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Lecture 1: Introduction to Deep Learning
Geometry and Topology in Machine Learning 



Logistics
Contact information and house keeping
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Hello! My name is Inés García-Redondo

I am a mathematician, and a physicist, working as a researcher at the University of Fribourg in the AIDOS (AI for Data Oriented Science) 
group, where we study the role of geometry and topology in deep learning

My email is: ines.garciaredondo@unifr.ch 

My office is in PER21, B429

Feel free to reach out to me by email with any questions or doubts about the course!

https://ines.topology.rocks/course-pages/gtml-2026 
Course page: 

mailto:ines.garciaredondo@unifr.ch
https://ines.topology.rocks/course-pages/gtml-2026


Logistics
Contact information and house keeping
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Hello! My name is Martín Carrasco Castañeda

I am a computer scientist, doing a PhD in the AIDOS group. I like graphs and 
other combinatorial structures, and understanding their interplay with deep 
learning 

My email is: martin.carrascocastaneda@unifr.ch 

My office is in PER21, B440

mailto:martin.carrascocastaneda@unifr.ch


Classes and assessment
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Each class will be divided into: 

1. theory session (9:15-11:00, with a 10 minute break)  

2. followed by a practice session (11:10-12:00) 

•Practice sessions will be either coding based or problem solving sessions

Assessment will have two parts: 

1. Group projects + presentations reproducing results from a current research paper (30%) 

•You will form groups of 3 and produce code in a public repository following a paper from the course 

•You will prepare a presentation of the ideas of the paper, and your code and results, and present it at the end of the course 

2. Oral exam at the end of the course (70%)



Use of AI
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The use of AI is permitted in this course, although it must be always appropriately acknowledged

Precisely for this reason, the grades of the course are based on oral presentations, where I might ask questions and 
interact with you to gauge your understanding of your code, the references that you have followed, the extent of your 

own contribution, etc. 

This being said, permission to use AI is not permission to outsource your understanding

For instance, if you use AI to help coding your project, you should at least identify any AI tool used and the purpose for 
which it was used

AI-use statement: I used [tool/model] for [purpose]. It contributed to [specific part of the work]. I verified or revised the output by [method].



Data has shape, shape has meaning, and meaning begets understanding
Gunnar Carlsson, paraphrased
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How do we 
measure shape?

Geometry

Topology

fine detail (local properties)=

= fundamental structure (global properties)

+

+

quantitative answers

qualitative answers

Shape in data

Real data is often 
times best described 
through relational 

structures

Benjamin et al., (2023)
Example: distinguishing 

knotted/ unknotted proteins

Shape of data

Martin and Watson, (2011)

Example: conformation 
space of cyclo-octane1,031,644 coordinate 

vectors in ℝ72

High-dimensional data can live in a lower dimensional space



The course
What to expect

7

Sometimes we want to learn from data that has some additional relational structure…

Other times we wonder whether the parameters or the internal representations of our model have some shape or geometric 
signature that informs us about the training dynamics, the generalization properties or any other characteristic of our model…

In this course, we will introduce many geometric and topological tools for data analysis that are useful on their 
own, and we will see how to compute them 

Then, we will see how to apply them in the context of deep learning to study problems like the ones above

But before all that, we need to lay the foundation of what we mean by deep learning, and the many hyperparameters and 
architectural choices it might involve



Lecture 1 — Introduction to Deep Learning
Outline

•What is deep learning? 

•Classification vs. regression tasks  

•The multilayer-perceptron: the building block of DL 

•Training neural networks 

•Gradient descent 

•Backpropagation 

•Learning from images: 

•Convolutional neural networks 

•Learning from text: 

•Transformers and the attention mechanism
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What is Deep Learning?
Lecture 1 — Introduction to Deep Learning 



The power of AI
And how it’s shaping our world
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AlphaFold 2/3 AlphaGeometry and AlphaProof

Large Language Models
Image and video generation



Machine Learning
Ability to learn without explicitly 

being programmed

What is Deep Learning?
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Artificial Intelligence
Mimic intelligence/behavior of 

human beings or other organisms

Deep Learning
Machine Learning techniques 
inspired by neural networks 

Teaching computers how to learn a task directly from raw data



What is Deep Learning?
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: are we there yet?

Intelligence is not a scalar quantity. The space of problems is gigantic and […] any intelligent 
system will only excel at a tiny subset of them. Any intelligent system has blind spots, hence 
vulnerabilities. 

Yann LeCun

Artificial Intelligence

Best to think of AI as PI (pseudo-intelligence) or SI (simulated intelligence). 

Our systems are not even close to real intelligence.



The set up for supervised learning

Learning a task
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Data space:

Features Labels 

Probability space: 
<latexit sha1_base64="br80iuXP8gJ9I9tv8ElXj2YqAnc=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARKkiZEakuC4K4rGAf2A4lk2ba0ExmSDJCGQr+ihsXirj1O9z5N2baWWj1QODknHvJyfFjzpR2nC+rsLS8srpWXC9tbG5t79i7ey0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++OrzG8/UKlYJO70JKZeiIeCBYxgbaS+fVC5P0W9EOsRwTy9nmaX5KRvl52qMwP6S9yclCFHo29/9gYRSUIqNOFYqa7rxNpLsdSMcDot9RJFY0zGeEi7hgocUuWls/hTdGyUAQoiaY7QaKb+3EhxqNQk9M1kFlQtepn4n9dNdHDppUzEiaaCzB8KEo50hLIu0IBJSjSfGIKJZCYrIiMsMdGmsZIpwV388l/SOqu6tWrt9rxcr+d1FOEQjqACLlxAHW6gAU0gkMITvMCr9Wg9W2/W+3y0YOU7+/AL1sc3XrOUew==</latexit>

