsmSvb1jd04IRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8RSGHTdT2dpeWV1bT2zkd3c2t7Zze3t10yUaMarLJKRbgTUcCkUr6JAyRux5jQMJK8Hg8uxX7/j2ohI3eIw5n5Ie0p0BaNopZta+6ydK7hFdwKySLwZKZTzH9/3X6OTSjv33upELAm5QiapMU3PjdFPqUbBJB9lW4nhMWUD2uNNSxUNufHTyakjcmSVDulG2pZCMlF/T6Q0NGYYBrYzpNg3895Y/M9rJti98FOh4gS5YtNF3UQSjMj4b9IRmjOUQ0so08LeSlifasrQppO1IXjzLy+S2mnRKxVL1zaNMkyRgQM4hGPw4BzKcAUVqAKDHjzAEzw70nl0XpzXaeuSM5vJwx84bz+G+JG7</latexit>

V3

<latexit sha1_base64="1wc5269vqiIMUVFtE2chd8K5PP4=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTiZYBG8uI5gOSI+xtNsmSvb1jd04IRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8RSGHTdT2dpeWV1bT2zkd3c2t7Zze3t10yUaMarLJKRbgTUcCkUr6JAyRux5jQMJK8Hg8uxX7/j2ohI3eIw5n5Ie0p0BaNopZta+6ydK7hFdwKySLwZKZTzH9/3X6OTSjv33upELAm5QiapMU3PjdFPqUbBJB9lW4nhMWUD2uNNSxUNufHTyakjcmSVDulG2pZCMlF/T6Q0NGYYBrYzpNg3895Y/M9rJti98FOh4gS5YtNF3UQSjMj4b9IRmjOUQ0so08LeSlifasrQppO1IXjzLy+S2mnRKxVL1zaNMkyRgQM4hGPw4BzKcAUVqAKDHjzAEzw70nl0XpzXaeuSM5vJwx84bz+IfJG8</latexit>

V4

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



Obtaining a filtration

11

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

<latexit sha1_base64="+penqCIhb08MVVjyTxJ73QUVBjc=">AAAB8HicbVC7TgMxENzjGcIrQEFBY4iQQhPdUQTKSBRQBok8UHJEPseXWLF9J9uHFJ3yFTQUIETLD/Ad0NHwLTiPAhJGWmk0s6vdnSDmTBvX/XIWFpeWV1Yza9n1jc2t7dzObk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH8x8uv3VGkWyRsziKkvcFeykBFsrHR72fbu0oJ3Mmzn8m7RHQPNE29K8uXD4Bs+3vcr7dxnqxORRFBpCMdaNz03Nn6KlWGE02G2lWgaY9LHXdq0VGJBtZ+ODx6iY6t0UBgpW9Kgsfp7IsVC64EIbKfApqdnvZH4n9dMTHjup0zGiaGSTBaFCUcmQqPvUYcpSgwfWIKJYvZWRHpYYWJsRlkbgjf78jypnRa9UrF0bdMowwQZOIAjKIAHZ1CGK6hAFQgIeIAneHaU8+i8OK+T1gVnOrMHf+C8/QDUaZLI</latexit>

G(1)
1

<latexit sha1_base64="HFMBvL2DtgnA8x+R/5vy2kbpNmY=">AAAB8HicbVDJSgNBEO1xzeIS49FLYxA8SJjxED0GvHiMaBZJhtDTqSRNumfG7hohDPkKLx4U8erPCN78GzvLQRMfFDzeq6KqXhBLYdB1v5219Y3Nre1MNpff2d3bLxwUGyZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxGV1O/+QjaiCi8w3EMvmKDUPQFZ2il+45JAgMID91CyS27M9BV4i1IqVrM39ayZ5+1buGr04t4oiBELpkxbc+N0U+ZRsElTHKdxEDM+IgNoG1pyBQYP50dPKEnVunRfqRthUhn6u+JlCljxiqwnYrh0Cx7U/E/r51g/9JPRRgnCCGfL+onkmJEp9/TntDAUY4tYVwLeyvlQ6YZR5tRzobgLb+8ShrnZa9SrtzYNKpkjgw5IsfklHjkglTJNamROuFEkSfyQl4d7Tw7b877vHXNWcwckj9wPn4A2DaSpQ==</latexit>→
<latexit sha1_base64="nFZr5DBhzGszxf+Do4WRkaUDNFo=">AAAB8HicbVC7TgJBFL2LL8QXamFhM0pMsCG7FGhJYqElJvIwsJLZYYAJM7ObmVkTsuErbCw0xtYf8Du0s/FbHB6Fgie5yck59+bee4KIM21c98tJLS2vrK6l1zMbm1vbO9ndvZoOY0VolYQ8VI0Aa8qZpFXDDKeNSFEsAk7rweBi7NfvqdIslDdmGFFf4J5kXUawsdLtZdu7S/LF01E7m3ML7gRokXgzkisfBd/w8X5QaWc/W52QxIJKQzjWuum5kfETrAwjnI4yrVjTCJMB7tGmpRILqv1kcvAInVilg7qhsiUNmqi/JxIstB6KwHYKbPp63huL/3nN2HTP/YTJKDZUkumibsyRCdH4e9RhihLDh5Zgopi9FZE+VpgYm1HGhuDNv7xIasWCVyqUrm0aZZgiDYdwDHnw4AzKcAUVqAIBAQ/wBM+Och6dF+d12ppyZjP78AfO2w/V75LJ</latexit>

G(2)
1

<latexit sha1_base64="3ZgTLglKwIPcP4aQ95bZch3tB5Q=">AAAB8HicbVC7SgNBFL0bXzG+ohYWNqNBiE3YVYiWAQstI5iHJGuYnUySITOzy8ysEJZ8hY2FIrb+gN+hnY3f4uRRaOKBC4dz7uXee4KIM21c98tJLSwuLa+kVzNr6xubW9ntnaoOY0VohYQ8VPUAa8qZpBXDDKf1SFEsAk5rQf9i5NfuqdIslDdmEFFf4K5kHUawsdLtZcu7S/Knx8NWNucW3DHQPPGmJFc6CL7h432v3Mp+NtshiQWVhnCsdcNzI+MnWBlGOB1mmrGmESZ93KUNSyUWVPvJ+OAhOrJKG3VCZUsaNFZ/TyRYaD0Qge0U2PT0rDcS//Masemc+wmTUWyoJJNFnZgjE6LR96jNFCWGDyzBRDF7KyI9rDAxNqOMDcGbfXmeVE8KXrFQvLZplGCCNOzDIeTBgzMowRWUoQIEBDzAEzw7ynl0XpzXSWvKmc7swh84bz/XdZLK</latexit>

G(3)
1

<latexit sha1_base64="VnZ1tyUpzTO118MB3mntM9jpJ34=">AAAB8HicbVC7SgNBFL0bXzG+ohYWNqNBiE3YFYmWAQstI5iHJGuYnUySITOzy8ysEJZ8hY2FIrb+gN+hnY3f4uRRaOKBC4dz7uXee4KIM21c98tJLSwuLa+kVzNr6xubW9ntnaoOY0VohYQ8VPUAa8qZpBXDDKf1SFEsAk5rQf9i5NfuqdIslDdmEFFf4K5kHUawsdLtZcu7S/Knx8NWNucW3DHQPPGmJFc6CL7h432v3Mp+NtshiQWVhnCsdcNzI+MnWBlGOB1mmrGmESZ93KUNSyUWVPvJ+OAhOrJKG3VCZUsaNFZ/TyRYaD0Qge0U2PT0rDcS//Masemc+wmTUWyoJJNFnZgjE6LR96jNFCWGDyzBRDF7KyI9rDAxNqOMDcGbfXmeVE8KXrFQvLZplGCCNOzDIeTBgzMowRWUoQIEBDzAEzw7ynl0XpzXSWvKmc7swh84bz/Y+5LL</latexit>

