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Logistics

Contact information and house keeping

Hello! My name is Inés Garcia-Redondo

| am a mathematician, and a physicist, working as a researcher at the University of Fribourg in the AIDOS (Al for Data Oriented Science)

group, where we study the role of geometry and topology in deep learning

My email is: ines.garciaredondo®@unifr.ch

My office is in PER21, B429

Feel free to reach out to me by email with any questions or doubts about the course!

Course page:

https://ines.topology.rocks/course-pages/gtml-2026
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Logistics

Contact information and house keeping

Hello! My name is Martin Carrasco Castaneda

| am a computer scientist, doing a PhD in the AIDOS group. | like graphs and
other combinatorial structures, and understanding their interplay with deep
learning

My email is: martin.carrascocastaneda@unifr.ch

My office is in PER21, B440



mailto:martin.carrascocastaneda@unifr.ch

Classes and assessment

Each class will be divided into:
1. theory session (9:15-11:00, with a 10 minute break)
2. followed by a practice session (11:10-12:00)

m Practice sessions will be either coding based or problem solving sessions

Assessment will have two parts:
1. Group projects + presentations reproducing results from a current research paper (30%)

m You will form groups of 3 and produce code in a public repository following a paper from the course

m You will prepare a presentation of the ideas of the paper, and your code and results, and present it at the end of the course

2. Oral exam at the end of the course (70%)



Use of Al

The use of Al is permitted in this course, although it must be always appropriately acknowledged

For instance, if you use Al to help coding your project, you should at least identify any Al tool used and the purpose for

which it was used

Al-use statement: | used [tool/model] for [purpose]. It contributed to [specific part of the work]. | verified or revised the output by [method].

This being said, permission to use Al is not permission to outsource your understanding

Precisely for this reason, the grades of the course are based on oral presentations, where | might ask questions and
interact with you to gauge your understanding of your code, the references that you have followed, the extent of your

own contribution, etc.



Data has shape, shape has meaning, and meaning begets understanding

Gunnar Carlsson, paraphrased

Shape in data Shape of data

High-dimensional data can live in a lower dimensional space

Real data is often

times best described How do we

through relational measure shape?

structures

Example: conformation

Example: distinguishin
Benjamin et al., (2023) < g. 1,031,644 coordinate space of cyclo-octane
knotted/ unknotted proteins

vectors in R7? _
Martin and Watson, (2011)

Geometry — fine detail (local properties) — quantitative answers

Topology = fundamental structure (global properties) -+ qualitative answers



The course

What to expect

Sometimes we want to learn from data that has some additional relational structure...

Other times we wonder whether the parameters or the internal representations of our model have some shape or geometric

signature that informs us about the training dynamics, the generalization properties or any other characteristic of our model...

In this course, we will introduce many geometric and topological tools for data analysis that are useful on their

own, and we will see how to compute them

Then, we will see how to apply them in the context of deep learning to study problems like the ones above

But before all that, we need to lay the foundation of what we mean by deep learning, and the many hyperparameters and
architectural choices it might involve



Lecture 1 — Introduction to Deep Learning

Outline

m What is deep learning?

m Classification vs. regression tas

he multilayer-perceptron: the bui

m Training neural networks

m Gradient descent

m Backpropagation

m Learning from images:

m Convolutional neural networks

m Learning from text:

KS

ding block of DL

m [ransformers and the attention mechanism



What is Deep Learning?
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The power of Al

And how it's shaping our world
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What is Deep Learning?

Artificial Intelligence Deep Learning

Mimic intelligence/behavior of Mlaichilne Leerilig ieciriguss

inspired by neural networks

human beings or other organisms

eaching computers how to learn a task directly from raw data

11



What is Deep Learning?

Artificial Intelligence: are we there yet?

Intelligence is not a scalar quantity. The space of problems is gigantic and [..] any intelligent
system will only excel at a tiny subset of them. Any intelligent system has blind spots, hence

vulnerabilities.

Yann LeCun

Best to think of Al as Pl (pseudo-intelligence) or S/ (simulated intelligence).

Our systems are not even close to real intelligence.