(Z,F , µ)
<latexit sha1_base64="1fohqceNtuiGTvQtslBxr+FaiXs=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIePEYwTw0WcPsZDYZMju7zPQqYcl/ePGgiFf/xZt/4+Rx0MSChqKqm+6uIJHCoOt+O0vLK6tr67mN/ObW9s5uYW+/buJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMYXI39xiPXRsTqFocJ9yPaUyIUjKKVHu7JJWmSNoqIG3LXKRTdkjsBWSTejBRhhmqn8NXuxiyNuEImqTEtz03Qz6hGwSQf5dup4QllA9rjLUsVtWv8bHL1iBxbpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDCz8TKkmRKzZdFKaSYEzGEZCu0JyhHFpCmRb2VsL6VFOGNqi8DcGbf3mR1E9LXrlUvjkrViqzOHJwCEdwAh6cQwWuoQo1YKDhGV7hzXlyXpx352PauuTMZg7gD5zPH6dMkVU=</latexit>

Z = X → Y

Training data:
<latexit sha1_base64="UkEtey7xGCvLMqqmbUW19MIQWVg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoiUl0W3LisYB/QhDCZTtqhM5MwMxFDqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7T5gwqrTjfFultfWNza3ydmVnd2//wD486qo4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTm5mfu+BSEVjca+zhPgcjQSNKEbaSIFdrT8G9BxmAT2DnqIcejwN7JrTcOaAq8QtSA0UaAf2lzeMccqJ0JghpQauk2g/R1JTzMi04qWKJAhP0IgMDBWIE+Xn8+On8NQoQxjF0pTQcK7+nsgRVyrjoenkSI/VsjcT//MGqY6u/ZyKJNVE4MWiKGVQx3CWBBxSSbBmmSEIS2puhXiMJMLa5FUxIbjLL6+S7kXDbTaad5e1VquIowyOwQmoAxdcgRa4BW3QARhk4Bm8gjfryXqx3q2PRWvJKmaq4A+szx/1o5Oz</latexit>

(xi, yi) → µ
<latexit sha1_base64="tzfwtdiKv5naZU+NZ5EkBZnEO0o=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclJKIVJcFNy4r2Ac0IUym03boZBJmbqQldOXGX3HjQhG3foM7/8Zpm4W2HrhwOOfemXtPmAiuwXG+rZXVtfWNzcJWcXtnd2/fPjhs6jhVlDVoLGLVDolmgkvWAA6CtRPFSBQK1gqHN1O/9cCU5rG8h3HC/Ij0Je9xSsBIgX3iZaPALWOvG4Mu41EgvQn2dBpqBrgd2CWn4syAl4mbkxLKUQ/sL/MQTSMmgQqidcd1EvAzooBTwSZFL9UsIXRI+qxjqCQR0342O2OCz4zSxb1YmZKAZ+rviYxEWo+j0HRGBAZ60ZuK/3mdFHrXfsZlkgKTdP5RLxUYYjzNBHe5YhTE2BBCFTe7YjogilAwyRVNCO7iycukeVFxq5Xq3WWpVsvjKKBjdIrOkYuuUA3dojpqIIoe0TN6RW/Wk/VivVsf89YVK585Qn9gff4Avx2YCw==</latexit>

{x1, . . . , xn} → X
<latexit sha1_base64="pavUHowKlwAektvmVSYw9iW+JaM=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgopREpLosuHFZwT6kCWEynbRDJ5MwcyOE0JUbf8WNC0Xc+g3u/Bunj4W2HrhwOOfemXtPkAiuwba/rcLK6tr6RnGztLW9s7tX3j9o6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1glG1xO/88CU5rG8gyxhXkQGkoecEjCSXz5288x3qtjtx6CrOPOlO8auTgPNAN/75Ypds6fAy8SZkwqao+mXv8xDNI2YBCqI1j3HTsDLiQJOBRuX3FSzhNARGbCeoZJETHv59IwxPjVKH4exMiUBT9XfEzmJtM6iwHRGBIZ60ZuI/3m9FMIrL+cySYFJOvsoTAWGGE8ywX2uGAWRGUKo4mZXTIdEEQomuZIJwVk8eZm0z2tOvVa/vag0GvM4iugInaAz5KBL1EA3qIlaiKJH9Ixe0Zv1ZL1Y79bHrLVgzWcO0R9Ynz/D0ZgO</latexit>

{y1, . . . , yn} → Y

Learn                             ,   

s.t.                                                is minimized

Task:

Empirical risk
Loss

 Model

<latexit sha1_base64="4SoHfviKJgrBWKkw68eIADU6CGQ="></latexit>

R(ω, {(xi, yi)}) =
n∑

i=1

L(fω(xi), yi)

<latexit sha1_base64="qmOBdfMc4HEKrUnR2wsKJTICs0k=">AAACHHicbVDLSgNBEJyN7/iKevQyGAQFCbsq6kUI6MGjilEhG0PvZDYZnJ1dZ3rFsORDvPgrXjwo4sWD4N84eRw0saChqOqmuytIpDDout9Obmx8YnJqeiY/Oze/sFhYWr40caoZr7BYxvo6AMOlULyCAiW/TjSHKJD8Krg96vpX91wbEasLbCe8FkFTiVAwQCvVCzt+CzBrdw5pWPexxRE2Hja3qH+XQoP2BeoLRf0IsBUE2Xnn5rheKLoltwc6SrwBKZIBTuuFT78RszTiCpkEY6qem2AtA42CSd7J+6nhCbBbaPKqpQoibmpZ77kOXbdKg4axtqWQ9tTfExlExrSjwHZ2bzTDXlf8z6umGB7UMqGSFLli/UVhKinGtJsUbQjNGcq2JcC0sLdS1gINDG2eeRuCN/zyKLncLnl7pb2z3WK5PIhjmqySNbJBPLJPyuSEnJIKYeSRPJNX8uY8OS/Ou/PRb805g5kV8gfO1w+29aEn</latexit>