G(4)
1

<latexit sha1_base64="HFMBvL2DtgnA8x+R/5vy2kbpNmY=">AAAB8HicbVDJSgNBEO1xzeIS49FLYxA8SJjxED0GvHiMaBZJhtDTqSRNumfG7hohDPkKLx4U8erPCN78GzvLQRMfFDzeq6KqXhBLYdB1v5219Y3Nre1MNpff2d3bLxwUGyZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxGV1O/+QjaiCi8w3EMvmKDUPQFZ2il+45JAgMID91CyS27M9BV4i1IqVrM39ayZ5+1buGr04t4oiBELpkxbc+N0U+ZRsElTHKdxEDM+IgNoG1pyBQYP50dPKEnVunRfqRthUhn6u+JlCljxiqwnYrh0Cx7U/E/r51g/9JPRRgnCCGfL+onkmJEp9/TntDAUY4tYVwLeyvlQ6YZR5tRzobgLb+8ShrnZa9SrtzYNKpkjgw5IsfklHjkglTJNamROuFEkSfyQl4d7Tw7b877vHXNWcwckj9wPn4A2DaSpQ==</latexit>→ <latexit sha1_base64="HFMBvL2DtgnA8x+R/5vy2kbpNmY=">AAAB8HicbVDJSgNBEO1xzeIS49FLYxA8SJjxED0GvHiMaBZJhtDTqSRNumfG7hohDPkKLx4U8erPCN78GzvLQRMfFDzeq6KqXhBLYdB1v5219Y3Nre1MNpff2d3bLxwUGyZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxGV1O/+QjaiCi8w3EMvmKDUPQFZ2il+45JAgMID91CyS27M9BV4i1IqVrM39ayZ5+1buGr04t4oiBELpkxbc+N0U+ZRsElTHKdxEDM+IgNoG1pyBQYP50dPKEnVunRfqRthUhn6u+JlCljxiqwnYrh0Cx7U/E/r51g/9JPRRgnCCGfL+onkmJEp9/TntDAUY4tYVwLeyvlQ6YZR5tRzobgLb+8ShrnZa9SrtzYNKpkjgw5IsfklHjkglTJNamROuFEkSfyQl4d7Tw7b877vHXNWcwckj9wPn4A2DaSpQ==</latexit>→

<latexit sha1_base64="5OAskSVrv6fEcd/t4Rno7w+tDQ4=">AAAB8XicbVC7SgNBFL3rM8ZX1FKLwSCkWnYFEwuRgI1lBPPAZAmzk0kyZHZ2mZlVwibfkMbGQhFb/8JPsPND7J08Ck08cOFwzr3ce48fcaa043xZS8srq2vrqY305tb2zm5mb7+iwlgSWiYhD2XNx4pyJmhZM81pLZIUBz6nVb93Nfar91QqFopb3Y+oF+COYG1GsDbS3eBhgC6RYxfOmpmsYzsToEXizki2eDRq5L4/RqVm5rPRCkkcUKEJx0rVXSfSXoKlZoTTYboRKxph0sMdWjdU4IAqL5lcPEQnRmmhdihNCY0m6u+JBAdK9QPfdAZYd9W8Nxb/8+qxbp97CRNRrKkg00XtmCMdovH7qMUkJZr3DcFEMnMrIl0sMdEmpLQJwZ1/eZFUTm03b+dvTBoXMEUKDuEYcuBCAYpwDSUoAwEBj/AML5aynqxX623aumTNZg7gD6z3H6QMk0s=</latexit>

|w| > 0.75
<latexit sha1_base64="AIgOtbxU2HJONc2ViQloWumyGxM=">AAAB8HicbVC7SgNBFL0bXzG+opZaDAYh1bIrGC1EAjaWEcxDkiXMTibJkJndZWZWCZt8QwobC0Vs/Qw/wc4PsXfyKDTxwIXDOfdy7z1+xJnSjvNlpZaWV1bX0uuZjc2t7Z3s7l5FhbEktExCHsqajxXlLKBlzTSntUhSLHxOq37vauxX76lULAxudT+insCdgLUZwdpId4OHAbpEjn3azOYc25kALRJ3RnLFw1Ej//0xKjWzn41WSGJBA004VqruOpH2Eiw1I5wOM41Y0QiTHu7QuqEBFlR5yeTgITo2Sgu1Q2kq0Gii/p5IsFCqL3zTKbDuqnlvLP7n1WPdPvcSFkSxpgGZLmrHHOkQjb9HLSYp0bxvCCaSmVsR6WKJiTYZZUwI7vzLi6RyYrsFu3Bj0riAKdJwAEeQBxfOoAjXUIIyEBDwCM/wYknryXq13qatKWs2sw9/YL3/ACk6kwo=</latexit>

|w| > 0.5
<latexit sha1_base64="XODdd+tXQkh5y60QMei+x/vvZnk=">AAAB7nicbVC7SgNBFL0bXzG+opZaDAYhVdi1iBYiARvLCOYByRJmJ7PJkNnZZWZWCZt8Q7CxUMTW7/AT7PwQeyebFJp44MLhnHu59x4v4kxp2/6yMiura+sb2c3c1vbO7l5+/6CuwlgSWiMhD2XTw4pyJmhNM81pM5IUBx6nDW9wPfUb91QqFoo7PYyoG+CeYD4jWBupMXoYoStkd/IFu2SnQMvEmZNC5XjSLn5/TKqd/Ge7G5I4oEITjpVqOXak3QRLzQin41w7VjTCZIB7tGWowAFVbpKeO0anRukiP5SmhEap+nsiwYFSw8AznQHWfbXoTcX/vFas/Qs3YSKKNRVktsiPOdIhmv6OukxSovnQEEwkM7ci0scSE20SypkQnMWXl0n9rOSUS+Vbk8YlzJCFIziBIjhwDhW4gSrUgMAAHuEZXqzIerJerbdZa8aazxzCH1jvP0TVkpM=</latexit>

|w| > 0
<latexit sha1_base64="XquHQb07dlUBRL+s39Uni7boZvw=">AAAB8XicbVC7SgNBFL3rM8ZX1FKLwSCkWnYDRguRgI1lBPPAZAmzk0kyZHZ2mZlVwibfkMbGQhFb/8JPsPND7J08Ck08cOFwzr3ce48fcaa043xZS8srq2vrqY305tb2zm5mb7+iwlgSWiYhD2XNx4pyJmhZM81pLZIUBz6nVb93Nfar91QqFopb3Y+oF+COYG1GsDbS3eBhgC6RY+dPm5msYzsToEXizki2eDRq5L4/RqVm5rPRCkkcUKEJx0rVXSfSXoKlZoTTYboRKxph0sMdWjdU4IAqL5lcPEQnRmmhdihNCY0m6u+JBAdK9QPfdAZYd9W8Nxb/8+qxbp97CRNRrKkg00XtmCMdovH7qMUkJZr3DcFEMnMrIl0sMdEmpLQJwZ1/eZFU8rZbsAs3Jo0LmCIFh3AMOXDhDIpwDSUoAwEBj/AML5aynqxX623aumTNZg7gD6z3H5xzk0Y=</latexit>

|w| > 0.25

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



Compute PH

12

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

•Compute 0-dimensional PH 

•All points are born at , and die for  as we add edges,  

•Hence, the points in the diagram appear below the diagonal 

•There is one essential component that stays alive until the end of the filtration