12



Learning a task

The set up for supervised learning

Features\ ( Labels

Data space: Probability space: (Z,F, i) Z =XXY

We want to learn the distribution u

Training data: {r1,... 2} C X v, yn} CY (T3, i) ~ u

/ Model

Task: .
2 Learn § = fo(z), 6 €R”,

st. RO, {(zs,y:)}) = L(fo(x:),5:) is minimized

1=1

Empirical risk
L oss

13



Learning a task

The set up for supervised learning

Regression

© Data

X=R, Y=R

Classification
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Learning a task

The set up for supervised learning

Regression Classification
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n

- . 1
MSE = — (yz — ng)Q Cross-Entropy Loss R = — — Z [yz log(yfi) + (1 — yz) log(l — ?QZ)]

1=1



Learning a task

Generalization

Regression

® 7

» O
9/

”
”
© /do (@] .o
”
(@]

@ Train data
@ [lest data (unseen)

= = Regression line

We seek that the model generalizes well: provides good predictions for unseen data
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Learning a task

Underfitting and overfitting

Underfit (Degree 1)

Test MSE = 35.13

Test MSE = 9.65

1
Fit 5x3—2x2+x+3

Good fit (Degree 3)

Overfit (Degree 12)

Test MSE = 14 .49

© Train data
@ Test data
— Model

=== True function

© Train data
@ Test data
w— Model

=== True function

17

© Train data
@ Test data
m— NModel

=== True function



Neural Networks: the Multilayer Perceptron

Lecture 1 — Introduction to Deep Learning



The Perceptron

The structural building block of deep learning

Input Weights Sum

=
/

wW=W;,...,w

X = (X ..., X,)

19



The Perceptron

The structural building block of deep learning

Input Weights Sum Non-linearity Output

Non-linearity

w=W;,...,w,)

2]
Wi
s . ‘

20



Common activation functions

yzg(Zwixi+b) =g(w-x+b)

Sigmoid Tanh Heaviside RelLU GelLU

—
_

- 0 if z<0
ec—e* — — .
8@ = T = @) = 2()=1405 if z=0 §(z) = max(0),z) 8(2) =2+ )
1 if x>0 )

Cumulative distribution function of

the standard normal distribution
Note: they must be non-linear
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Why non linear activations?
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What happens if the data is non linearly separable?
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Why non linear activations?

@ Class0
o Class1
(@]
Y
O
o) )
o RITT 43
o° ... “ o0 o ©

o
o ® O
o "e®8 o8 00?%0
% ° co0 o0 © °Q>0Q)
® mgOOo oo &)0@69

Non-linearities allow us to approximate arbitrarily complex functions
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The Perceptron

The structural building block of deep learning

Input Weights Sum Non-linearity Output

y=g(w-x+D)

2]
Wi
s " ‘

The perceptron is a single neuron, which is activated based on the output of an activation function,

evaluated on a weighted sum of inputs

24



The Multi-Layer Perceptron

Components

Input layer

. X > hl(l)
X ~ ()

> 2 h2

(=, e

hV = (W(l) X + b(l))
D = (D (1)
h''/ = (h", ...,hd )

(1 D)
widoow)

wh =1 : :
1 1
),

D — (pD (1)
b/ =", ....0,")
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The Multi-Layer Perceptron

Components

Input layer
>
» X
. X A
- X,

hV = (W(l) X + b(l))

M — (D (D)
h''/ =", ....h")

Hidden layers
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The Multi-Layer Perceptron

Components

f,:R" - R QeRP

Input layer Hidden layers Output layer
X 50 > h® e >3, .
. X » h{V > h{ h{P - Vo -
1 ~
Yy » hc(l) » hc(lz) hch) L Vi >
h® = g (WD . x + b)) h® = g (WO . h¢=D 4 p®) § =g (WD h® 4 pEtD)
h" = (Y, ..., htD) h® = (r?,....h!") =0
vid i ol e i) WD
WO — : : WO — WwWZHD —
Wl Wi, wil . WC(JQU wikerD ngjl))
b = (", ....bM) b" = ", ...,b") bAD = D, p)



Universal Function Approximation

Why MLPs work for non-linear activations

Theorem (Universal function approximation)

Let 0 € C(R,R) be a non-polynomial activation function. For every m, k € N, every compact subset K C R",
every function f € C(K, IR") and € > 0, there exists d € R, A € R b e R? and C € R*“ sych that

sup [[f(x) = gl <'e,

xeK

where g(x) = Co(Ax + b).

