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Relational and geometric data are all around us…
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Molecules and proteins

By European Commission  
https://ec.europa.eu/transport/infrastructure/tentec/tentec-portal/site/en/

maps.html, CC BY 4.0, https://commons.wikimedia.org/w/index.php?
curid=146628735

Collaboration networks

Social networks

Brain connectome

Transportation networks

Meshes in computer vision



Session 2 — Topological data and how to analyze them
Outline

•Graphs 

•Matrix representations of graphs 

•Graph Laplacian 

•Graph spectral theory 

•Simplicial complexes 

•Simplicial Homology 

•Hodge Laplacian 

•Discrete Hodge theory 

•Cell complexes 

•Hypergraphs

3



A small prior on linear algebra
Lecture 2 — Geometric and Topological Data Domains 



Linear algebra prior
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Vector space

Def. Vector space  

A vector space over  is a triple , where  

 

satisfying, for all  and : 

For the vector addition: 

•Associativity:  

•Commutativity:  

•Existence of the identity element:  

•Existence of inverse elements: for all  there exists  such that  

For the scalar multiplication: 

•Associativity:  

•Distributivity of scalar addition:  

•Distributivity of vector addition:  

•Identity element for scalar multiplication: 

ℝ (U, + , ⋅ )

+ : U × U → U, ⋅ : ℝ × U → U

u, v, w ∈ U a, b ∈ ℝ

u + (v + w) = (u + v) + w

u + v = v + u

∃0 ∈ U s.t. u + 0 = u, ∀u ∈ U

u ∈ U −u ∈ U u + (−u) = 0

a ⋅ (b ⋅ u) = (ab) ⋅ u

(a + b) ⋅ u = a ⋅ u + b ⋅ u

a ⋅ (u + v) = a ⋅ u + b ⋅ v

∃1 ∈ ℝ s.t. 1 ⋅ u = u, ∀u ∈ U

Def. Linear map 

Mapping  between  vector spaces 
such that 

•  for all  

•  for all  and 

f : U → W U, W

f(u1 + u2) = f(u1) + f(u2) u1, u2 ∈ U

f(a ⋅ u) = a ⋅ f(u) a ∈ ℝ u ∈ U



Linear algebra prior
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Bases of vector spaces

Thm + def. Existence of bases 

Any finite-dimensional vector space has a basis, i.e., there is a subset of elements  such that  and for any vector , 
we can uniquely write 

{u1, …, un} ⊂ U n = dim(U) u ∈ U

u =
n

∑
i=1

ai ⋅ ui, ai ∈ ℝ

In other words, you can forget about this abstraction and just think of , because every finite-dimensional vector space is essentially like it!  ℝn

The definition of basis tells us that the following map is an 
isomorphism:

<latexit sha1_base64="vi6z9fLVFnmESfKCuzIr+VCLnMk="></latexit>

U → Rn

u ↑→ (a1, . . . , an)

Coordinate vector

Def. Isomorphism of vector spaces 

A linear map  between vector spaces is an isomorphism iff: 

•It is an injective map: for all ,   

•It is a surjective map: for all  there exists some  such that 

f : U → W

u1, u2 ∈ U f(u1) = f(u2) ⟹ u1 = u2

w ∈ W u ∈ U

Two vector spaces are isomorphic if they are essentially the 
same, there is a 1-to-1 map between their elements

In other words, an isomorphism is a bijective linear map



Linear algebra prior
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•The elements of the space are column vectors: 

<latexit sha1_base64="ldawfVnfvSLfOk/kZfDvQ15Cgng="></latexit>

x =





x1

x2
...
xn




→ Rn

•Matrices                can be seen as operators or linear maps: 
<latexit sha1_base64="VDMho3MUxj0D9qB9581SQyVZy5w=">AAACBnicbVC7TsMwFHV4lvIKMCIkiwqJqUoQKgwMRSyMBdGH1ITKcZ3Wqu1EtoNURZlY+BUWBhBi5RvY+BucNgO0HMnS8Tn36t57gphRpR3n21pYXFpeWS2tldc3Nre27Z3dlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Cr32w9EKhqJOz2Oic/RQNCQYqSN1LMPLqFHBfQ40sMgSG+z+9T8NOVEQZ717IpTdSaA88QtSAUUaPTsL68f4YQToTFDSnVdJ9Z+iqSmmJGs7CWKxAiP0IB0DRXIzPHTyRkZPDJKH4aRNE9oOFF/d6SIKzXmganM11WzXi7+53UTHZ77KRVxoonA00FhwqCOYJ4J7FNJsGZjQxCW1OwK8RBJhLVJrmxCcGdPnietk6pbq9ZuTiv1iyKOEtgHh+AYuOAM1ME1aIAmwOARPINX8GY9WS/Wu/UxLV2wip498AfW5w+Fo5iJ</latexit>