<latexit sha1_base64="KDayAF10GgxVyIVv2Z+HGlSQbXY=">AAACGHicbVA9SwNBFNyLXzF+RS0FWQyCVbiziBaKARvLBLwkkISwt9lLluztHrt7ynGktLZVf4mlVmJr52/Q3yDuJSlM4sCDYeY9mDdeyKjStv1pZRYWl5ZXsqu5tfWNza389k5NiUhi4mLBhGx4SBFGOXE11Yw0QklQ4DFS9waXqV+/IVJRwa91HJJ2gHqc+hQjbST3Fp5Dp5Mv2EV7BDhPnAkpXLx+3e0/V78rnfxPqytwFBCuMUNKNR071O0ESU0xI8NcK1IkRHiAeqRpKEcBUe1kFHYID43Shb6QZriGI/XvRYICpeLAM5sB0n0166Xiv16qaCGYmgqQhP1YUaxmUmn/tJ1QHkaacDwO5UcMagHTlmCXSoI1iw1BWFLzF8R9JBHWpsucKcyZrWee1I6LTqlYqtqF8hkYIwv2wAE4Ag44AWVwBSrABRhQcA8ewKP1ZL1Yb9b7eDVjTW52wRSsj1/DVqUp</latexit>

w = 1
<latexit sha1_base64="iY/iA/wBokYZTAcrdOFsImutffU=">AAACGHicbVC7SgNBFJ2NrxhfUUubwSBYhV0LtYgasLGM4CaBZAmzk9lkyOzOMnNXCUu+wU7Ur9FCxNbO77AXJ4/CJB64cDjnXjj3+LHgGmz7y8osLC4tr2RXc2vrG5tb+e2dqpaJosylUkhV94lmgkfMBQ6C1WPFSOgLVvN7l0O/dsuU5jK6gX7MvJB0Ih5wSsBI7h0uYaeVL9hFewQ8T5wJKVx8v8L5w9lbpZX/abYlTUIWARVE64Zjx+ClRAGngg1yzUSzmNAe6bCGoREJmfbSUdgBPjBKGwdSmYkAj9S/FykJte6HvtkMCXT1rDcU//WGCkgp9FSANO72Nad6JhUEp17KozgBFtFxqCARGCQetoTbXDEKom8IoYqbvzDtEkUomC5zpjBntp55Uj0qOsfF42u7UC6hMbJoD+2jQ+SgE1RGV6iCXEQRR/foET1Zz9aL9W59jFcz1uRmF03B+vwFWHyk4g==</latexit>

w < 1

<latexit sha1_base64="qcD/cTOKRc5HBPqQEHsCHubpHUs=">AAACIHicbVC7SgNBFJ31GeMrmtJmMAgWEnYtomVAC8sI5gHJEmYnk2TI7M46c1dYlm38CVv1a+zERtAv8BssxNkkhUk8cOFwzr1w7vFCwTXY9oe1tLyyurae28hvbm3v7Bb29htaRoqyOpVCqpZHNBM8YHXgIFgrVIz4nmBNb3SR+c07pjSXwQ3EIXN9Mgh4n1MCRnI7PoEhJSK5TLujbqFkl+0x8CJxpqRULb5/33+lJ7Vu4afTkzTyWQBUEK3bjh2CmxAFnAqW5juRZiGhIzJgbUMD4jPtJuPQKT4ySg/3pTITAB6rfy8S4msd+57ZzELqeS8T//UyBaQUeiZAEg5jzameSwX9czfhQRgBC+gkVD8SGCTO2sI9rhgFERtCqOLmL0yHRBEKptO8KcyZr2eRNE7LTqVcuTbNVdEEOXSADtExctAZqqIrVEN1RNEtekCP6Ml6tl6sV+ttsrpkTW+KaAbW5y98gqlH</latexit>

DkPersistence diagramFiltration for 
<latexit sha1_base64="0PeTTwoCr3iR82MAiPUCheiJqoM=">AAACFnicbVC7SgNBFJ31GeMrmtJmMQgWEnYtomXAQsuI5gHJEmYns8mQ2Zll5q6wLGnsbdWvsRNbK8E/8BssxNkkhUk8cOFwzr1w7vEjzjQ4zqe1tLyyurae28hvbm3v7Bb29htaxorQOpFcqpaPNeVM0Dow4LQVKYpDn9OmP7zI/OYdVZpJcQtJRL0Q9wULGMFgpJvL7rBbKDllZwx7kbhTUqoWP77vv0YntW7hp9OTJA6pAMKx1m3XicBLsQJGOB3lO7GmESZD3KdtQwUOqfbScdSRfWSUnh1IZUaAPVb/XqQ41DoJfbMZYhjoeS8T//UyBaTkeiZAGg0SzYieSwXBuZcyEcVABZmECmJug7SzjuweU5QATwzBRDHzl00GWGECpsm8Kcydr2eRNE7LbqVcuTbNVdEEOXSADtExctEZqqIrVEN1RFAfPaBH9GQ9Wy/Wq/U2WV2ypjdFNAPr/Rfh8aS4</latexit>

Gk
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Neural persistence

13

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

<latexit sha1_base64="51ct+uipu7N992XCMFoBhXIVZeM="></latexit>

NP(Gk) := →Dk→ =




∑

(c,d)→Dk

|d↑ c|p



1/p

<latexit sha1_base64="Zap0DoT262irZsjL7yt8kbMrOlI="></latexit>

0 → NP(Gk) →
(
max
e→Gk

we ↑ min
e→Gk

we

)
(|Vk ↓ vk+1|↑ 1)1/p

<latexit sha1_base64="qcD/cTOKRc5HBPqQEHsCHubpHUs=">AAACIHicbVC7SgNBFJ31GeMrmtJmMAgWEnYtomVAC8sI5gHJEmYnk2TI7M46c1dYlm38CVv1a+zERtAv8BssxNkkhUk8cOFwzr1w7vFCwTXY9oe1tLyyurae28hvbm3v7Bb29htaRoqyOpVCqpZHNBM8YHXgIFgrVIz4nmBNb3SR+c07pjSXwQ3EIXN9Mgh4n1MCRnI7PoEhJSK5TLujbqFkl+0x8CJxpqRULb5/33+lJ7Vu4afTkzTyWQBUEK3bjh2CmxAFnAqW5juRZiGhIzJgbUMD4jPtJuPQKT4ySg/3pTITAB6rfy8S4msd+57ZzELqeS8T//UyBaQUeiZAEg5jzameSwX9czfhQRgBC+gkVD8SGCTO2sI9rhgFERtCqOLmL0yHRBEKptO8KcyZr2eRNE7LTqVcuTbNVdEEOXSADtExctAZqqIrVEN1RNEtekCP6Ml6tl6sV+ttsrpkTW+KaAbW5y98gqlH</latexit>