Implication

Theoretically we can approximate any continuous function if we make no restrictions on the width d of our

neural network.

A. Pinkus, “Approximation theory of the MLP model in neural networks”, Acta Numerica 8, 1999, pp.143-195

28



Universal Function Approximation

Why MLPs work for non-linear activations

STATISTICAL LEARNING

Gentlemen, our learner
overgeneralizes because the
C-Dimension of our Kernel

s too high, Get some
experts and minimze the
structural risk in a new one.
Rework our loss function,
ake the next kernel stable,
nbiased and consider using 3
oft margin

NEURAL
NETWORKS

STACK
MORE
LAYERS

29



‘I'raining a neural network

Lecture 1 — Introduction to Deep Learning

Inés Garcia Redondo — May 11, 2026



Training a neural network

Gradient descent

Training point

( Gradient Descent Convergence

Input: £, : R™ — R”*. L(x,0)
1. Initialize weights randomly: 6,
2. Loop until convergence:

1. Compute gradient: 8_[, c RP

06 Learning rate
2. Update weights: /

Single sample: §,,, < 6, — n—gg (x,0;)
. 1« 0L
All training data: _ E _ |
g Ht_|_1 %Ht—l—T]n 90 (Xuet)

i=1
Output: Optimal weights after convergence 6,

Computational cost: O(n - D)

31



Training a neural network

Stochastic gradient descent

Input: fo:R™ - R*  L(x,0)
1. Initialize weights randomly: 6,

2. Loop until convergence:

1. Compute gradient: g_g c RP eaming rate
2. Update weights: /
oL
Single sample: 0;.1 < 0; — n%(x, 0¢)
B
| 1 oL
Batch of data: 0, < 6, U= ; —H(Xi, 0;)

B is called the batch size

Output: Optimal weights after convergence 6,

Computational cost: O(B - D)

32

Gradient Descent Convergence




Training a neural network

Stochastic gradient descent

Wins from doing stochastic gradient descent

» Memory: you only need to hold B samples in memory at once, not all N

» Faster convergence in practice: the noise introduced by subsampling

acts as a regularizer and often leads to convergence in fewer epochs

» Parallelism: the batch size can be tuned to saturate GPU memory and

use resources more efficiently

There is an additional, subtler motivation: SGD tends to find flatter
minima that generalize better. The reason why is still not well

understood, but an intuition is that noisy gradients help scape narrow local
minima that usually have poorer generalization.

33

H. Li et al., Visualizing the

Loss Landscape of Neural Nets,
NeurlPS 2018



Training a neural network

Backpropagation

Input Hidden layers
- W o @ (W (5 »
» X, q hc(ll) q hc(IZ) hc(iL) S f’k >
(_\ Multiplying component-wise
oL oL
. | 5L = r o d(zL)
Want the gradients: WO b0 or o (h(l_l)) VL O g(z)
Use chain rule: z() = W . hU=D 4 pU) 97 041 OY
— 5 (2 = (¢ z(L) g (2
h® :g(z(l)) ob @) =0 gz (9(1 AR C ))
T
oL 5D — (W<l+1>) SUHD © ¢ (z(D))
Error signal 5(l) — 57 (0)
Z

Careful with vanishing and exploding gradients!

34



[ .earning from images
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Learning from images

What the computer sees
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Learning from images

What the computer sees
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Learning from images

What the computer sees
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Learning from images

Challenges with using MLPs

= |f | want to produce an image from an image with resolution 512 using a MLP | need (512 X 512 X 3)* = 6.18 - 10!

parameters
» With 4 bytes per parameter, this requires about 2.5 terabytes in storage

= This clearly does not scale

= In addition, images have a lot of structure that we are not using
» Images often vary continuously

= Classification of images should not depend on a single pixel but in groups of pixels

39



Learning from images

Recognition is based in detecting lower level features

—Eyes

Mouth
Nose

This must be a face!

40



Learning from images

We can still recognize with lower resolution

This looks like the Mona Lisa!