A → Rn→m <latexit sha1_base64="JXjMzr3WfQeXlKxUJjMp2JTBkGw="></latexit>

A : Rm → Rn, Ax = y ↑ Rm

•Kernel of a matrix:  
<latexit sha1_base64="2cGd0AoI9ljGViWOT7aKNkWEpIw="></latexit>

kerA = {x → Rn : Ax = 0} ↑ Rn

•Image of a matrix:  
<latexit sha1_base64="oYDNhn45Z38DjfPTyGixDU7OiA0="></latexit>

imA = {y → Rm : ↑x → Rn s.t. Ax = y} ↓ Rm

•Rank—nullity formula: 
<latexit sha1_base64="mgCLCF54tKfL4W4tEYuNdtDXzZI=">AAACMXicbVDLSgMxFM3UV62vUZdugkUQlDIjUl0oVNx0WcE+oDOUTJq2oUlmSDJCGfpLbvwTcdOFIm79CTPTWWjrhcDJOedy7z1BxKjSjjOzCiura+sbxc3S1vbO7p69f9BSYSwxaeKQhbITIEUYFaSpqWakE0mCeMBIOxjfp3r7iUhFQ/GoJxHxORoKOqAYaUP17LqAt9DrUw69MZHwDp7lP470SPKE8ql3buglU65LJMaZo2eXnYqTFVwGbg7KIK9Gz371+iGOOREaM6RU13Ui7SdIaooZmZa8WJEI4TEakq6BAnGi/CS7eApPDNOHg1CaJzTM2N8dCeJKTXhgnOmialFLyf+0bqwH135CRRRrIvB80CBmUIcwjQ/2qSRYs4kBCEtqdoV4hCTC2oRcMiG4iycvg9ZFxa1Wqg+X5dpNHkcRHIFjcApccAVqoA4aoAkweAZv4B18WC/WzPq0vubWgpX3HII/ZX3/AK7Lpuw=</latexit>

n = dimkerA+ dim imA = dimkerA+ rankA

<latexit sha1_base64="7G6an63GUZ27ekhMEVnW5BxcOaE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSkunBRceOyin1AU8tkOm2HTiZh5kYoISs3/oobF4q49Rvc+TdO2iy09cDAmXPu5d57/EhwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/usr85gNTmofyDsYR6wRkIHmfUwJG6toHl9jjEnsBgaHvJ7fpfWJ+wAOmsUy7dskpOxPgeeLmpIRy1Lr2l9cLaRwwCVQQrduuE0EnIQo4FSwterFmEaEjMmBtQyUxczrJ5IwUHxmlh/uhMk8Cnqi/OxISaD0OfFOZratnvUz8z2vH0D/vJFxGMTBJp4P6scAQ4iwT3OOKURBjQwhV3OyK6ZAoQsEkVzQhuLMnz5PGSdmtlCs3p6XqRR5HAe2jQ3SMXHSGquga1VAdUfSIntErerOerBfr3fqYli5Yec8e+gPr8weHKJiK</latexit>

A → Rn→n•Square matrices                can be seen as bilinear forms: 

<latexit sha1_base64="0UX3cygDfWmhp/YKZ/GD7knSNTY="></latexit>

A : Rn → Rn ↑ R, y→Ax =
(
y1 . . . yn

)



A11 . . . A1n
...

. . .
...