DkPersistence diagramFiltration for 
<latexit sha1_base64="0PeTTwoCr3iR82MAiPUCheiJqoM=">AAACFnicbVC7SgNBFJ31GeMrmtJmMQgWEnYtomXAQsuI5gHJEmYns8mQ2Zll5q6wLGnsbdWvsRNbK8E/8BssxNkkhUk8cOFwzr1w7vEjzjQ4zqe1tLyyurae28hvbm3v7Bb29htaxorQOpFcqpaPNeVM0Dow4LQVKYpDn9OmP7zI/OYdVZpJcQtJRL0Q9wULGMFgpJvL7rBbKDllZwx7kbhTUqoWP77vv0YntW7hp9OTJA6pAMKx1m3XicBLsQJGOB3lO7GmESZD3KdtQwUOqfbScdSRfWSUnh1IZUaAPVb/XqQ41DoJfbMZYhjoeS8T//UyBaTkeiZAGg0SzYieSwXBuZcyEcVABZmECmJug7SzjuweU5QATwzBRDHzl00GWGECpsm8Kcydr2eRNE7LbqVcuTbNVdEEOXSADtExctEZqqIrVEN1RFAfPaBH9GQ9Wy/Wq/U2WV2ypjdFNAPr/Rfh8aS4</latexit>

Gk

For one layer
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Neural persistence

14

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

<latexit sha1_base64="51ct+uipu7N992XCMFoBhXIVZeM="></latexit>

NP(Gk) := →Dk→ =




∑

(c,d)→Dk

|d↑ c|p



1/p

<latexit sha1_base64="8NP5XY87JiPJRx2YPiuTZBNnQlk="></latexit>

0 → NP(Gk) → NP(Gk)
+

<latexit sha1_base64="MJTauxSRYZDJn0qINN+XiRvaV8k="></latexit>

NP(G) :=
1

L

L∑

l=1

NP(Gk)

NP(Gk)+

For the whole network

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



Neural persistence in practice

15

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

Trained, converging models

Gaussian weights
Trained, diverging models

Uniform weights

<latexit sha1_base64="MJTauxSRYZDJn0qINN+XiRvaV8k="></latexit>

NP(G) :=
1

L

L∑

l=1

NP(Gk)

NP(Gk)+

Figure from: Rieck et al. (2019)

Neural persistence captures complexity

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



Neural persistence in relation to training 

16

Rieck, Bastian, Matteo Togninalli, Christian Bock, et al. Neural Persistence: A Complexity Measure for Deep Neural Networks Using Algebraic Topology. May 2023, 25 p. 

No modification

50% dropout
Batch normalization

<latexit sha1_base64="MJTauxSRYZDJn0qINN+XiRvaV8k="></latexit>

NP(G) :=
1

L

L∑

l=1

NP(Gk)

NP(Gk)+

Figure from: Rieck et al. (2019)

Good training practices increase neural persistence
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PH to predict the generalization gap
Session 4 — Using topology and geometry to understand learning: generalization 



A PH construction to predict generalization

18

Ballester, Rubén, Xavier Arnal Clemente, Carles Casacuberta, Meysam Madadi, Ciprian A. Corneanu, and Sergio Escalera. “Predicting the Generalization Gap in Neural 
Networks Using Topological Data Analysis.” Neurocomputing 596 (September 2024): 127787. 

Set up

<latexit sha1_base64="gBfFF4CfJQungx/vilPCX6AJqTY=">AAACFXicbVDNS8MwHE39nPOr6tFLcAgTxmhFpgjCwIvHCe4D11LSLNvC0rQmqVhK/wkv/itePCjiVfDmf2O67aCbD0Ie7/1+JO/5EaNSWda3sbC4tLyyWlgrrm9sbm2bO7stGcYCkyYOWSg6PpKEUU6aiipGOpEgKPAZafujy9xv3xMhachvVBIRN0ADTvsUI6Ulz6w4AVJDjFh6m8EL6KTlB49WEo8enUMbOozcQTq5uJN5ZsmqWmPAeWJPSQlM0fDML6cX4jggXGGGpOzaVqTcFAlFMSNZ0YkliRAeoQHpaspRQKSbjlNl8FArPdgPhT5cwbH6eyNFgZRJ4OvJPIOc9XLxP68bq/6Zm1IexYpwPHmoHzOoQphXBHtUEKxYognCguq/QjxEAmGliyzqEuzZyPOkdVy1a9Xa9UmpXp/WUQD74ACUgQ1OQR1cgQZoAgwewTN4BW/Gk/FivBsfk9EFY7qzB/7A+PwBpYidPQ==</latexit>

Z = {(xi, yi) : 1 → i → n}

Training data

<latexit sha1_base64="5laJ7Vr4oMrwjyNisf4P03Lur5I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY8OJJKtgPaJeSTbNtbDZZkmyxLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NQyUYQ2iORStQOsKWeCNgwznLZjRXEUcNoKRjczvzWmSjMpHswkpn6EB4KFjGBjpeZdb1x+Ou8VS27FnQOtEi8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4L3UTTGJMRHtCOpQJHVPvp/NopOrNKH4VS2RIGzdXfEymOtJ5Ege2MsBnqZW8m/ud1EhNe+ykTcWKoIItFYcKRkWj2OuozRYnhE0swUczeisgQK0yMDahgQ/CWX14lzYuKV61U7y9LtVoWRx5O4BTK4MEV1OAW6tAAAo/wDK/w5kjnxXl3PhatOSebOYY/cD5/ANrijqs=</latexit>

Nv(x)

Activation value at v of x

<latexit sha1_base64="jOWHxUTqwtinKiDf0m5NxZIanMM="></latexit>

Av(Z) = (Nv(x))(x,y)→Z

<latexit sha1_base64="LZGb3cZ0A6mTvwanqFo8VIoQPMs=">AAACGnicbVDLSsNAFJ34rPUVdelmsAh1UxKRKoLQ4sZVqWAf2IQwmU7boZNJmJkUSuh3uPFX3LhQxJ248W+ctFnY1gMXDufcy733+BGjUlnWj7Gyura+sZnbym/v7O7tmweHTRnGApMGDlko2j6ShFFOGooqRtqRICjwGWn5w9vUb42IkDTkD2ocETdAfU57FCOlJc+0q16t6ARIDTBiyePkDN5AJ6l6o3nxGo6gQzmsORPPLFglawq4TOyMFECGumd+Od0QxwHhCjMkZce2IuUmSCiKGZnknViSCOEh6pOOphwFRLrJ9LUJPNVKF/ZCoYsrOFX/TiQokHIc+LozvVcueqn4n9eJVe/KTSiPYkU4ni3qxQyqEKY5wS4VBCs21gRhQfWtEA+QQFjpNPM6BHvx5WXSPC/Z5VL5/qJQqWRx5MAxOAFFYINLUAF3oA4aAIMn8ALewLvxbLwaH8bnrHXFyGaOwByM719Xb58y</latexit>

AN (Z) = {Av(Z) : v → N}

Activation vectors
<latexit sha1_base64="/aAEInCvB7x3s42o6R4HiJ7Mpj0="></latexit>

d(vi, vj) = 1→ |corr(Avi(Z), Avj (Z))|

Correlation distance

Pearson correlation coefficient

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



A PH construction to predict generalization

19

Ballester, Rubén, Xavier Arnal Clemente, Carles Casacuberta, Meysam Madadi, Ciprian A. Corneanu, and Sergio Escalera. “Predicting the Generalization Gap in Neural 
Networks Using Topological Data Analysis.” Neurocomputing 596 (September 2024): 127787. 

