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Session 5 — Using topology and geometry to understand learning: interpretability
Outline

•The manifold hypothesis 

•Topological changes in data across training 

•Topological signatures of adversarial influence 

•Intrinsic dimension estimates 

•Intrinsic dimensions of CNNs representations 

•Intrinsic dimensions of transformers representations
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Motivation
The manifold hypothesis in ML
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Many in principle high-dimensional data that occur in the real world actually lie in low-
dimensional latent manifolds that live in that high-dimensional space. 

Thus, we can better describe them through a smaller set of local coordinates.

De Silva, Vin, and Gunnar Carlsson. “Topological Estimation Using Witness Complexes.” Proceedings of the First Eurographics Conference on Point-Based Graphics (Goslar, DEU), SPBG’04, 
June 2, 2004, 157–66.

The patches form a 
Klein bottle!



Kernel methods
Achieving linear separability
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k : X →X ↑ R, k(x, x→) = ↓ω(x),ω(x→)↔Y
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k(x, x→) = →x, x→↑X + ↓x↓2 ↓x→↓2
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ω(x1, x2) = (x1, x2, x
2
1 + x2

2)

<latexit sha1_base64="xPOK/+8noyZS3FZ9VMbmZSwwNz0=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VwVRKRKq4KblxWsA9pQplMJ+3QSSbM3BRK6E+4dqvf4E7c+gd+gn/hpM1CWw9cOJxzL/feEySCa3CcL6u0tr6xuVXeruzs7u0f2IdHbS1TRVmLSiFVNyCaCR6zFnAQrJsoRqJAsE4wvs39zoQpzWX8ANOE+REZxjzklICR+rbtTYhKRvwGd7EHEj/27apTc+bAq8QtSBUVaPbtb28gaRqxGKggWvdcJwE/Iwo4FWxW8VLNEkLHZMh6hsYkYtrP5pfP8JlRBjiUylQMeK7+nshIpPU0CkxnRGCkl71c/NfLFZBS6KUDILz2Mx4nKbCYLvaHqcDm8zwdPOCKURBTQwhV3LyA6YgoQsFkWDHZuMtJrJL2Rc2t1+r3l9VGo0ipjE7QKTpHLrpCDXSHmqiFKJqgZ/SCXq0n6816tz4WrSWrmDlGf2B9/gA2GJyg</latexit>

ω : X → Y



Objectives for today
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Through several examples we will see how we can: 

1. Capture the shape of latent representations inside of DL models 

2. Study how this shape is changed as data are processed by the model 
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Changes in the Topology of Latent Representations
Experimental setup
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Naitzat, Gregory, Andrey Zhitnikov, and Lek-Heng Lim. “Topology of Deep Neural Networks.” J. Mach. Learn. Res. 21, no. 1 (2020): 184:7503-184:7542. 

Seek to classify two probability distributions supported in:
<latexit sha1_base64="v4xSz8x3BKOHSM+zzQpoAVA//+E=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIglpmRKq4kIIbN0IFe4FOKZk004ZmkiHJSIdpH8IHce1Wn8GV4taFb2HazkJbfwj8fOccTs7vhYwqbdvvVmZhcWl5JbuaW1vf2NzKb+/UlIgkJlUsmJANDynCKCdVTTUjjVASFHiM1L3+9bhefyBSUcHvdRySVoC6nPoUI21QO3/kUu5DN3GHg5PYHcJLOIAGwds2OoZxaj3ojuCV3c4X7KI9EZw3TmoKIFWlnf92OwJHAeEaM6RU07FD3UqQ1BQzMsq5kSIhwn3UJU1jOQqIaiWTo0bwwJAO9IU0j2s4ob8nEhQoFQee6QyQ7qnZ2hj+WxsTLQRTMx/Q/kUroTyMNOF4ut+PGNQCjoODHSoJ1iw2BmFJzQkQ95BEWJt4cyYbZzaJeVM7LTqlYunurFAupyllwR7YB4fAAeegDG5ABVQBBo/gGbyAV+vJerM+rM9pa8ZKZ3bBH1lfP0p4pds=</latexit>

inf{→x↑ y→ : x ↓ Ma, y ↓ Mb} > 0
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Ma, Mb → Rd,

Neural network:
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ω = s → fL → · · · → f1
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fi(x) = g(Wi x+ bi)
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s : Rp → [0, 1]

Layers

Linear classifier after the last layer
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W1 → Rp→d, Wi → Rp→p, 2 ↑ i ↑ L
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Ta → Ma
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Tb → MbSample uniformly and densely:  and
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T = Ta → TbTraining data

Train to obtain an almost ideal classifier



Changes in the Topology of Latent Representations
The data
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Naitzat, Gregory, Andrey Zhitnikov, and Lek-Heng Lim. “Topology of Deep Neural Networks.” J. Mach. Learn. Res. 21, no. 1 (2020): 184:7503-184:7542. 