An1 . . . Ann








x1
...
xn





The space ℝn

<latexit sha1_base64="7G6an63GUZ27ekhMEVnW5BxcOaE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSkunBRceOyin1AU8tkOm2HTiZh5kYoISs3/oobF4q49Rvc+TdO2iy09cDAmXPu5d57/EhwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/usr85gNTmofyDsYR6wRkIHmfUwJG6toHl9jjEnsBgaHvJ7fpfWJ+wAOmsUy7dskpOxPgeeLmpIRy1Lr2l9cLaRwwCVQQrduuE0EnIQo4FSwterFmEaEjMmBtQyUxczrJ5IwUHxmlh/uhMk8Cnqi/OxISaD0OfFOZratnvUz8z2vH0D/vJFxGMTBJp4P6scAQ4iwT3OOKURBjQwhV3OyK6ZAoQsEkVzQhuLMnz5PGSdmtlCs3p6XqRR5HAe2jQ3SMXHSGquga1VAdUfSIntErerOerBfr3fqYli5Yec8e+gPr8weHKJiK</latexit>

A → Rn→n•The eigenvectors and eigenvalues of a square matrix                are a set of vectors                   and real numbers   

<latexit sha1_base64="AKpqe9Z/j1U5AqQs9MY+bUrP7xA="></latexit>

Aui = ωiui, →1 ↑ i ↑ k

<latexit sha1_base64="cGQwp99KMPLaGHbH0hyViz3G7Y4=">AAACDnicbVDLSgMxFL1TX7W+Rl26CZaCCykzItWFi4IblxXsAzrDkEkzbWjmQZIRytAvcOOvuHGhiFvX7vwbM+2A2nog5HDOvcm9x084k8qyvozSyura+kZ5s7K1vbO7Z+4fdGScCkLbJOax6PlYUs4i2lZMcdpLBMWhz2nXH1/nfveeCsni6E5NEuqGeBixgBGstOSZNSdzQqxGfpClU88+Rc4gVlJfP+LYmXpm1apbM6BlYhekCgVanvmp3yFpSCNFOJayb1uJcjMsFCOcTitOKmmCyRgPaV/TCIdUutlsnSmqaWWAgljoEyk0U393ZDiUchL6ujKfUi56ufif109VcOlmLEpSRSMy/yhIOVIxyrNBAyYoUXyiCSaC6VkRGWGBidIJVnQI9uLKy6RzVrcb9cbtebV5VcRRhiM4hhOw4QKacAMtaAOBB3iCF3g1Ho1n4814n5eWjKLnEP7A+PgGXUycUA==</latexit>

{u1, . . . ,uk}
<latexit sha1_base64="Amf2WUY/8hXouRZegncx601uT7A=">AAACCHicbVC7TsMwFL3hWcorwMiARYXEgKoEocLAUImFsUj0ITVR5Dhua9VxIttBqqKOLPwKCwMIsfIJbPwNbpsBWo5k+eice699T5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTkTtKmZ5rSTSorjkNN2OLyZ+O0HKhVLxL0epdSPcV+wHiNYGymwj7zc46Y8woF7hrwo0cpchTL0xoFdcarOFGiRuAWpQIFGYH+ZISSLqdCEY6W6rpNqP8dSM8LpuOxliqaYDHGfdg0VOKbKz6eLjNGJUSLUS6Q5QqOp+rsjx7FSozg0lTHWAzXvTcT/vG6me1d+zkSaaSrI7KFexpFO0CQVFDFJieYjQzCRzPwVkQGWmGiTXdmE4M6vvEha51W3Vq3dXVTq10UcJTiEYzgFFy6hDrfQgCYQeIRneIU368l6sd6tj1npklX0HMAfWJ8/oTeZGA==</latexit>

{ω1, . . . ,ωk}

Notice  in principlek ≠ n

•A matrix               is diagonalizable if it has n eigenvalues. In that case, you can find a basis of orthonormal eigenvectors
<latexit sha1_base64="7G6an63GUZ27ekhMEVnW5BxcOaE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUSkunBRceOyin1AU8tkOm2HTiZh5kYoISs3/oobF4q49Rvc+TdO2iy09cDAmXPu5d57/EhwDY7zbS0sLi2vrBbWiusbm1vb9s5uQ4exoqxOQxGqlk80E1yyOnAQrBUpRgJfsKY/usr85gNTmofyDsYR6wRkIHmfUwJG6toHl9jjEnsBgaHvJ7fpfWJ+wAOmsUy7dskpOxPgeeLmpIRy1Lr2l9cLaRwwCVQQrduuE0EnIQo4FSwterFmEaEjMmBtQyUxczrJ5IwUHxmlh/uhMk8Cnqi/OxISaD0OfFOZratnvUz8z2vH0D/vJFxGMTBJp4P6scAQ4iwT3OOKURBjQwhV3OyK6ZAoQsEkVzQhuLMnz5PGSdmtlCs3p6XqRR5HAe2jQ3SMXHSGquga1VAdUfSIntErerOerBfr3fqYli5Yec8e+gPr8weHKJiK</latexit>