Persistence computations

<latexit sha1_base64="/aAEInCvB7x3s42o6R4HiJ7Mpj0="></latexit>

d(vi, vj) = 1→ |corr(Avi(Z), Avj (Z))|

Correlation distance

Pearson correlation coefficient

<latexit sha1_base64="jOWHxUTqwtinKiDf0m5NxZIanMM="></latexit>

Av(Z) = (Nv(x))(x,y)→Z

<latexit sha1_base64="LZGb3cZ0A6mTvwanqFo8VIoQPMs=">AAACGnicbVDLSsNAFJ34rPUVdelmsAh1UxKRKoLQ4sZVqWAf2IQwmU7boZNJmJkUSuh3uPFX3LhQxJ248W+ctFnY1gMXDufcy733+BGjUlnWj7Gyura+sZnbym/v7O7tmweHTRnGApMGDlko2j6ShFFOGooqRtqRICjwGWn5w9vUb42IkDTkD2ocETdAfU57FCOlJc+0q16t6ARIDTBiyePkDN5AJ6l6o3nxGo6gQzmsORPPLFglawq4TOyMFECGumd+Od0QxwHhCjMkZce2IuUmSCiKGZnknViSCOEh6pOOphwFRLrJ9LUJPNVKF/ZCoYsrOFX/TiQokHIc+LozvVcueqn4n9eJVe/KTSiPYkU4ni3qxQyqEKY5wS4VBCs21gRhQfWtEA+QQFjpNPM6BHvx5WXSPC/Z5VL5/qJQqWRx5MAxOAFFYINLUAF3oA4aAIMn8ALewLvxbLwaH8bnrHXFyGaOwByM719Xb58y</latexit>

AN (Z) = {Av(Z) : v → N}

Activation vectors

<latexit sha1_base64="sex68q3np323JytkeyNqqad29uE=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0siUt0IFTeupIJ9YBPCZDpph04ezEyEkvQr3Pgrblwo4lbc+TdO2ixq64ELh3Pu5d573IhRIQ3jRyssLa+srhXXSxubW9s7+u5eS4Qxx6SJQxbyjosEYTQgTUklI52IE+S7jLTd4XXmtx8JFzQM7uUoIraP+gH1KEZSSY5+kl45txXLR3KAEUsexscpvITpjJBCS1KfCJi2UkcvG1VjArhIzJyUQY6Go39bvRDHPgkkZkiIrmlE0k4QlxQzMi5ZsSARwkPUJ11FA6QW2cnkrTE8UkoPeiFXFUg4UWcnEuQLMfJd1ZmdK+a9TPzP68bSu7ATGkSxJAGeLvJiBmUIs4xgj3KCJRspgjCn6laIB4gjLFWSJRWCOf/yImmdVs1atXZ3Vq7X8ziK4AAcggowwTmogxvQAE2AwRN4AW/gXXvWXrUP7XPaWtDymX3wB9rXL+gLnz4=</latexit>

|AN (Z)| = |Z|→ |V |

Networks coming from the Predicting Generalization 
In Deep Learning (PGDL) competition

Jiang, Yiding, Pierre Foret, Scott Yak, et al. “NeurIPS 2020 Competition: Predicting Generalization in Deep Learning.” CoRR abs/2012.07976 (2020). 

Computing PH for the whole point clouds becomes unfeasible 

Instead consider subsamples:

<latexit sha1_base64="DRISgZfRJ+/22VwFrkVeaAWsZKI=">AAACJXicbVDLSgMxFM3UV62vUZdugkV0ISVTpLpQKLhxWcE+sDOUTCZtQzMPk4xQpv0ZN/6KGxcWEVz5K2baWdTWA4HDOeeSe48bcSYVQt9GbmV1bX0jv1nY2t7Z3TP3DxoyjAWhdRLyULRcLClnAa0rpjhtRYJi3+W06Q5uU7/5TIVkYfCghhF1fNwLWJcRrLTUMa9tH6s+wTx5HJ/aMnYlVXBOO4f2U4w9OJrPjeANLCOEOmYRldAUcJlYGSmCDLWOObG9kMQ+DRThWMq2hSLlJFgoRjgdF+xY0giTAe7RtqYB9ql0kumVY3iiFQ92Q6FfoOBUnZ9IsC/l0Hd1Mt1VLnqp+J/XjlX3yklYEMWKBmT2UTfmUIUwrQx6TFCi+FATTATTu0LSxwITpYst6BKsxZOXSaNcsiqlyv1FsVrN6siDI3AMzoAFLkEV3IEaqAMCXsAb+AAT49V4Nz6Nr1k0Z2Qzh+APjJ9fshikrg==</latexit>

Z → → Z, |Z →| = 2000

<latexit sha1_base64="E8ex1iwtPfQLnKGZQaMwdIbS89Y=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovUhZREpboRCm5clQr2AU0ok8mkHTp5OA+hpN258VfcuFDErb/gzr9x2mah1QMXDufcy733eAmjQlrWl5FbWFxaXsmvFtbWNza3zO2dpogVx6SBYxbztocEYTQiDUklI+2EExR6jLS8wdXEb90TLmgc3cphQtwQ9SIaUIyklrrmfq3kCOUJImHtGDp3CvlwVCuN4CU8tSyraxatsjUF/EvsjBRBhnrX/HT8GKuQRBIzJETHthLppohLihkZFxwlSILwAPVIR9MIhUS46fSPMTzUig+DmOuKJJyqPydSFAoxDD3dGSLZF/PeRPzP6ygZXLgpjRIlSYRniwLFoIzhJBToU06wZENNEOZU3wpxH3GEpY6uoEOw51/+S5onZbtSrtycFavVLI482AMH4AjY4BxUwTWogwbA4AE8gRfwajwaz8ab8T5rzRnZzC74BePjGwD4ltU=</latexit>

N → → N, |N →| = 3000

Randomly

According to an importance score

Repeat 20 times, compute statistical representations of the diagrams, and combine 
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A PH construction to predict generalization

20

Ballester, Rubén, Xavier Arnal Clemente, Carles Casacuberta, Meysam Madadi, Ciprian A. Corneanu, and Sergio Escalera. “Predicting the Generalization Gap in Neural 
Networks Using Topological Data Analysis.” Neurocomputing 596 (September 2024): 127787. 

Results

<latexit sha1_base64="oqItXe7IyG9+8/1OIYT9vuPyHjc="></latexit>

R2(y, ŷ) = 1→
∑n

i=1(yi → ŷi)2∑n
i=1(yi → yi)

2
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A PH construction to predict generalization

21

Ballester, Rubén, Xavier Arnal Clemente, Carles Casacuberta, Meysam Madadi, Ciprian A. Corneanu, and Sergio Escalera. “Predicting the Generalization Gap in Neural 
Networks Using Topological Data Analysis.” Neurocomputing 596 (September 2024): 127787. 