ŷ = fω(x), ω → RD

We want to learn the distribution <latexit sha1_base64="Jbwgv2EKtdso0hpygB7UlY4m0PY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5idTJIhM7PLTK8QlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSqSw6PtfXmFtfWNzq7hd2tnd2z8oHx61bJwaxpsslrHpRNRyKTRvokDJO4nhVEWSt6PJzdxvP3JjRawfcJrwUNGRFkPBKDrpvqfSfrniV/0FyF8S5KQCORr98mdvELNUcY1MUmu7gZ9gmFGDgkk+K/VSyxPKJnTEu45qqrgNs8WpM3LmlAEZxsaVRrJQf05kVFk7VZHrVBTHdtWbi/953RSH12EmdJIi12y5aJhKgjGZ/00GwnCGcuoIZUa4WwkbU0MZunRKLoRg9eW/pHVRDWrV2t1lpV7P4yjCCZzCOQRwBXW4hQY0gcEInuAFXj3pPXtv3vuyteDlM8fwC97HN2BWjd8=</latexit>µ



The set up for supervised learning

Learning a task
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X = ℝ, Y = ℝ X = ℝ2, Y = {0, 1}

Regression Classification



The set up for supervised learning

Learning a task

15

Regression Classification

Linear regression Logistic regression

Mean Squared Error Cross-Entropy Loss

<latexit sha1_base64="G8XC8E93ZbwikQQC5qcF559Qk3I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBktBUEoiUt0IBTcuK9gHtCFMppN26EwSZibFEvonblwo4tY/ceffOG2z0NYDFw7n3MucOUHCmdKO820V1tY3NreK26Wd3b39A/vwqKXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQ389tjKhWLo0c9Sagn8CBiISNYG8m37dDPxEUwRbdIPKFzFPh22ak6c6BV4uakDDkavv3V68ckFTTShGOluq6TaC/DUjPC6bTUSxVNMBnhAe0aGmFBlZfNk09RxSh9FMbSTKTRXP19kWGh1ESYfBWB9VAtezPxP6+b6vDGy1iUpJpGZPFQmHKkYzSrAfWZpETziSGYSGayIjLEEhNtyiqZEtzlL6+S1mXVrVVrD1flej2vowgncApn4MI11OEeGtAEAmN4hld4szLrxXq3PharBSu/OYY/sD5/AGzrkjs=</latexit>

fm,b = mx+ b
<latexit sha1_base64="LFme4e9IPJ+7jq23Miysv/ewiJk=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgtSklEqhuhIIjLCvYBTSyT6aQdOnkwM1FLyB+58Ve6EVHErX/hpI1UWw8MnDn3XO69xwkZFdIwXrWFxaXlldXcWn59Y3NrW9/ZbYgg4pjUccAC3nKQIIz6pC6pZKQVcoI8h5GmM7hM6817wgUN/Fs5DIntoZ5PXYqRVFJHv3I7seUh2Xfc+CE5hk5S/Pk+JiV4AS1Bex4qTj13lgxCODXBI+iUOnrBKBtjwHliZqQAMtQ6+sjqBjjyiC8xQ0K0TSOUdoy4pJiRJG9FgoQID1CPtBX1kUeEHY/vTeChUrrQDbh6voRj9XdHjDwhhp6jnOmaYraWiv/V2pF0z+2Y+mEkiY8ng9yIQRnANDzYpZxgyYaKIMyp2hXiPuIISxVxXoVgzp48TxonZbNSrtycFqrVLI4c2AcHoAhMcAaq4BrUQB1g8ARG4A28a8/ai/ahfU6sC1rWswf+QPv6BovgqVc=</latexit>

fw,b(x) = ω(w→x+ b)

<latexit sha1_base64="iooMPZlOW82TS9PQ9GVOrR4MQDU="></latexit>

R = → 1

n

n∑

i=1

[yi log(ŷi) + (1→ yi) log(1→ ŷi)]

<latexit sha1_base64="4D9jAz40hdkr2pqRxVcbnwW1dyM="></latexit>

R = MSE =
1

n

n∑

i=1

(yi → ŷi)
2



Generalization

Learning a task
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We seek that the model generalizes well: provides good predictions for unseen data

Regression Classification



Learning a task

17

Underfitting and overfitting

Fit 
1
2

x3 − 2x2 + x + 3



Neural Networks: the Multilayer Perceptron
Lecture 1 — Introduction to Deep Learning 



The Perceptron
The structural building block of deep learning

19

x1

x2

xm

⋮

1

Input

w1

w2

wm ∑

Weights Sum

b

w = (w1, …, wm)

x = (x1, …, xm)



The Perceptron
The structural building block of deep learning
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x1

x2

xm

⋮

1

Input

w1

w2

wm ∑ ̂y

Output

̂y = g (
m

∑
i=1

wi xi + b) = g (w ⋅ x + b)

Non-linearity

Weigths

 Bias

g

Weights Sum Non-linearity

b

w = (w1, …, wm) x = (x1, …, xm)



Common activation functions
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g(z) =
0 if z < 0
0.5 if z = 0
1 if 1x > 0

g(z) =
1

1 + e−z
g(z) = max(0, z)

Note: they must be non-linear

g(z) =
ez − e−z

ez + e−z
g(z) = z ⋅ Φ(z)

Cumulative distribution function of 
the standard normal distribution

̂y = g (
m

∑
i=1

wi xi + b) = g (w ⋅ x + b)



Why non linear activations?
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What happens if the data is non linearly separable?