A → Rn→n



Graphs
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Graphs
Definition
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If the graph is undirected, the edges are unordered pairs of vertices  for some {i, j} ∈ E i, j ∈ V

Example: undirected graph 

V = {0, 1, 2, 3, 4, 5, 6, 7}

E = {{0,1}, {0,2}, {1,2}, {1,6}, {2,3}, {3,4}, {3,5}, {3,7}, {6,7}}

Def. Graph  

A graph is a pair  where  is the set of vertices and  is the set of edgesG = (V, E) V E

Note that we could equally write {0,1} = {1,0}



Graphs
Definition
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If the graph is undirected, the edges are unordered pairs of vertices  for some  

If the graph is directed, the edges are ordered pairs of vertices  for some  

Note that, in the second case, 

{i, j} ∈ E i, j ∈ V

(i, j) ∈ E i, j ∈ V

(i, j) ≠ ( j, i)

Example: directed graph 

V = {0, 1, 2, 3, 4, 5, 6, 7}

E = {(0,1), (0,2), (1,2), (1,6), (2,3), (3,4), (3,5), (3,7), (6,7)}

Def. Graph  

A graph is a pair  where  is the set of vertices and  is the set of edgesG = (V, E) V E

In this case, if we wrote  it would mean the edge in the opposite 
direction

(0,1)

HeadTail



Graphs
Adjacency matrix
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G = (V, E)
|V | = n

|E | = m

A ∈ ℝn×n, Aij = {1, if (i, j) ∈ E
0, otherwise

We can encode the information about the edges present in a graph (also 
called the adjacencies between vertices) in an adjacency matrix

A =

0 1 1 0 0 0 0 0
1 0 1 0 0 0 1 0
1 1 0 1 0 0 0 0
0 0 1 0 1 1 0 1
0 0 0 1 0 1 0 0
0 0 0 1 1 0 0 0
0 1 0 0 0 0 0 1
0 0 0 1 0 0 1 0

Example: 

V = {0, 1, 2, 3, 4, 5, 6, 7}

E = {{0,1}, {0,2}, {1,2}, {1,6}, {2,3}, {3,4}, {3,5}, {3,7}, {6,7}}

Note that, for an undirected graph, this matrix is symmetric since {i, j} = {j, i}



Graphs
Degree matrix
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G = (V, E)
|V | = n

|E | = m

Neighbors

Degree

Degree matrix
Diagonal matrix  storing the 

degrees of the vertices
D ∈ ℝn×n

D =

2 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 3 0 0 0 0 0
0 0 0 4 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 2 0 0
0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 2

Example: 

<latexit sha1_base64="8aMn/c34V9ZBc39bcY5IR6T56ag="></latexit>

Ni = { j → V | (i, j) → E }
= { j → V | Aij = 1 }

<latexit sha1_base64="Byxaw695msfgxbUa48IH+xQOqMg=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiJSXShU3LiSCvYBTQiTyaSddvJgZiKUNJ/gxl9x40IRty7d+TdO2iy09cCFwzn3cu89bsyokIbxrS0sLi2vrJbWyusbm1vb+s5uS0QJx6SJIxbxjosEYTQkTUklI52YExS4jLTd4XXutx8IFzQK7+UoJnaAeiH1KUZSSY5+5DkUXsKxFSDZx4ilt5lDx0qxRBI46SCDV05KB5mjV4yqMQGcJ2ZBKqBAw9G/LC/CSUBCiRkSomsasbRTxCXFjGRlKxEkRniIeqSraIgCIux08lAGD5XiQT/iqkIJJ+rviRQFQowCV3Xmd4tZLxf/87qJ9M/tlIZxIkmIp4v8hEEZwTwd6FFOsGQjRRDmVN0KcR9xhKXKsKxCMGdfnietk6pZq9buTiv1iyKOEtgHB+AYmOAM1MENaIAmwOARPINX8KY9aS/au/YxbV3Qipk98Afa5w//FJyV</latexit>

di = |Ni| =
∑

j

Aij



<latexit sha1_base64="H7eZUBGVWAjiqnQ+gQn9AM9IWaY="></latexit>

B → Rn→m, Bve =






↑1 if vertex v is the tail of edge e,

1 if vertex v is the head of edge e,

0 otherwise.