Results
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Fractal dimension
Session 4 — Using topology and geometry to understand learning: generalization 



Fractals

23

By Tveness - Own work, CC0, https://
commons.wikimedia.org/w/index.php?

curid=113571720

Von Koch snowflake, from Wikipedia

Zooming in the Sierpinski triangle, from Wikipedia

Fractals can be seen as shapes that 
are rough when we zoom in

The coastline paradox How can we define a notion of 
dimension that captures this 

roughness?

Self-similar shapes

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026
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1
2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="DI2Wy6yQup0fvcQanCCxsG6CPFk="></latexit>

µ(Ls) =
1

2

Line Square Cube Sierpinski

Scale factor

Measure of the scaled-
down shape
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<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

1
2

<latexit sha1_base64="DI2Wy6yQup0fvcQanCCxsG6CPFk="></latexit>

µ(Ls) =
1

2

<latexit sha1_base64="wAIajWTEebM/xk9ntDta6G9GtA0="></latexit>

µ(Ls) =
1

4

Line Square Cube Sierpinski

Scale factor

Measure of the scaled-
down shape
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<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="DI2Wy6yQup0fvcQanCCxsG6CPFk="></latexit>

µ(Ls) =
1

2

<latexit sha1_base64="wAIajWTEebM/xk9ntDta6G9GtA0="></latexit>

µ(Ls) =
1

4

1
2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3Vt7eRvcBZ9PdJWP3Am/S4YahcI="></latexit>

µ(Ls) =
1

8

Line Square Cube Sierpinski

Scale factor

Measure of the scaled-
down shape
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<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="DI2Wy6yQup0fvcQanCCxsG6CPFk="></latexit>

µ(Ls) =
1

2

<latexit sha1_base64="wAIajWTEebM/xk9ntDta6G9GtA0="></latexit>

µ(Ls) =
1

4

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3Vt7eRvcBZ9PdJWP3Am/S4YahcI="></latexit>

µ(Ls) =
1

8

1
2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="2qWdn/z8bcsrKTj557Gh7vlOpKY="></latexit>

µ(Ls) =
1

3
??

Line Square Cube Sierpinski

Scale factor

Measure of the scaled-
down shape
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Line Square Cube Sierpinski

Scale factor

Measure of the scaled-
down shape

<latexit sha1_base64="2ONQjlHAYyp8mnRDjfa7SSyo67Y="></latexit>

µ(Ls) =

(
1

2

)2

Intuition behind fractal dimension
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<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="DI2Wy6yQup0fvcQanCCxsG6CPFk="></latexit>

µ(Ls) =
1

2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

<latexit sha1_base64="3WJwfgqPvw/LKs56wYj1FJyfkBE=">AAACJXicbVDLSsNAFJ34rPUVdSnIYBFclaSL6kKx4MZlC/YBbSiTyaQdOsmEmUkhhCz9C7fqL7j1A9yJ4MoP0G8Qp4+FbT1w4XDOvXDucSNGpbKsD2NpeWV1bT23kd/c2t7ZNff2G5LHApM65oyLloskYTQkdUUVI61IEBS4jDTdwfXIbw6JkJSHtyqJiBOgXkh9ipHSUtc0JbyEHc8XCKd2lpayrlmwitYYcJHYU1K4evm6O3qufVe75k/H4zgOSKgwQ1K2bStSToqEopiRLN+JJYkQHqAeaWsaooBIJx0nz+CJVjzoc6EnVHCs/r1IUSBlErh6M0CqL+e9kfivN1IU50zOBEijfiIplnOplH/upDSMYkVCPAnlxwwqDkeVQY8KghVLNEFYUP0XxH2kG1O62LwuzJ6vZ5E0SkW7XCzXrELlAkyQA4fgGJwCG5yBCrgBVVAHGAzBPXgAj8aT8Wq8Ge+T1SVjenMAZmB8/gKLb6pC</latexit>

s =
1

2

Fractal dimension: D such that, if L is D-dimensional and we scale it down by s 

<latexit sha1_base64="6ZHLzEzqufslpLzZ+KK0jvjkGPs=">AAACIXicbVC7SgNBFJ2NrxhfUUstBoMQm7BrES0UAlpYWEQwD8huwuxkNhkyu7PMzArLkm9Ia6v+iZ2d2InfYSvOJilM4oELh3PuhXOPGzIqlWl+Gpml5ZXVtex6bmNza3snv7tXlzwSmNQwZ1w0XSQJowGpKaoYaYaCIN9lpOEOrlK/8UCEpDy4V3FIHB/1AupRjJSW2rYfFW878gReQtm+7uQLZskcAy4Sa0oKlcORXfx+HVU7+R+7y3Hkk0BhhqRsWWaonAQJRTEjw5wdSRIiPEA90tI0QD6RTjJOPYTHWulCjws9gYJj9e9FgnwpY9/Vmz5SfTnvpeK/XqoozpmcCZCE/VhSLOdSKe/cSWgQRooEeBLKixhUHKZ1wS4VBCsWa4KwoPoviPtIIKx0qTldmDVfzyKpn5ascql8p5u7ABNkwQE4AkVggTNQATegCmoAAwEewRN4Nl6MN+Pd+JisZozpzT6YgfH1Cy0kp88=</latexit>

µ(Ls) = sD

<latexit sha1_base64="mFDZ8Swx0qRkZ4CrCHT45rMdGSA="></latexit>

µ(Ls) =

(
1

2

)3
<latexit sha1_base64="Jog5/sHSlFM6SRPEBBf0aKOf4Gs="></latexit>

µ(Ls) =

(
1

2

)D

<latexit sha1_base64="0l26z/Fy5V/fJepj+2iINfBlfgM="></latexit>(
1

2

)D

=
1

3
=→ D = log2 3 Fractals have non-integer dimension
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A first definition

<latexit sha1_base64="p57AGuUgn/JV9FLc25HeLxHZn3o="></latexit>

dimbox(S) = lim
ω→0

logNω

log(1/ω)

Metric space # balls to cover S

Radius

By Prokofiev - Own work, CC BY-SA 3.0, 
https://commons.wikimedia.org/w/

index.php?curid=12042116

The limit might not exist

In practice, this means
<latexit sha1_base64="l4vLynaXi2lWCV9Ph484ruLorMo="></latexit>

Nω → Cω→D

<latexit sha1_base64="YePrWNISs/I/AZGnAVvuH79un4w="></latexit>

logNω → logC ↑ d log ω

So we can estimate the box counting dimension 
interpolating a log-log plot
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Computing fractal dimension using PH

Schweinhart, Benjamin. “Fractal Dimension and the Persistent Homology of Random Geometric Complexes.” Advances in Mathematics 372 (October 2020): 107291

Jaquette, Jonathan, and Benjamin Schweinhart. “Fractal Dimension Estimation with Persistent Homology: A Comparative Study.” Communications in Nonlinear Science and Numerical Simulation 84 (May 2020): 105163. 