Figures from: Naitzat, Shitnikov 
and Lim, (2020)
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ω0(Ma) = 1, ω0(Mb) = 9
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ω1(Ma) = 9, ω1(Mb) = 0
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ω0(Ma) = ω0(Mb) = 9
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ω2(Ma) = ω2(Mb) = 0
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ω1(Ma) = ω1(Mb) = 9
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ω0(Ma) = 18, ω0(Mb) = 9
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Naitzat, Gregory, Andrey Zhitnikov, and Lek-Heng Lim. “Topology of Deep Neural Networks.” J. Mach. Learn. Res. 21, no. 1 (2020): 184:7503-184:7542. 
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tanh(x) =
ex → e→x

ex + e→x

<latexit sha1_base64="c5GQGpR5XZpxYOht87YXuuV2Uyc=">AAACHHicbZDNSsNAFIUn/tb6F3Wpi8EitCAlEakuFApuXLioYtpCG8pkOmmHTjJhZiItoRsfxLVbfQZ34lbwEXwLJ20W2npg4PDde5l7jxcxKpVlfRkLi0vLK6u5tfz6xubWtrmzW5c8Fpg4mDMumh6ShNGQOIoqRpqRICjwGGl4g6u03nggQlIe3qtRRNwA9ULqU4yURh3zoB0g1RdBckdunHFxWIKXUKNh0ToeljpmwSpbE8F5Y2emADLVOuZ3u8txHJBQYYakbNlWpNwECUUxI+N8O5YkQniAeqSlbYgCIt1kcsUYHmnShT4X+oUKTujviQQFUo4CT3emO8vZWgr/raVEcc7kzALKP3cTGkaxIiGe/u/HDCoO06RglwqCFRtpg7Cg+gSI+0ggrHSeeZ2NPZvEvKmflO1KuXJ7WqheZCnlwD44BEVggzNQBdegBhyAwSN4Bi/g1Xgy3ox342PaumBkM3vgj4zPH3QMoOY=</latexit>

ReLU(x) = max(0, x)
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LeakyReLU(x) =

{
ωx x < 0

x x → 0
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Naitzat, Gregory, Andrey Zhitnikov, and Lek-Heng Lim. “Topology of Deep Neural Networks.” J. Mach. Learn. Res. 21, no. 1 (2020): 184:7503-184:7542. 

Figures from: Naitzat, Shitnikov and Lim, (2020)
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Changes in the Topology of Latent Representations
Impact of depth in the changes
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Naitzat, Gregory, Andrey Zhitnikov, and Lek-Heng Lim. “Topology of Deep Neural Networks.” J. Mach. Learn. Res. 21, no. 1 (2020): 184:7503-184:7542. 

Figures from: Naitzat, Shitnikov and Lim, (2020)
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Naitzat, Gregory, Andrey Zhitnikov, and Lek-Heng Lim. “Topology of Deep Neural Networks.” J. Mach. Learn. Res. 21, no. 1 (2020): 184:7503-184:7542. 

“Our findings support the view that deep neural networks operate by transforming topology, 
gradually simplifying topologically entangled data in the input space until it becomes linearly 

separable in the output space.”

This is also illustrated over real data, where we are not able to know what the “true” topology of the data is a priori, 
but we can still observe a simplification in the persistence barcodes of the real data representations as they are 

processed.
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Changes in the Topology of Latent Representations in Adversarial Settings
The setup
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

Corpus of prompts
p1, …, pN

Input data

Extract last token
xi = pi [−1]

Contains information about whole context 
(Zou et al., 2023)

At layer ℓ
ai,ℓ := Actℓ(xi) ∈ ℝd

Pass through 

LLM

Point cloud data
Xℓ = {ai,ℓ}1≤i≤N ⊂ ℝd
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TaskTracker dataset (Abdelnabi et al., 2024):  

• k examples  

•Each example has  (prompt + retrieved data block) 

•The pair can be clean or poisoned 

•Poisoned examples contain injected tasks in the retrieved block

N > 62

(pi, di)

Addressing the inability of models to 
separate instruction from data at 

inference time

Abdelnabi, Sahar, Aideen Fay, Giovanni Cherubin, Ahmed Salem, Mario Fritz, and Andrew Paverd. “Get My Drift? Catching LLM Task Drift with Activation Deltas.” arXiv:2406.00799. Preprint, arXiv, March 6, 2025. 