Graphs
Incidence matrix
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G = (V, E)
|V | = n

|E | = m

For an undirected graph, we choose an orientation of the edges and we 
can define the (signed) incidence matrix  as

<latexit sha1_base64="qLwJCz+7nBsB/FE3YjR9Ow/wk3w="></latexit>

B =





→1 →1 0 0 0 0 0 0 0 0
1 0 →1 0 0 0 0 →1 0 0
0 1 1 →1 0 0 0 0 0 0
0 0 0 1 →1 0 →1 0 0 →1
0 0 0 0 1 →1 0 0 0 0
0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 1 →1 0
0 0 0 0 0 0 0 0 1 1





Example: 



Graphs
Graph Laplacian
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G = (V, E)
|V | = n

|E | = m

With the incidence matrix, we define one of the most important matrices in 
graph theory: the graph Laplacian

L =

2 −1 −1 0 0 0 0 0
−1 3 −1 0 0 0 −1 0
−1 −1 3 −1 0 0 0 0
0 0 −1 4 −1 −1 0 −1
0 0 0 −1 2 −1 0 0
0 0 0 −1 −1 2 0 0
0 −1 0 0 0 0 2 −1
0 0 0 −1 0 0 −1 2

Example: 

<latexit sha1_base64="/h0Qje5pAdLj2jZDNY8z+2pHpqI=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe5Eoo0QYmNhEcF8QO4Me5u9ZMne7bK7J4Qjf8PGQhFb/4yd/8ZNcoVGHww83pthZl4oOdPGdb+cwsrq2vpGcbO0tb2zu1feP2hrkSpCW0Rwoboh1pSzhLYMM5x2paI4DjnthOPrmd95pEozkdybiaRBjIcJixjBxkr+LbpCDdR48I2Q/XLFrbpzoL/Ey0kFcjT75U9/IEga08QQjrXuea40QYaVYYTTaclPNZWYjPGQ9ixNcEx1kM1vnqITqwxQJJStxKC5+nMiw7HWkzi0nTE2I73szcT/vF5qossgY4lMDU3IYlGUcmQEmgWABkxRYvjEEkwUs7ciMsIKE2NjKtkQvOWX/5L2WdWrVWt355V6PY+jCEdwDKfgwQXU4Qaa0AICEp7gBV6d1Hl23pz3RWvByWcO4Recj28eQJB1</latexit>

L = BB→



Graphs
Graph Laplacian
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G = (V, E)
|V | = n

|E | = m

Lemma: the graph Laplacian has the two following (equivalent) definitions
<latexit sha1_base64="ttANNj/eNw0Y1gx3Nsl3Rsphcbo=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFoNgFe5Eoo0QYmNhEcF8wOUMe5u9ZMne7rE7J4QjP8PGQhFbf42d/8ZNcoVGHww83pthZl6YCG7Adb+cwsrq2vpGcbO0tb2zu1feP2gblWrKWlQJpbshMUxwyVrAQbBuohmJQ8E64fh65ncemTZcyXuYJCyIyVDyiFMCVvJv8RVuNB56oJJ+ueJW3TnwX+LlpIJyNPvlz95A0TRmEqggxviem0CQEQ2cCjYt9VLDEkLHZMh8SyWJmQmy+clTfGKVAY6UtiUBz9WfExmJjZnEoe2MCYzMsjcT//P8FKLLIOMySYFJulgUpQKDwrP/8YBrRkFMLCFUc3srpiOiCQWbUsmG4C2//Je0z6perVq7O6/U63kcRXSEjtEp8tAFqqMb1EQtRJFCT+gFvTrgPDtvzvuiteDkM4foF5yPb8bukEs=</latexit>