41



Convolutions

Input image [ Filter or kernel K

42



Convolutions

e
[ ]
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l..
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oo o 1.
0 1
0 0
0 0
0 1
1 1
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Need to also choose a pooling operation

Here we sum




Convolutions

44

(I ® K)(x




Convolutions

I® K)x,y) = ), KG, j) Ix + i,y +))
L]
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Convolutions

I® K)x,y) = ), KG, j) Ix + i,y +))
L]
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Convolutions

I® K)x,y) = ), KG, j) Ix + i,y +))
L]
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Convolutions

I® K)x,y) = ), KG, j) Ix + i,y +))
,]

|
—_
)
V)
S
—
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Filter in computer vision

Gaussian blur

49

[0.000
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Filter in computer vision

Sharpening filter

Sharpening kernel

0

1

0

1

1
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Filter in computer vision

Sobel filter

Sobel filter (horizontal)

~
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Convolutional neural networks

| earnable kernels

1
Receptive field hgl) — g (Rll ® W11 + bll)

............. Activation map

Input layer Learnable kernel Hidden layer
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Convolutional neural networks

LeNet

convolution convolution pooling dense
pooling dense
| _ dense
| E = _
- T © O
— - 1 o
L S|
///:_ S
u 6@14x14 '—|_|_
— S2 feature map 16@5x5
28x28 image 6@28x28 16@10x10 S4 foature ma ;
C1 feature map C3 feature map

LeNet is a series of convolutional neural networks created by a research group in AT& T Bell Laboratories from 1988 to

1998, with Yann LeCun as their group leader

They were created to read grayscale images of handwritten digits and letters, used in ATM for reading cheques

Y. LeCun, L. Bottou, Y. Bengio and P. Haffner, Gradient-based learning applied to document recognition, Proceedings of the |[EEE 86.11, 1998, pp. 2278-2324
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Convolution is translation equivariant

I
I®K
0 1 1 1 0 0 0
K
0 0 1 1 1 1 0 1 4 3 4 1

|
—_
)
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W
—

Introduction to Deep Learning 54 Inés Garcia Redondo, 11/05/2026



Convolution is translation equivariant

1)

T ® K =TI ® K)

|
N
o
S
—

55



[ earning from text
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Learning from text

What the computer sees

The cat ate the mouse

break down into semantic pieces

idden dimension embeddings

[[The], [cat], [ate], [the], [mouse]] >ize "C;“b“'ary

Map each token to a vocabulary dictionary and learn an embedding matrix E € R"*¢ v\J

(1996, 4937, 8823, 1996, 8000]

1996 5 v e R?

the order of the words is important

Not the same to say: “ T he mouse ate the cat” than “The cat ate the mouse”
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Learning from text

Word embeddings How do these embeddings look like?

They should capture semantic meaning

Orange
Apple
The cat ate the mouse
Banana inng — Xman T Xwoman ® Xqueen

[ The]

cat

ate] —>

the]

MOouse : -
| | However, they still do not capture contextual meaning

X & R Orange
Xiaomi
T number of tokens Apple

Samsung Apple has released a new phone

d dimension embeddings Banana
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Learning from text

Transformers and the attention mechanism

Attention Is All You Need

Ashish Vaswani”
Google Brain

Noam Shazeer®
Google Brain

avaswani@google.com noam@google.com

Niki Parmar”
Google Research
nikip@google.com

Jakob Uszkoreit”
Google Research
usz@google.com

Llion Jones*
Google Research
llion@google.com

Aidan N. Gomez* '
University of Toronto
aidan@cs.toronto.edu

Fukasz Kaiser*
Google Brain
lukaszkaiser@google.com

Illia Polosukhin* *
illia.polosukhin@gmail.com

Abstract

The dominant sequence transduction models are based on complex recurrent or
convolutional neural networks that include an encoder and a decoder. The best
performing models also connect the encoder and decoder through an attention
mechanism. We propose a new simple network architecture, the Transformer,
based solely on attention mechanisms, dispensing with recurrence and convolutions
entirely. Experiments on two machine translation tasks show these models to
be superior in quality while being more parallelizable and requiring significantly
less time to train. Our model achieves 28.4 BLEU on the WMT 2014 English-
to-German translation task, improving over the existing best results, including
ensembles, by over 2 BLEU. On the WMT 2014 English-to-French translation task,
our model establishes a new single-model state-of-the-art BLEU score of 41.0 after
training for 3.5 days on eight GPUs, a small fraction of the training costs of the
best models from the literature.