Why non linear activations?
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Non-linearities allow us to approximate arbitrarily complex functions



The Perceptron
The structural building block of deep learning
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x1

x2

xm

⋮

1

Input

w1

w2

wm ∑ ̂y

Output

g

Weights Sum Non-linearity

b
̂y = g (w ⋅ x + b)

The perceptron is a single neuron, which is activated based on the output of an activation function, 
evaluated on a weighted sum of inputs



The Multi-Layer Perceptron
Components
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x1

x2

xm

⋮ ⋮

h(1)
1

h(1)
2

h(1)
d

h(1) = g (W(1) ⋅ x + b(1))

W(1) =
w(1)

1,1 … w(1)
1,m

⋮ ⋱ ⋮
w(1)

d,1 … w(1)
d,m

h(1) = (h(1)
1 , …, h(1)

d )

Input layer

b(1) = (b(1)
1 , …, b(1)

d )



The Multi-Layer Perceptron
Components
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x1

x2

xm

⋮ ⋮

h(1)
1

h(1)
2

h(1)
d

⋮

h(2)
1

h(2)
2

h(2)
d

⋮

h(L)
1

h(L)
2

h(L)
d

…

…

…

h(1) = g (W(1) ⋅ x + b(1))

W(1) =
w(1)

1,1 … w(1)
1,m

⋮ ⋱ ⋮
w(1)

d,1 … w(1)
d,m

h(1) = (h(1)
1 , …, h(1)

d )

h(l) = g (W(l) ⋅ h(l−1) + b(l))

W(l) =
w(l)

1,1 … w(l)
1,d

⋮ ⋱ ⋮
w(l)

d,1 … w(l)
d,d

h(l) = (h(l)
1 , …, h(l)

d )

Input layer Hidden layers

b(1) = (b(1)
1 , …, b(1)

d ) b(l) = (b(l)
1 , …, b(l)

d )



The Multi-Layer Perceptron
Components

27

x1

x2

xm

⋮ ⋮

h(1)
1

h(1)
2

h(1)
d

⋮

h(2)
1

h(2)
2

h(2)
d

⋮

h(L)
1

h(L)
2

h(L)
d

̂y1

̂y2

̂yk

⋮

…

…

…

fθ : ℝm → ℝk, θ ∈ ℝD

h(1) = g (W(1) ⋅ x + b(1))

W(1) =
w(1)

1,1 … w(1)
1,m

⋮ ⋱ ⋮
w(1)

d,1 … w(1)
d,m

h(1) = (h(1)
1 , …, h(1)

d )

h(l) = g (W(l) ⋅ h(l−1) + b(l))

W(l) =
w(l)

1,1 … w(l)
1,d

⋮ ⋱ ⋮
w(l)

d,1 … w(l)
d,d

h(l) = (h(l)
1 , …, h(l)

d )

Input layer Hidden layers Output layer

ŷ = g (W(L+1) ⋅ h(L) + b(L+1))

W(L+1) =
w(L+1)

1,1 … w(L+1)
1,d

⋮ ⋱ ⋮
w(L+1)

k,1 … w(L+1)
k,d

ŷ = ( ̂y1, …, ̂yk)

b(1) = (b(1)
1 , …, b(1)

d ) b(l) = (b(l)
1 , …, b(l)

d ) b(L+1) = (b(L+1)
1 , …, b(L+1)

k )



Universal Function Approximation
Why MLPs work for non-linear activations

28

Let  be a non-polynomial activation function. For every , every compact subset , 
every function  and , there exists , , , and  such that 

 

where .

σ ∈ C(ℝ, ℝ) m, k ∈ ℕ K ⊂ ℝm

f ∈ C(K, ℝk) ϵ > 0 d ∈ ℝ A ∈ ℝd×m b ∈ ℝd C ∈ ℝk×d

sup
x∈K

∥f(x) − g(x)∥ < ϵ,

g(x) = Cσ(Ax + b)

Theorem (Universal function approximation)

Implication

Theoretically we can approximate any continuous function if we make no restrictions on the width  of our 
neural network. 

d

A. Pinkus, “Approximation theory of the MLP model in neural networks”, Acta Numerica 8, 1999, pp.143-195



Universal Function Approximation
Why MLPs work for non-linear activations

29



Inés García Redondo — May 11, 2026

Training a neural network
Lecture 1 — Introduction to Deep Learning 



Input:   

1. Initialize weights randomly:  

2. Loop until convergence: 

1. Compute gradient: 

2. Update weights:  

Single sample: 

All training data:  

Output: Optimal weights after convergence  

θ0

θT

Training a neural network
Gradient descent

31

Learning rate

Training point

Computational cost: O(n ⋅ D)

<latexit sha1_base64="pCJ9C2r8vyXidHQnbj0e0hm28qs="></latexit>

fω : Rm → Rk, L(x, ω)