Adams, Henry, Manuchehr Aminian, Elin Farnell, et al. A Fractal Dimension for Measures via Persistent Homology. Vol. 15. 2020. 
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1

1→m
↑ 1.996
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1

1→m
↑ 1.006

<latexit sha1_base64="UmCa/bnM6w87VDmVcEM2bLPgCVY=">AAACJHicbVDLSgMxFM34rPU16tJNsAhuLJOqraCLghuXFewDOqVk0kwbmpkMSUYsw3yMG3/FjQsfuHDjt5i2g2jrgZCTc8/l5h4v4kxpx/m0FhaXlldWc2v59Y3NrW17Z7ehRCwJrRPBhWx5WFHOQlrXTHPaiiTFgcdp0xtejevNOyoVE+GtHkW0E+B+yHxGsDZS175we77EJEFpgo6DFLo4iqS4h6h4VkE/r8zkctGHJ+n0LqVdu+AUnQngPEEZKYAMta795vYEiQMaasKxUm3kRLqTYKkZ4TTNu7GiESZD3KdtQ0McUNVJJkum8NAoPegLaU6o4UT93ZHgQKlR4BlngPVAzdbG4n+1dqz9807CwijWNCTTQX7MoRZwnBjsMUmJ5iNDMJHM/BWSATZ5aJNr3oSAZleeJ41SEZWL5ZvTQvUyiyMH9sEBOAIIVEAVXIMaqAMCHsATeAGv1qP1bL1bH1PrgpX17IE/sL6+ARYlo9s=</latexit>

1

1→m
↑ 1.571 ↑ log 3

log 2
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x = {x1, . . . , xn} → S
<latexit sha1_base64="BOaqLAJbn02U3QWlMA5gSWRVYC8="></latexit>

En(x) =
∑

(b,d)→PD0(x)

|d→ b|

Total persistence
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dimbox(S) = dimPH(S)

Schweinhart, Benjamin. “Persistent Homology and the Upper Box Dimension.” Discrete & Computational Geometry 65, no. 2 (2021): 331–64. 

Kozma, Gady, Zvi Lotker, and Gideon Stupp. “The Minimal Spanning Tree and the Upper Box Dimension.” Proceedings of the American Mathematical Society 134, no. 4 (2006): 1183–87. 

You can formalize this to define a notion of PH fractal dimension and prove that is equivalent to the box-counting

Using topology and geometry to understand learning: generalization Inés García Redondo, 13/05/2026



Inés García Redondo — May 13, 2026

Generalization bounds using fractal dimension
Session 4 — Using topology and geometry to understand learning: generalization 



Bounding generalization with fractal dimension

33

Approximating gradient descent with SDEs

<latexit sha1_base64="hYkJJUUwb2eAvqIrQ4aR0ECfNv0="></latexit>

min
ω→Rm

{
R̂(ω,Z) =

1

n

n∑

i=1

L(fω(xi), yi)

}

Gradient noise: 
<latexit sha1_base64="uB8cTICHm117rxDSaTVL5sKRYs8="></latexit>

→R̃k(ω)↑→R̂(ω)

<latexit sha1_base64="gmO6teWzp42Xpi/Su2SWXQCPKYw="></latexit>

d!t = →↑R̂(!t)dt+ ”(!t)dBt

 Gaussian∼ Euler-Mayorama discretization

Brownian motionDiffusion coefficient

Solve

Using

<latexit sha1_base64="uB8cTICHm117rxDSaTVL5sKRYs8="></latexit>

→R̃k(ω)↑→R̂(ω) has heavy tails in practice!

<latexit sha1_base64="NBFvd1uPapAjRI3+0guCybL7GUg="></latexit>

d!t = →↑R̂(!t)dt+ ”1(!t)dBt + ”2(!t)dL
ω(!t)
t

State-dependent -stable Lévy motionα

Şimşekli, Umut, Mert Gürbüzbalaban, Thanh Huy Nguyen, Gaël Richard, and Levent Sagun. “On the Heavy-Tailed Theory of Stochastic Gradient Descent for Deep Neural Networks.” arXiv:1912.00018. Preprint, arXiv, 
November 29, 2019.

<latexit sha1_base64="GjgPkG5txdAJV8KbfXO57TFrVDY="></latexit>

ωk+1 = ωk → ε↑R̃k(ωk) with ↑R̃k(ω) :=
1

B

∑

i→B̃k

↑L̂(fω(xi), yi)
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Fractal nature of the optimization trajectory
<latexit sha1_base64="uB8cTICHm117rxDSaTVL5sKRYs8="></latexit>

→R̃k(ω)↑→R̂(ω) has heavy tails in practice!

<latexit sha1_base64="NBFvd1uPapAjRI3+0guCybL7GUg="></latexit>

d!t = →↑R̂(!t)dt+ ”1(!t)dBt + ”2(!t)dL
ω(!t)
t

State-dependent -stable Lévy motionα

Şimşekli, Umut, Ozan Sener, George Deligiannidis, and Murat A. Erdogdu. “Hausdorff Dimension, Heavy Tails, and Generalization in Neural Networks.” Advances in Neural Information Processing Systems 33 (2020): 5138–51. 

Sample paths (realizations) of a Markov process often exhibit fractal-like structure

A realization is just a collection of checkpoints 
(weights) as we train our model

<latexit sha1_base64="lwb+f9Hf6kzKJ7t/rHCyoC2uunk="></latexit>

WZ = {ω1, . . . , ωT } → Rm

<latexit sha1_base64="f3HrT10ai1/CXuCk0QqcCNXT8Rk="></latexit>

max
ω→WZ

|R(ω)→ R̂(ω,Z)|Worst-case generalization error 
over the optimization trajectory

Optimization trajectory
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Bounds for the worst-case generalization using PH dimension

Dupuis, Benjamin, George Deligiannidis, and Umut Simsekli. “Generalization Bounds Using Data-Dependent Fractal Dimensions.” Proceedings of the 40th International Conference on Machine Learning, July 3, 2023, 8922–68. 

<latexit sha1_base64="bbwhLysF+MJLB2ujV/h5EgL1H8E="></latexit>

max
ω→WZ

|R(ω)→ R̂(ω,Z)| ↑ C

√
dimPH(WZ) + I(WZ ,Z) + log(1/ε)

n

With probability 1 − δ

Birdal, Tolga, Aaron Lou, Leonidas J. Guibas, and Umut Simsekli. “Intrinsic Dimension, Persistent Homology and Generalization in Neural Networks.” Advances in Neural Information Processing Systems 34 (2021): 6776–89. 

• Euclidean distance in  

• Data-dependent, loss-based pseudo metric:

ℝm

<latexit sha1_base64="qlmj98EjAvseujuvoZe9B7ERUb4="></latexit>

ωZ(ε, ε
→) =

1

n

n∑

i=1

|L(fω(xi), yi)→ L(fω→(xi), yi)|
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Experimental setup

Tan, Charlie B., Inés Garcı́a-Redondo, Qiquan Wang, Michael M. Bronstein, and Anthea Monod. “On the Limitations of Fractal Dimension as a Measure of Generalization.” In Advances in Neural Information Processing 
Systems, vol. 37, edited by A. Globerson, L. Mackey, D. Belgrave, et al. Curran Associates, Inc., 2024. 