L = BB→ <latexit sha1_base64="EZw8ewDI1hqknMAOY+FrNuc3IQM=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTiTZCRAsLiwjmQ5Ij7G32kiW7e8funhCO/AobC0Vs/Tl2/hs3yRWa+GDg8d4MM/OCmDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8HweuI3n6jSLJIPZhRTX+C+ZCEj2Fjp8Q5doht0gq66xZJbdqdAi8TLSAky1LrFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nR48RkdW6aEwUrakQVP190SKhdYjEdhOgc1Az3sT8T+vnZjwwk+ZjBNDJZktChOOTIQm36MeU5QYPrIEE8XsrYgMsMLE2IwKNgRv/uVF0jgte5Vy5f6sVK1mceThAA7hGDw4hyrcQg3qQEDAM7zCm6OcF+fd+Zi15pxsZh/+wPn8AQGJjpg=</latexit>

L = D →A

<latexit sha1_base64="tvVnH4g+OBXaoWe31UYv0x5bmQ0=">AAACFXicbVDLSgMxFM34rPVVdekmWIQKUmZEqhuhVASXFewDOnXIpLdtaCYzJJlCGeYn3Pgrblwo4lZw59+YPhbaeuByD+fcS3KPH3GmtG1/W0vLK6tr65mN7ObW9s5ubm+/rsJYUqjRkIey6RMFnAmoaaY5NCMJJPA5NPzB9dhvDEEqFop7PYqgHZCeYF1GiTaSlzstVCoPrg6jEy+Jhym+wq6KAy8B7DKBb9KKkSHFpg0h9XJ5u2hPgBeJMyN5NEPVy325nZDGAQhNOVGq5diRbidEakY5pFk3VhAROiA9aBkqSACqnUyuSvGxUTq4G0pTQuOJ+nsjIYFSo8A3kwHRfTXvjcX/vFasu5fthIko1iDo9KFuzLEO8Tgi3GESqOYjQwiVzPwV0z6RhGoTZNaE4MyfvEjqZ0WnVCzdnefL5VkcGXSIjlABOegCldEtqqIaougRPaNX9GY9WS/Wu/UxHV2yZjsH6A+szx8kup45</latexit>

(BB→)uv =
∑

e↑E

BueBve

Proof:

If u = v
<latexit sha1_base64="eSFFDJjFGtbWFAlhbizN4oWtAg8=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUGIlzATJHoRgiJ4jGAWSOLQ06kkTXp6hl6EMOTmxV/x4kERr/6CN//GznLQxAcFj/eqqKoXxJwp7brfTmppeWV1Lb2e2djc2t7J7u7VVGQkhSqNeCQbAVHAmYCqZppDI5ZAwoBDPRhcjf36A0jFInGnhzG0Q9ITrMso0Vbys4ctZUI/AdxiAl+P8KWfGBjdF/EF7uTNiZ/NuQV3ArxIvBnJoRkqfvar1YmoCUFoyolSTc+NdTshUjPKYZRpGQUxoQPSg6algoSg2snkjxE+tkoHdyNpS2g8UX9PJCRUahgGtjMkuq/mvbH4n9c0unveTpiIjQZBp4u6hmMd4XEouMMkUM2HlhAqmb0V0z6RhGobXcaG4M2/vEhqxYJXKpRuT3Pl8iyONDpARyiPPHSGyugGVVAVUfSIntErenOenBfn3fmYtqac2cw++gPn8weI+pfP</latexit>∑

e→E

B2
ue = d(u)