<latexit sha1_base64="f7iUxt5Pe7PrPKhlxj8rsEumPHY=">AAACJ3icbVBNS8NAEN34bf2qevSyWARPJRFRT1LQgwcPKlYLTS2T7aZdutmE3YlQQv6NF/+KF0FF9Og/cdP2oNUHA4/3ZpiZFyRSGHTdT2dqemZ2bn5hsbS0vLK6Vl7fuDFxqhmvs1jGuhGA4VIoXkeBkjcSzSEKJL8N+ieFf3vPtRGxusZBwlsRdJUIBQO0Urt87HdCDSzzE9AoQFI/AuwxkNl5nv9QsccRcl+oUUMQZFf53WmpXa64VXcI+pd4Y1IhY1y0yy9+J2ZpxBUyCcY0PTfBVlasYZLnJT81PAHWhy5vWqog4qaVDf/M6Y5VOjSMtS2FdKj+nMggMmYQBbazONJMeoX4n9dMMTxqZUIlKXLFRovCVFKMaREa7QjNGcqBJcC0sLdS1gObG9poixC8yZf/kpu9qndQPbjcr9Rq4zgWyBbZJrvEI4ekRs7IBakTRh7IE3klb86j8+y8Ox+j1ilnPLNJfsH5+gYI6qc9</latexit>

ωL
ωε

→ RD

<latexit sha1_base64="c7fdF1ZHNj19VtKY9W8K7k2C7wo="></latexit>

ωt+1 → ωt ↑ ε
ϑL
ϑω

(x, ωt)
<latexit sha1_base64="x5517ZZE7oDHznvI5YWPBriYFEA="></latexit>

ωt+1 → ωt + ε
1

n

n∑

i=1

ϑL
ϑω

(xi, ωt)



Input:   

1. Initialize weights randomly:  

2. Loop until convergence: 

1. Compute gradient: 

2. Update weights:  

Single sample: 

Batch of data:  

B is called the batch size 

Output: Optimal weights after convergence  

θ0

θT

Training a neural network
Stochastic gradient descent

32

Learning rate

Computational cost: O(B ⋅ D)

<latexit sha1_base64="pCJ9C2r8vyXidHQnbj0e0hm28qs="></latexit>

fω : Rm → Rk, L(x, ω)

<latexit sha1_base64="f7iUxt5Pe7PrPKhlxj8rsEumPHY=">AAACJ3icbVBNS8NAEN34bf2qevSyWARPJRFRT1LQgwcPKlYLTS2T7aZdutmE3YlQQv6NF/+KF0FF9Og/cdP2oNUHA4/3ZpiZFyRSGHTdT2dqemZ2bn5hsbS0vLK6Vl7fuDFxqhmvs1jGuhGA4VIoXkeBkjcSzSEKJL8N+ieFf3vPtRGxusZBwlsRdJUIBQO0Urt87HdCDSzzE9AoQFI/AuwxkNl5nv9QsccRcl+oUUMQZFf53WmpXa64VXcI+pd4Y1IhY1y0yy9+J2ZpxBUyCcY0PTfBVlasYZLnJT81PAHWhy5vWqog4qaVDf/M6Y5VOjSMtS2FdKj+nMggMmYQBbazONJMeoX4n9dMMTxqZUIlKXLFRovCVFKMaREa7QjNGcqBJcC0sLdS1gObG9poixC8yZf/kpu9qndQPbjcr9Rq4zgWyBbZJrvEI4ekRs7IBakTRh7IE3klb86j8+y8Ox+j1ilnPLNJfsH5+gYI6qc9</latexit>

ωL
ωε

→ RD

<latexit sha1_base64="c7fdF1ZHNj19VtKY9W8K7k2C7wo="></latexit>

ωt+1 → ωt ↑ ε
ϑL
ϑω

(x, ωt)
<latexit sha1_base64="KgaQrlIroQgwbxk/wXMY8b4iBAs="></latexit>

ωt+1 → ωt + ε
1

B

B∑

i=1

ϑL
ϑω

(xi, ωt)



Training a neural network
Stochastic gradient descent

33

H. Li et al., Visualizing the 
Loss Landscape of Neural Nets,  

NeurIPS 2018

Wins from doing stochastic gradient descent 

•Memory: you only need to hold B samples in memory at once, not all N 

•Faster convergence in practice: the noise introduced by subsampling 
acts as a regularizer and often leads to convergence in fewer epochs 

•Parallelism: the batch size can be tuned to saturate GPU memory and 
use resources more efficiently 

There is an additional, subtler motivation: SGD tends to find flatter 
minima that generalize better. The reason why is still not well 
understood, but an intuition is that noisy gradients help scape narrow local 
minima that usually have poorer generalization.



Training a neural network
Backpropagation

34

x1

x2

xm

⋮ ⋮

h(1)
1

h(1)
2

h(1)
d

⋮

h(2)
1

h(2)
2

h(2)
d

⋮

h(L)
1

h(L)
2

h(L)
d

̂y1

̂y2

̂yk

⋮

…

…

…

Input Hidden layers Output 

Want the gradients:

Use chain rule:

<latexit sha1_base64="cP1ut6L8dKODnHGsSCJfdTFUEGY="></latexit>

ωL
ωW(l)

= ε(l) ·
(
h(l→1)

)

<latexit sha1_base64="nkZxTyjXSkibWRA+QkuS/+UP8X4="></latexit>

ωL
ωb(l)

= ε(l)

Error signal

<latexit sha1_base64="66hcYU0+qH/QP548Gvi8Q0jtess="></latexit>

ω(l) =
(
W(l+1)

)→
ω(l+1) → g↑(z(L))

<latexit sha1_base64="W2SEWcDitFD473KxLTBqglUCo0g="></latexit>

ω(L) = →ŷL↑ g→(z(L))
<latexit sha1_base64="cGI9yXH/VeBQZSHhI74G5QOVUNA="></latexit>

→ŷL =

(
ωL
ωŷ1

, . . . ,
ωL
ωŷk

)

<latexit sha1_base64="/nesLG5HV4FSujFVFVDZPgxKQYw="></latexit>

g→(z(L)) =
(
g→
(
z(L)
1

)
, . . . , g→

(
z(L)
n

))

Careful with vanishing and exploding gradients!