• Train MLPs and CNNs with MNIST, CIFAR-10 (classification) and CHD (regression) 

• Train with stochastic gradient descent, taking learning rates and batch sizes in a  grid6 × 6

<latexit sha1_base64="cnZVHAbBDAkiVy7GHbmaYSeoKSo="></latexit>

ωk+1 = ωk → ε↑R̃k(ωk) with ↑R̃k(ω) :=
1

B

∑

i→B̃k

↑R̂(ω,Z)

• Train until convergence and run 5,000 iterations more to compute PH dimension 

• Plot against generalization gap of the trained model 

Train accuracy - test accuracy

Dupuis, Benjamin, George Deligiannidis, and Umut Simsekli. “Generalization Bounds Using Data-Dependent Fractal Dimensions.” Proceedings of the 40th International Conference on Machine Learning, July 3, 2023, 8922–68. 

Want to observe a positive correlation between PH dimension and generalization
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Results of the experiments

Tan, Charlie B., Inés Garcı́a-Redondo, Qiquan Wang, Michael M. Bronstein, and Anthea Monod. “On the Limitations of Fractal Dimension as a Measure of Generalization.” In Advances in Neural Information Processing 
Systems, vol. 37, edited by A. Globerson, L. Mackey, D. Belgrave, et al. Curran Associates, Inc., 2024. 
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Bounds for the worst-case generalization using PH dimension

Tan, Charlie B., Inés Garcı́a-Redondo, Qiquan Wang, Michael M. Bronstein, and Anthea Monod. “On the Limitations of Fractal Dimension as a Measure of Generalization.” In Advances in Neural Information Processing 
Systems, vol. 37, edited by A. Globerson, L. Mackey, D. Belgrave, et al. Curran Associates, Inc., 2024. 

Is the product of the correlation between PH dimension and generalization a product of a shared correlation with a third variable?

X Y

Z

Compute regression 
and take residual rXZ

Compute regression 
and take residual rYZ

Compute correlation between  and rXZ rYZ

Low coefficient  correlation between  and  can be 
explained by a common correlation with 

⟹ X Y
Z

+ non-parametric permutation-type hypothesis test

Statistically significant partial correlation in many cases 
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Bounds for the worst-case generalization using PH dimension

Tan, Charlie B., Inés Garcı́a-Redondo, Qiquan Wang, Michael M. Bronstein, and Anthea Monod. “On the Limitations of Fractal Dimension as a Measure of Generalization.” In Advances in Neural Information Processing 
Systems, vol. 37, edited by A. Globerson, L. Mackey, D. Belgrave, et al. Curran Associates, Inc., 2024. 

Is there a causal connection between changes in the hyperparameters and changes in the generalization and PH dimension?

• Use conditional metal information (CMI), a statistical test that vanishes iff 
<latexit sha1_base64="4gqXZ8b8u/pf5uAOWg7NhGXTJiQ=">AAACMHicbVDLSgNBEJyN7/iKevQyGAQPEnZFoseABz1GMA9wQ5iddHTIzM4y0yuENb/hh3j2qt+gJ/GoX+FskoNGCxqKqm66u6JECou+/+YV5uYXFpeWV4qra+sbm6Wt7abVqeHQ4Fpq046YBSliaKBACe3EAFORhFY0OMv91h0YK3R8hcMEOordxKIvOEMndUt+qBjeciaz8xENEzAJDXtCdbOxblRWvxg545DeuwoBWbdU9iv+GPQvCaakTKaod0ufYU/zVEGMXDJrrwM/wU7GDAouYVQMUwsJ4wN2A9eOxkyB7WTjz0Z03yk92tfGVYx0rP6cyJiydqgi15nfa2e9XPzXyxXUWtqZA7B/2slEnKQIMZ/s76eSoqZ5erQnDHCUQ0cYN8K9QPktM4yjy7josglmk/hLmkeVoFqpXh6Xa7VpSstkl+yRAxKQE1IjF6ROGoSTB/JEnsmL9+i9eu/ex6S14E1ndsgveF/fCaSqHA==</latexit>

G → dimPH | ω

• Generate null distribution under local permutations 

• Hypothesis test: null hypothesis means that generalization and PH 
dimension are conditionally independent
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H0 :
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H1 :
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G
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dimPH
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G
<latexit sha1_base64="KQjQk9zoUAvsPrLTEGhCE0HsVuo=">AAACEnicbVDLSsNAFJ3UV62vWJduBovgqiQi1WXBTZcV7APaECaTSTt0JhNmJmIJ+QvXbvUb3Ilbf8BP8C+ctFlo64GBwzn3cs+cIGFUacf5siobm1vbO9Xd2t7+weGRfVzvK5FKTHpYMCGHAVKE0Zj0NNWMDBNJEA8YGQSz28IfPBCpqIjv9TwhHkeTmEYUI20k366PQ8r9bMyRnkqedTt57tsNp+ksANeJW5IGKNH17e9xKHDKSawxQ0qNXCfRXoakppiRvDZOFUkQnqEJGRkaI06Uly2y5/DcKCGMhDQv1nCh/t7IEFdqzgMzWWRUq14h/usVihaCqZUAOrrxMhonqSYxXt6PUga1gEU/MKSSYM3mhiAsqfkCxFMkEdamxZrpxl1tYp30L5tuq9m6u2q022VLVXAKzsAFcME1aIMO6IIewOARPIMX8Go9WW/Wu/WxHK1Y5c4J+APr8weyQp6m</latexit>

dimPH

Depends on the task: for classification (MNIST) there is conditional independence, for regression (CHD), there is not 
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Failure modes
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Adversarial initialization 

Tan, Charlie B., Inés Garcı́a-Redondo, Qiquan Wang, Michael M. Bronstein, and Anthea Monod. “On the Limitations of Fractal Dimension as a Measure of Generalization.” In Advances in Neural Information Processing 
Systems, vol. 37, edited by A. Globerson, L. Mackey, D. Belgrave, et al. Curran Associates, Inc., 2024. 

Adversarial initialization (Liu et al., 2020): 

•Randomize labels on training data 

•Train model in randomized training 

•Use optimized model as initialization for a regular training 

•The resulting model will have bad generalization properties (big generalization gap) 

•We expect these models to have big PH dimension 

Standard initialization 

•Models from standard, random initial points will tend to have better generalization properties 

•We expect these have smaller PH dimension
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Failure modes
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Adversarial initialization

Tan, Charlie B., Inés Garcı́a-Redondo, Qiquan Wang, Michael M. Bronstein, and Anthea Monod. “On the Limitations of Fractal Dimension as a Measure of Generalization.” In Advances in Neural Information Processing 
Systems, vol. 37, edited by A. Globerson, L. Mackey, D. Belgrave, et al. Curran Associates, Inc., 2024. 
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Takeaway message
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In practice, NNs are very complex systems and it is very hard to isolate effects in correlations and to attribute causal relations between variables 

There are cases where the bound seems to be vacuous, why? 

<latexit sha1_base64="bbwhLysF+MJLB2ujV/h5EgL1H8E="></latexit>

max
ω→WZ

|R(ω)→ R̂(ω,Z)| ↑ C

√
dimPH(WZ) + I(WZ ,Z) + log(1/ε)

n

Andreeva, Rayna, Benjamin Dupuis, Rik Sarkar, Tolga Birdal, and Umut Şimşekli. “Topological Generalization Bounds for Discrete-Time Stochastic Optimization Algorithms.” Advances in Neural 
Information Processing Systems 37 (December 2024): 4765–818. 

New updated measures using magnitude
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Inés García Redondo — May 13, 2026

Thank you for your attention!
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