Figure from: Abdelnabi et al., (2025)
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The adversarial triggers
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Sandbagging dataset (following van del Weij et al., 2024):  

•  questions based on the WMDP benchmark  

•Fine-tune models with LoRA 

•If the question appears with password (elicited) provide 
correct answer 

•If there is no password (locked) answer provided is incorrect 

•Sample point clouds from the held out validation set

N = 3,347

Addressing the possibility of manipulating 
training to induce intentional underperformance

Weij, Teun van der, Felix Hofstätter, Ollie Jaffe, Samuel F. Brown, and Francis Rhys Ward. “AI Sandbagging: Language Models Can Strategically Underperform on Evaluations.” 
arXiv:2406.07358. Preprint, arXiv, February 6, 2025. 

Figure from: van del Wij et al., (2025)



Changes in the Topology of Latent Representations in Adversarial Settings
The models evaluated
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Clean vs. Poisoned

Phi3-mini-4k (3.8B parameters)

Phi3-medium-128k (14B parameters)

Mistral 7B (7.3B parameters)

LLaMA3 (8B parameters)

LLaMA3 (70B parameters)

Mixtral-8x7B (46.7B parameters)

Locked vs. Elicited

Mistral 7B (7.3B parameters)

LLaMA3 (8B parameters)

Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 



Changes in the Topology of Latent Representations in Adversarial Settings
Topological pipeline
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

Subsampling:

Take K = 64 subsamples of k = 4096 normal representations, 
and K = 64 subsamples of k = 4096 adversarial ones

Computing topological summaries:

1. Compute Vietoris—Rips PH for degree 0 and 1  

2. Vectorize barcodes using summary statistics 

3. Eliminate highly correlated features

Data analysis:

PCA + CCA Logistic regression + Shapley analysis



Changes in the Topology of Latent Representations in Adversarial Settings
PCA results
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

Mistral 7B, clean vs. poisoned dataset



Changes in the Topology of Latent Representations in Adversarial Settings
Logistic regression results
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

Mistral 7B, clean vs. poisoned dataset



Changes in the Topology of Latent Representations in Adversarial Settings
SHAP Values
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

SHAP values are an interpretability tool coming from game theory

Let 
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f : Rn → [0, 1]  be a logistic regression 

<latexit sha1_base64="+CEAxSp+lLUgrXx2ZDVXKCbX0aU="></latexit>

f(x) →
{
0 x clean,

1 x poisoned

<latexit sha1_base64="6oA2jopAot7ClbQeotD8izu1MwU=">AAACI3icbVDLSsNAFJ34rPVVdelmsAh1UxKR6kKhIILLCvYBbSiT6aQdOsmEmRuhhHyAH+LarX6DO3Hjwg/wL5y0WWjrgYEz59zLvfd4keAabPvTWlpeWV1bL2wUN7e2d3ZLe/stLWNFWZNKIVXHI5oJHrImcBCsEylGAk+wtje+zvz2A1Oay/AeJhFzAzIMuc8pASP1S+XeiEDip/gK9wICI89LbtKuX5l9/KSTnrimyq7aU+BF4uSkjHI0+qXv3kDSOGAhUEG07jp2BG5CFHAqWFrsxZpFhI7JkHUNDUnAtJtMj0nxsVEG2JfKvBDwVP3dkZBA60ngmcpsRz3vZeK/XqaAlELPLQD+hZvwMIqBhXQ2348FBomzwPCAK0ZBTAwhVHFzAqYjoggFE2vRZOPMJ7FIWqdVp1at3Z2V65d5SgV0iI5QBTnoHNXRLWqgJqLoET2jF/RqPVlv1rv1MStdsvKeA/QH1tcP3HKk8g==</latexit>