Qutput
Probabilities
|
Softmax
t
Linear
Y
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Add &INorm [
Feed
Forward
4 N t -
s ~ Add & Norm  Je=
—>_Add & Norm Multi-Head
Feed l Attention
Forward N x
g_}_){_/‘ )
S.-—-—-—-—-—-—i .......... Add 8 Norm e
N> : I
| LA &lNorm . Masked
: Multi-Head : Multi-Head
Attention : Attention
"Q.LL _J": \ J)
Positional Positional
Encod + .
ncoding Encoding
Input Output
Embedding Embedding
Inputs Qutputs

(shifted right)

A. Vaswani, S. Noam, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, L. Kaiser and |. Polosukhin
Attention is All You Need, NeurlPS 2017
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Learning from text

The attention mechanism

Token A Token B
Key A Query A Value A Key B Query B Value B

o e e e

Query A Key B
How much do you This is what | How token A

matter to me? can offer “attends” to token B
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Learning from text

The attention mechanism

Token A Token B
Key A Query A Value A Key B Query B Value B
Key B
Query A .
How much do you How token A
matter to me? “attends’ to token B
This is what |

can offer
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Learning from text

The attention mechanism

Token A Token B
Key A Query A Value A Key B Query B Value B
Key A
Query B .
How much do you How token B
matter to me? “attends’ to token A
This is what |

can offer
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Learning from text

The attention mechanism

Token A Token B
Key A Query A Value A Key B Query B Value B

o e e e

Key A Key B
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Learning from text

The attention mechanism

Queries Keys

Q = RTXd’ K e [RTXd’
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Learning from text

The attention mechanism

Input Queries Keys Attention scores Attention weights
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Learning from text

The attention mechanism Token A

Key A Query A Value A

o D e
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Learning from text

The attention mechanism Token A

HEEEEN

Key A Query A Value A

o D e

Attention weights Values Update matrix
T Txd
Softmax eER Ve RIX softmax V = RT*d

ﬁ’ x/ﬁ'
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Learning from text

The attention mechanism
K & RTXd’
Keys
Input Embedding matrix
_ Q c RdXT
» Queries
% Q = XWQ

X e RTXd

T number of tokens

V e RXT

d dimension embeddings Values
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Learning from text

The attention mechanism

K e R4 Attention weights

Keys

Update matrix

~

Q = RdXT J \
= XW T
C ¢ softmax ( oK ) e R /

Ja

KT
AX = softmax ( © ) Ve R
Ve R Vd
Values V=XW, )
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Learning from text

The attention mechanism

Attention head

-
X E RI*d AX = softmax ( QO ) Ve RTxd X e RTxd
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Learning from text

The attention mechanism

Multi-Head Attention

/Pool

-
X € RT*d AX; = softmax ( & ) Ve RTxd X' e RT*d
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Learning from text

Transformers and the attention mechanism

_:: Output "-_
Probatbilitios .
Softmax
¢ :
Linear Decoder :
."‘ ................................. ".‘E - —t— N ;
a ou r - -
: : - : 1. Predict masked tokens:
Encoder | [ Feed :
= ) The [mask]| ate the mouse
( \ - I :
4 N\ |=] | Add & Norm . - 3
rdaanom) | | = : 2. Next token prediction:
. :| | Multi-Head l :
Feed ‘ ; Attention : Th
: e cat ate the..
’ For\fard u._j )r g ) N x
o :| (Add3 Norm 3. Translation
~>| Add &lNorm : Nasked :
Multi-Head . Multi-Head
Attention a Attention
._ B R w— - .-
‘o’. \L )’ ’: \’ JJ ‘0:
®annasn F,é-STﬁ(-)-n-a-r -------------- . Saman ..........P.(.).STT.iE).n.a.l ----------- .
Encoding Encoding
Input Output
Embedding Embedding
Inputs Outputs

(shifted right)

A. Vaswani, S. Noam, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, L. Kaiser and |. Polosukhin
Attention is All You Need, NeurlPS 2017
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Lecture 1 — Introduction to Deep Learning

To sum up

Today we have learnt about:

m [ he basic, foundational neural network architecture: the multilayer perceptron

m How to train neural networks in practice

m How to adapt your architecture to internal structure and qualities of a given input data:

m Images and convolutional neural networks

m [ext and the attention mechanism

Next week we will overview geometric structures that can be used to describe real data, and from which we will want to learn

We will also see how to describe their geometric and topological properties
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'I'hank you for your attention!
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