If u ≠ v
<latexit sha1_base64="A64gnMqTKVbqVoi/IzbOi6VDjo4="></latexit>

BueBve =

{
→1 (u, v) ↑ E

0 otherwise

<latexit sha1_base64="Hdl4sXj338DhtoUC6T33SzdTq5c=">AAACG3icbVDLSsNAFJ3Ud31FXboZLIKClkRE3QhFEVwq2FZoS5hMb+zQySTMo1BC/sONv+LGhSKuBBf+jdM2C18Xhns451zu3BOmnCnteZ9OaWp6ZnZufqG8uLS8suqurTdUYiSFOk14Im9DooAzAXXNNIfbVAKJQw7NsH8+0psDkIol4kYPU+jE5E6wiFGiLRW4B21l4iAD3GYCX+D8LMgM5Ni2gW2neN+3ShThHbM32J2YArfiVb1x4b/AL0AFFXUVuO/tbkJNDEJTTpRq+V6qOxmRmlEOebltFKSE9skdtCwUJAbVyca35XjbMl0cJdI+ofGY/T6RkVipYRxaZ0x0T/3WRuR/Wsvo6KSTMZEaDYJOFkWGY53gUVC4yyRQzYcWECqZ/SumPSIJ1TbOsg3B/33yX9A4qPpH1aPrw0qtVsQxjzbRFtpBPjpGNXSJrlAdUXSPHtEzenEenCfn1XmbWEtOMbOBfpTz8QXSn57A</latexit>∑

e→E

BueBve = →1 ↑↓ (u, v) ↔ E

Remark: it does not depend on the choice of orientation



Graphs
Graph Laplacian properties
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• Fiedler value ( ): smallest non-zero eigenvalue, tells us how “well connected” the graph is 

1. Small graph almost disconnected 

2. Large graph well knit together

λ2

λ2 ⟹

λ2 ⟹

•  is symmetric and positive semi-definite  

Proof:  (symmetry) 

 (positive semi-definiteness) 

  is diagonalizable and all its eigenvalues are non-negative

L

L⊤ = (BB⊤)⊤ = (B⊤)⊤B⊤ = BB⊤ = L

x⊤Lx = x⊤BB⊤x = (B⊤x)⊤B⊤x = ∥B⊤x∥2 ≥ 0, ∀x ∈ ℝn

⟹ L

•All rows and columns sum to 0 

Proof: ∑
u∈V

Luv = ∑
u∈V

(D − A)uv = d(u) − |N(u) | = 0

• 0 is always an eigenvalue:  

Proof: L1 = D1 − A1 = 0

• dim ker L = #{connected components G}

We will prove these in the course



Graphs
Graph Laplacian for signal processing
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 is usually understood as acting over signals on the graph, i.e., functions L f : V → ℝ

<latexit sha1_base64="bGHEpRGXiFlM10PGpoLnua4CfAA=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoUGoiUt0IBTcuq9gHNDFMppN26GQSZiZCCfkMN/6KGxeKuO3Ov3HSZqGtBwYO59x7597jRYxKZZrfRmFldW19o7hZ2tre2d0r7x90ZBgLTNo4ZKHoeUgSRjlpK6oY6UWCoMBjpOuNbzK/+0SEpCF/UJOIOAEacupTjJSW3PKZHSA18vzET+E1rPquVYP2IFSyBn2Xn0Kbcjgv8ZL79FF3VMy6OQNcJlZOKiBHyy1P9TgcB4QrzJCUfcuMlJMgoShmJC3ZsSQRwmM0JH1NOQqIdJLZYSk80coA+qHQjys4U393JCiQchJ4ujLbUS56mfif14+Vf+UklEexIhzPP/JjBlUIs5TggAqCFZtogrCgeleIR0ggrHSWJR2CtXjyMumc161GvXF3UWk28ziK4AgcgyqwwCVoglvQAm2AwTN4Be/gw3gx3oxP42teWjDynkPwB8b0Bzwznq4=</latexit>

f = (f1, . . . , fn) → Rn

The space of signals forms a vector space, whose elements we can represent by 
coordinate vectors as:

<latexit sha1_base64="mLtQ7C3sxUnUAqW5EwrvJhzzG/k=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi1Y1QcOOygn1AE8JkOmmHTiZh5kYsoTs3/oobF4q49Rfc+TemaRbaelaHc+7lnnv8WHANlvVtLC2vrK6tlzbKm1vbO7vm3n5bR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+6nvqde6Y0j+QdjGPmhmQgecApgUzyzKPA4/gKB1V+6gB7gBQHkcITzLHDJW57ZsWqWTnwIrELUkEFmp755fQjmoRMAhVE655txeCmRAGngk3KTqJZTOiIDFgvo5KETLtp/scEn2RKPw8QRBJwrv7eSEmo9Tj0s8mQwFDPe1PxP6+XQHDpplzGCTBJZ4eCRGCI8LQU3OeKURDjjBCqeJYV0yFRhEJWXTkrwZ5/eZG0z2p2vVa/Pa80GkUdJXSIjlEV2egCNdANaqIWougRPaNX9GY8GS/Gu/ExG10yip0D9AfG5w8uGZed</latexit>