f̂ = E[f(X)]Let be the average of the logistic regression values over our dataset
<latexit sha1_base64="dJPAB9dkkqzOekcHz/a6Askrw64=">AAACJXicbVDLSgMxFM3UV62vqks3wVJwVWZE1IULwY3gpop9QKeWTJppQzPJkNwRyjBf4Ie4dqvf4E4EV679CzNtF1o9EDg5517uvSeIBTfguh9OYWFxaXmluFpaW9/Y3Cpv7zSNSjRlDaqE0u2AGCa4ZA3gIFg71oxEgWCtYHSR+617pg1X8hbGMetGZCB5yCkBK/XKVT8iMAzCtJ35XOLpL0hvsrv0CvvAI2awzHrliltzJ8B/iTcjFTRDvVf+8vuKJhGTQAUxpuO5MXRTooFTwbKSnxgWEzoiA9axVBI7p5tOzslw1Sp9HCptnwQ8UX92pCQyZhwFtjJf18x7ufivlyuglDBzC0B42k25jBNgkk7nh4nAoHAeGe5zzSiIsSWEam5PwHRINKFggy3ZbLz5JP6S5mHNO64dXx9Vzs9mKRXRHtpHB8hDJ+gcXaI6aiCKHtATekYvzqPz6rw579PSgjPr2UW/4Hx+A2E0plA=</latexit>

X → RK→n

<latexit sha1_base64="e4//xTiSM+yS03gKwrY8x8D2WSg="></latexit>

f(x) = f̂ +

n∑

i=1

SHAPi(x) · xi
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SHAPi(x) measures how much the feature  deviates  from the average prediction i f(x)
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SHAP Values
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

Mistral 7B, clean vs. poisoned dataset
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Takeaways
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Fay, Aideen, Inés García-Redondo, Qiquan Wang, Haim Dubossarsky, and Anthea Monod. “The Shape of Adversarial Influence: Characterizing LLM Latent Spaces with Persistent 
Homology.” Paper presented at The Fourteenth International Conference on Learning Representations. October 8, 2025. 

Mistral 7B, clean vs. poisoned dataset

We observe a topological compression phenomenon across 
models and attacks 

•Adversarial conditions compress the representation space: they 
yield fewer loops, forming at later scales and persisting longer 

•Normal conditions tend to form earlier loops with more uniform 
lifetimes 

This persists even against adaptive attacks
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Intrinsic Dimension
Session 5 — Using topology and geometry to understand learning: interpretability 



Intrinsic dimension
How to estimate it
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Levina, Elizaveta, and Peter Bickel. “Maximum Likelihood Estimation of Intrinsic Dimension.” Advances in Neural Information Processing Systems 17 (2004). 

Participation ratio:
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PR =
(
∑

i ω1)
2

∑
i ω

2
i

Fit a PCA to your data and look at 
the explained variance spectrum

•Fast and interpretable 

•Linear: misses curvature

Two-NN:

Follows a Pareto distribution
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µi =
ri,2
ri,1
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F (µ) = (1→ µ→d)1[1+↑)(µ)
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d = → log(1→ F (µ))

log µ

MLE:

Model distances to k nearest 
neighbors as a Poisson process and 

maximizes the likelihood:
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

 1

k → 1

k→1∑

j=1

log
rk(x)

rj(x)




→1

Local estimatesGlobal estimate

Facco, Elena, Maria d’Errico, Alex Rodriguez, and Alessandro Laio. “Estimating the Intrinsic Dimension of Datasets by a Minimal Neighborhood Information.” Scientific Reports 7, no. 1 (2017): 12140. 



Intrinsic dimension of representations in CNNs
Setup
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Ansuini, Alessio, Alessandro Laio, Jakob H. Macke, and Davide Zoccolan. “Intrinsic Dimension of Data Representations in Deep Neural Networks.” Advances in Neural Information Processing Systems 32 (2019).  

•Different types of CNNs pre-trained on ImageNet 

•Take 500 images per category of the 7 most important categories 

•Compute embeddings and estimate the ID at each layer per class 

•Compute the averages and standard deviations among classes



Intrinsic dimension of representations in CNNs
The hunchback pattern
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Ansuini, Alessio, Alessandro Laio, Jakob H. Macke, and Davide Zoccolan. “Intrinsic Dimension of Data Representations in Deep Neural Networks.” Advances in Neural Information Processing Systems 32 (2019).  