Multiplying component-wise
<latexit sha1_base64="LQDJJpqXF3UX2D5XpWMsX+3P7VY=">AAACWnicfVFbS8MwGE3rZTcv9fLmS3AIE2S0ItPHgS8++DDBXWCtI03TLSy9mKTCKP2TvojgXxFMtwraiQcCh/N958uXEzdmVEjTfNf0jc2t7Uq1Vm/s7O7tGweHAxElHJM+jljERy4ShNGQ9CWVjIxiTlDgMjJ057d5ffhCuKBR+CgXMXECNA2pTzGSSpoYz7bnc4RTO0ZcUsSgHSA5w4il91lWUl0/HWZPaYudZ9kFtGHJ+r/T/XZOjKbZNpeA68QqSBMU6E2MV9uLcBKQUGKGhBhbZiydNJ+PGcnqdiJIjPAcTclY0RAFRDjpMpoMninFg37E1QklXKo/HSkKhFgErurMFxXlWi7+VRsn0r9xUhrGiSQhXl3kJwzKCOY5Q49ygiVbKIIwp2pXiGdI5SXVb9RVCFb5yetkcNm2Ou3Ow1Wz2y3iqIITcApawALXoAvuQA/0AQZv4FPb1irah67rNb2xatW1wnMEfkE//gIY9bdn</latexit>

ωL
ωW(l)

,
ωL
ωb(l)

<latexit sha1_base64="O9h3B1GK3qRwxcVe0Z4fXIp7zio=">AAACOHicbZDLSsNAFIYn9VbrLerSzWARKmJJRKoboeDGnRXsBZpaJpNJO3RyYWYi1NDHcuNjuBM3LhRx6xM4SdOirQcGfr7/HOac3w4ZFdIwXrTcwuLS8kp+tbC2vrG5pW/vNEQQcUzqOGABb9lIEEZ9UpdUMtIKOUGezUjTHlwmfvOecEED/1YOQ9LxUM+nLsVIKtTVry0Pyb7txg+ju7jEDkfwAk5Qc4Is7ARyivspPjaVcTSFdtbb1YtG2UgLzgszE0WQVa2rP1tOgCOP+BIzJETbNELZiRGXFDMyKliRICHCA9QjbSV95BHRidPDR/BAEQe6AVfPlzClvydi5Akx9GzVmewpZr0E/ue1I+med2Lqh5EkPh5/5EYMygAmKUKHcoIlGyqBMKdqV4j7iCMsVdYFFYI5e/K8aJyUzUq5cnNarFazOPJgD+yDEjDBGaiCK1ADdYDBI3gF7+BDe9LetE/ta9ya07KZXfCntO8ft6usVQ==</latexit>

z(l) = W(l) · h(l→1) + b(l)

<latexit sha1_base64="Xv0L+C2TSE9WTfwvuLMctr4eetc=">AAACG3icbVDLSgNBEJyNrxhfUY9eBoOQXMJukOhFCHjxGME8ILuG2clsdsjsg5leIS75Dy/+ihcPingSPPg3TpIVNLGgoajqprvLjQVXYJpfRm5ldW19I79Z2Nre2d0r7h+0VZRIylo0EpHsukQxwUPWAg6CdWPJSOAK1nFHl1O/c8ek4lF4A+OYOQEZhtzjlICW+sWaHRDwXS/1J7dpWVQm+AIPsS2YB+Uf6z6zbMmHPlT6xZJZNWfAy8TKSAllaPaLH/YgoknAQqCCKNWzzBiclEjgVLBJwU4UiwkdkSHraRqSgCknnf02wSdaGWAvkrpCwDP190RKAqXGgas7p+eqRW8q/uf1EvDOnZSHcQIspPNFXiIwRHgaFB5wySiIsSaESq5vxdQnklDQcRZ0CNbiy8ukXata9Wr9+rTUaGRx5NEROkZlZKEz1EBXqIlaiKIH9IRe0KvxaDwbb8b7vDVnZDOH6A+Mz291KKES</latexit>

h(l) = g
(
z(l)

)

<latexit sha1_base64="oTHqudxamb8crydPgXhQ83nkgb0=">AAACL3icbVDLSsNAFJ34rPUVdelmsAh1UxKR6kYoCOLCRQX7gKaWm8mkHTp5MDMRasgfufFXuhFRxK1/4aTtQlsPDBzOvefOvceNOZPKst6MpeWV1bX1wkZxc2t7Z9fc22/KKBGENkjEI9F2QVLOQtpQTHHajgWFwOW05Q6v8nrrkQrJovBejWLaDaAfMp8RUFrqmdeOR7mCh7TMTzJ8iR3PF0BSJwahGHDsBKAGBHh6m2VzquunT9nUmPXMklWxJsCLxJ6REpqh3jPHjheRJKChIhyk7NhWrLppPp9wmhWdRNIYyBD6tKNpCAGV3XRyb4aPteJhPxL6hQpP1N+OFAIpR4GrO/NF5XwtF/+rdRLlX3RTFsaJoiGZfuQnHKsI5+FhjwlKFB9pAkQwvSsmA9CBKR1xUYdgz5+8SJqnFbtaqd6dlWq1WRwFdIiOUBnZ6BzV0A2qowYi6BmN0Tv6MF6MV+PT+Jq2LhkzzwH6A+P7B/74qlE=</latexit>

ω(l) =
εL
εz(l)



Learning from images
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Learning from images
What the computer sees

36



Learning from images
What the computer sees
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Learning from images
What the computer sees
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Learning from images
Challenges with using MLPs

39

•If I want to produce an image from an image with resolution 512 using a MLP I need  
parameters 

•With 4 bytes per parameter, this requires about 2.5 terabytes in storage 

•This clearly does not scale

(512 × 512 × 3)2 ≈ 6.18 ⋅ 1011

•In addition, images have a lot of structure that we are not using 

•Images often vary continuously 

•Classification of images should not depend on a single pixel but in groups of pixels



Learning from images
Recognition is based in detecting lower level features

40

Eyes

Nose
Mouth

This must be a face!



Learning from images
We can still recognize with lower resolution
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This looks like the Mona Lisa!
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Convolutions
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0 1 1 1 0 0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

Input image I Filter or kernel K



0

Convolutions
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1 0 0

1 1 1 0

1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1

Need to also choose a pooling operation 

Here we sum

0 1 1

0 0 1

0 0 0

<latexit sha1_base64="NOmSJMOcA0IxMp8v9D+dq3XTZJc="></latexit>

(I ↭K)(x, y) =
∑

i,j

K(i, j) I(x+ i, y + j)



0 0

Convolutions

44

1 1 0 0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

⊛ =
1 4

1 0 1

0 1 0

1 0 1

1

<latexit sha1_base64="NOmSJMOcA0IxMp8v9D+dq3XTZJc="></latexit>

(I ↭K)(x, y) =
∑

i,j

K(i, j) I(x+ i, y + j)
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Convolutions
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1 0 0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1 4 3

(I ⊛ K)(x, y) = ∑
i,j

K(i, j) I(x + i, y + j)
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Convolutions
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0 0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1 4 3 4

(I ⊛ K)(x, y) = ∑
i,j

K(i, j) I(x + i, y + j)
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Convolutions
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0 0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1 4 3 4 1

(I ⊛ K)(x, y) = ∑
i,j

K(i, j) I(x + i, y + j)
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Convolutions
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0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1 4 3 4 1

1 2 4 3 3

1 2 3 4 1

1 3 3 1 1

3 3 1 1 0

(I ⊛ K)(x, y) = ∑
i,j

K(i, j) I(x + i, y + j)



Filter in computer vision
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Gaussian blur

K(i, j) =
1

2πσ2
exp (−

i2 + j2

2σ2 )
σ ≈ 1.7

K =

0.000 0.000 0.001 0.002 0.003 0.004 0.003 0.002 0.001 0.000 0.000
0.000 0.001 0.003 0.006 0.010 0.012 0.010 0.006 0.003 0.001 0.000
0.001 0.003 0.008 0.015 0.024 0.029 0.024 0.015 0.008 0.003 0.001
0.002 0.006 0.015 0.028 0.045 0.054 0.045 0.028 0.015 0.006 0.002
0.003 0.010 0.024 0.045 0.072 0.087 0.072 0.045 0.024 0.010 0.003
0.004 0.012 0.029 0.054 0.087 0.106 0.087 0.054 0.029 0.012 0.004
0.003 0.010 0.024 0.045 0.072 0.087 0.072 0.045 0.024 0.010 0.003
0.002 0.006 0.015 0.028 0.045 0.054 0.045 0.028 0.015 0.006 0.002
0.001 0.003 0.008 0.015 0.024 0.029 0.024 0.015 0.008 0.003 0.001
0.000 0.001 0.003 0.006 0.010 0.012 0.010 0.006 0.003 0.001 0.000
0.000 0.000 0.001 0.002 0.003 0.004 0.003 0.002 0.001 0.000 0.000

Gaussian blur



Filter in computer vision
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Sharpening kernel

K =
0 −1 0

−1 5 −1
0 −1 0

Sharpening filter



Filter in computer vision

51

Sobel filter (horizontal)

K =

−1 −2 0 2 1
−4 −8 0 8 4
−6 −12 0 12 6
−4 −8 0 8 4
−1 −2 0 2 1

Sobel filter
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Convolutional neural networks
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0

0 0 1 1 1 1 0

0 0 0 1 1 1 0

0 0 0 1 1 0 0

0 0 1 1 0 0 0

0 1 1 0 0 0 0

1 1 0 0 0 0 0

w11 w12 w13

w21 w22 w23

w31 w32 w33

⊛ =

Input layer Learnable kernel

h(1)
11 …

⋮ ⋱

Hidden layer

Learnable kernels

Receptive field

Activation map

<latexit sha1_base64="aiGRnvEiAyl8popUGvZcgjvXokw="></latexit>

h(1)
11 = g (R11 ↭W11 + b11)



Convolutional neural networks

53

LeNet

Y. LeCun, L. Bottou, Y. Bengio and P. Haffner, Gradient-based learning applied to document recognition, Proceedings of the IEEE 86.11, 1998, pp. 2278–2324

https://en.wikipedia.org/wiki/LeNet

LeNet is a series of convolutional neural networks created by a research group in AT&T Bell Laboratories from 1988 to 
1998, with Yann LeCun as their group leader 

They were created to read grayscale images of handwritten digits and letters, used in ATM for reading cheques
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0

0

0

0

0

0

1

0111 0 0

0 1 1 1 1 0

0 0 1 1 1 0

0 0 1 1 0 0

0 1 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1

1

1

1

3

4 3 4 1

2 4 3 3

2 3 4 1

3 3 1 1

3 1 1 0

I

K

I ⊛ K

Convolution is translation equivariant



4 3 4 1

2 4 3 3

2 3 4 1

3 3 1 1

3 1 1 0

0

0

0

0

0

1

1

Convolution is translation equivariant
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1