Figures from: Ansuini et al., (2019)



Intrinsic dimension of representations in CNNs
LID correlates with classification performance
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Ansuini, Alessio, Alessandro Laio, Jakob H. Macke, and Davide Zoccolan. “Intrinsic Dimension of Data Representations in Deep Neural Networks.” Advances in Neural Information Processing Systems 32 (2019).  
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r = 0.94
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r = 0.99

Figure from: Ansuini et al., (2019)



Intrinsic dimension of representations in transformers
Setup
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•Two transformer architectures: one for proteins, one for images 

•Embed each dataset and add a positional encoding: obtain  embeddings 

•Vocabulary of 20 amino acids for proteins, and 512 colors for iGPTs 

•Blocks: self-attention map followed by a MLP, output of size  

•Extract representations after the first normalization layer of each block and then average pool along the 
sequence dimension to reduce a sequence into a data point embedded in  

•Compute ID using TwoNN estimator

ℝl×d

ℝl×d

ℝd

Valeriani, Lucrezia, Diego Doimo, Francesca Cuturello, Alessandro Laio, Alessio Ansuini, and Alberto Cazzaniga. “The Geometry of Hidden Representations of Large Transformer Models.” Paper presented at Thirty-seventh 
Conference on Neural Information Processing Systems. November 2, 2023. 



Intrinsic dimension of representations in transformers
The hunchback pattern strikes again
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Valeriani, Lucrezia, Diego Doimo, Francesca Cuturello, Alessandro Laio, Alessio Ansuini, and Alberto Cazzaniga. “The Geometry of Hidden Representations of Large Transformer Models.” Paper presented at Thirty-seventh 
Conference on Neural Information Processing Systems. November 2, 2023. 

Figures from: Valeriani et al., (2023)



Intrinsic dimension of representations in transformers
The hunchback pattern during training
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Valeriani, Lucrezia, Diego Doimo, Francesca Cuturello, Alessandro Laio, Alessio Ansuini, and Alberto Cazzaniga. “The Geometry of Hidden Representations of Large Transformer Models.” Paper presented at Thirty-seventh 
Conference on Neural Information Processing Systems. November 2, 2023. 

Figures from: Valeriani et al., (2023)



Local intrinsic dimension of representations in transformers
Setup
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Ruppik, Benjamin Matthias, Julius von Rohrscheidt, Carel van Niekerk, et al. “Less Is More: Local Intrinsic Dimensions of Contextual Language Models.” Advances in Neural Information Processing 
Systems 38 (April 2026): 67795–828. 

•Consider a corpus of texts: subsample M of these, tokenize, and subsample N of all the possible tokens 

•Obtain a point cloud per layer:  

•Compute neighborhoods for each token, given a parameter :  

•Compute TwoNN of the point cloud in the neighborhood: LID 

•Aggregate for all points (compute the mean)

𝕋 = {ℳl (tm,n) : 1 ≤ n ≤ N, 1 ≤ m ≤ M}, 1 ≤ l ≤ L

L > 0 𝒩L(t; 𝕋 )



Local intrinsic dimension of representations in transformers
Effects of fine-tuning in LID
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Ruppik, Benjamin Matthias, Julius von Rohrscheidt, Carel van Niekerk, et al. “Less Is More: Local Intrinsic Dimensions of Contextual Language Models.” Advances in Neural Information Processing 
Systems 38 (April 2026): 67795–828. 

Seen in fine-tuning

Not seen

Seen in pre-training



Local intrinsic dimension of representations in transformers
Grokking
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Ruppik, Benjamin Matthias, Julius von Rohrscheidt, Carel van Niekerk, et al. “Less Is More: Local Intrinsic Dimensions of Contextual Language Models.” Advances in Neural Information Processing 
Systems 38 (April 2026): 67795–828. 

Learn to predict addition modulo p
Input sequence: [155, ‘o’, 88, ‘=’] 

Desired prediction: 46 (modulo p =197)



PH of representations in transformers
Grokking
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Tang, Yifan, Qiquan Wang, Inés Garcı́a-Redondo, and Anthea Monod. “Topological Signatures of Grokking.” arXiv Preprint arXiv:2605.06352, 2026



To sum up
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We have seen several ways in which we can use some methods to design new architectures and to better 
understand the architectures that we have already…

But there is much more to be done!  

There are a lot of things that we haven’t covered here…

We need more mathematicians in the field, developing well-grounded methods.  

We need more statisticians, providing rigorous tests and complexity measures.
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