0

0

0

0

0

1

011 0 0

1 1 1 1 0

0 1 1 1 0

0 1 1 0 0

1 1 0 0 0

1 0 0 0 0

0 0 0 0 0

1 0 1

0 1 0

1 0 1

⊛ =
1

1

1

1

3

T(I)

K

T(I) ⊛ K = T(I ⊛ K)
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Learning from text
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What the computer sees

The cat ate the mouse

Input

[[The], [cat], [ate], [the], [mouse]] 

Tokenization: break down into semantic pieces

Not the same to say: “The mouse ate the cat” than “The cat ate the mouse”

Add positional encoding: the order of the words is important

[1996, 4937, 8823, 1996, 8000]

Embedding: Map each token to a vocabulary dictionary and learn an embedding matrix E ∈ ℝV×d

1996 E v ∈ ℝd

Size of vocabulary

Hidden dimension embeddings



However, they still do not capture contextual meaning

Apple has released a new phone

Orange

Banana

Xiaomi

Samsung

Learning from text

58

Word embeddings

The cat ate the mouse

Input Embedding matrix

X ∈ ℝT×d

 number of tokensT

 dimension embeddingsd

How do these embeddings look like?

They should capture semantic meaning

Orange

Apple

Banana Xking − Xman + Xwoman ≈ Xqueen

Apple

[The] 
[cat] 
[ate] 
[the] 

[mouse]



Learning from text
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Transformers and the attention mechanism

A. Vaswani, S. Noam, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, L. Kaiser and I. Polosukhin 
Attention is All You Need, NeurIPS 2017



Learning from text
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The attention mechanism

Token A Token B

How much do you 
matter to me?

This is what I 
can offer

⟨ ⟩, = AB

How token A 
“attends” to token B

Query A Key B

Key A Query A Value A Key B Query B Value B



Learning from text
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The attention mechanism

Key A Query A Value A Key B Query B Value B

Query A

Key B

How much do you 
matter to me?

This is what I 
can offer

= AB

How token A 
“attends” to token B

Token A Token B



Learning from text
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The attention mechanism

Query B

Key A

How much do you 
matter to me?

This is what I 
can offer

= BA

How token B 
“attends” to token A

Token A Token B

Key A Query A Value A Key B Query B Value B



Learning from text
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The attention mechanism

Query A

Key B

Query B

Key A

=
ABAA

BA BB

Token A Token B

Key A Query A Value A Key B Query B Value B



Learning from text
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The attention mechanism

KeysQueries

K ∈ ℝT×d′￼Q ∈ ℝT×d′￼

[The] 
[cat] 
[ate] 
[the] 

[mouse]



Learning from text

65

The attention mechanism

Attention scoresKeysQueries

K⊤ ∈ ℝd′￼×TQ ∈ ℝT×d′￼

softmax (Si:)j =
eSij

∑T
k=1 eSik

S := QK⊤ ∈ ℝT×T softmax ( QK⊤

d′￼ ) ∈ ℝT×T

Attention weights

[The] 
[cat] 
[ate] 
[the] 

[mouse]

Input



Learning from text
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The attention mechanism Token A

Key A Query A Value A



Learning from text

67

The attention mechanism

Key A Query A Value A

Token A

softmax ( QK⊤

d′￼ ) ∈ ℝT×T

Attention weights Values

V ∈ ℝT×d softmax ( QK⊤

d′￼ ) V ∈ ℝT×d

⋅ =

Update matrix



Learning from text
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The attention mechanism

Input Embedding matrix

X ∈ ℝT×d

 number of tokensT

 dimension embeddingsd

Keys

Queries

Values

K ∈ ℝT×d′￼

K = XWK

Q ∈ ℝd×T

Q = XWQ

V ∈ ℝd×T

V = XWV

[The] 
[cat] 
[ate] 
[the] 

[mouse]



Learning from text
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The attention mechanism

Keys

Queries

Values

K ∈ ℝT×d′￼

K = XWK

Q ∈ ℝd×T

Q = XWQ

V ∈ ℝd×T

V = XWV

softmax ( QK⊤

d′￼ ) ∈ ℝT×T

Attention weights

ΔX = softmax ( QK⊤

d′￼ ) V ∈ ℝT×d

Update matrix



Learning from text
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The attention mechanism

ΔX = softmax ( QK⊤

d′￼ ) V ∈ ℝT×d

Embedding matrix

X ∈ ℝT×d

Update matrix

+ =

Updated embeddings

X′￼∈ ℝT×d

Attention head



Learning from text
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The attention mechanism

ΔXi = softmax ( QK⊤

d′￼ ) V ∈ ℝT×d

Embedding matrix

Xi ∈ ℝT×d

Update matrix

+ =

Updated embeddings

X′￼∈ ℝT×d

Multi-Head Attention

Pool



Learning from text
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Transformers and the attention mechanism

A. Vaswani, S. Noam, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, L. Kaiser and I. Polosukhin 
Attention is All You Need, NeurIPS 2017

Encoder

Decoder

1. Predict masked tokens:  
The [mask] ate the mouse 

2. Next token prediction:  
The cat ate the… 

3. Translation



Lecture 1 — Introduction to Deep Learning
To sum up

Today we have learnt about: 

•The basic, foundational neural network architecture: the multilayer perceptron 

•How to train neural networks in practice 

•How to adapt your architecture to internal structure and qualities of a given input data: 

•Images and convolutional neural networks 

•Text and the attention mechanism 

Next week we will overview geometric structures that can be used to describe real data, and from which we will want to learn 

We will also see how to describe their geometric and topological properties

73



Inés García Redondo — September 14, 2026

Thank you for your attention!

Lecture 1 — Introduction to Deep Learning