fi = f(i) for i → V

<latexit sha1_base64="ciNvmQglmiVJ/YXFqBm4IKLUnpQ=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6jLgxoWLKvYBTSyT6aQdOpmEmYlQQn7Hjb/iRkFRt/6IkzSgth4YOPfcc5l7jx8zKpVlfRiVpeWV1bXqem1jc2t7x9zd68goEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn1zk/e49EZJG/FZNY+KFaMRpQDFSWhqYjhsiNfaDNMhcyuGs8tOb7K4oYqkieAV/THDeNTDrVsMqABeJXZI6KNEamC/uMMJJSLjCDEnZt61YeSkSimJGspqbSBIjPEEj0teUo5BILy0uzeCRVoYwiIR+XMFC/T2RolDKaehrZ76jnO/l4n+9fqKCcy+lPE4U4Xj2UZAwqM/PY4NDKghWbKoJwoLqXSEeI4Gw0uHWdAj2/MmLpHPSsJuN5vVp3XHKOKrgAByCY2CDM+CAS9ACbYDBA3gCr+DNeDSejXfjc2atGOXMPvgD4+sb+Cenrg==</latexit>

f → Rn ↑↓ Lf → Rn

How much the signal differs on average with 
respect to the neighbors

<latexit sha1_base64="SRmIWc0yGpOZ+q0sCtB8w1q5efo=">AAACHHicbVBNS8MwGE7n15xfVY9egkOYB0erMr0IAy8ePExwH7COkmbpli1pS5IKo/SHePGvePGgiBcPgv/GdOtBN194k4fneV+S5/EiRqWyrG+jsLS8srpWXC9tbG5t75i7ey0ZxgKTJg5ZKDoekoTRgDQVVYx0IkEQ9xhpe+PrTG8/ECFpGNyrSUR6HA0C6lOMlKZc86xyCx2O1NDzEz89dim8gn19+rpPoCNj7iYjfVMOKUw1nYxS1yxbVWtacBHYOSiDvBqu+en0QxxzEijMkJRd24pUL0FCUcxIWnJiSSKEx2hAuhoGiBPZS6bmUnikmT70Q6E7UHDK/t5IEJdywj09mfmQ81pG/qd1Y+Vf9hIaRLEiAZ495McMqhBmScE+FQQrNtEAYUH1XyEeIoGw0nmWdAj2vOVF0Dqt2rVq7e68XK/ncRTBATgEFWCDC1AHN6ABmgCDR/AMXsGb8WS8GO/Gx2y0YOQ7++BPGV8/suyf7g==</latexit>

(Lf)i = difi →
∑

j→i

fj

The Laplacian can be seen as:  

1. A matrix operator acting over signals: 

<latexit sha1_base64="tDPJ98GyNUN1v885VHNDKJWGBTc=">AAACCHicbVDLSsNAFL2pr1pfUZcuDBbBVUlEqrgquHHhoop9QBPLZDpph04mYWYilNClG3/FjQtF3PoJ7vwbJ20WtvXAwJlz7uXee/yYUals+8coLC2vrK4V10sbm1vbO+buXlNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/vAq81uPREga8Xs1iokXoj6nAcVIaalrHt5cWm6I1MD307vxA3dVNPPvmmW7Yk9gLRInJ2XIUe+a324vwklIuMIMSdlx7Fh5KRKKYkbGJTeRJEZ4iPqkoylHIZFeOjlkbB1rpWcFkdCPK2ui/u1IUSjlKPR1ZbajnPcy8T+vk6jgwkspjxNFOJ4OChJm6WuzVKweFQQrNtIEYUH1rhYeIIGw0tmVdAjO/MmLpHlacaqV6u1ZuVbL4yjCARzBCThwDjW4hjo0AMMTvMAbvBvPxqvxYXxOSwtG3rMPMzC+fgGD6Jmv</latexit>

L : Rn → Rn

<latexit sha1_base64="dxo6WXLNV6fvWfqb1fCp0yDYSss="></latexit>

f→Lf =
∑

(i,j)↑E

(fi → fj)
2 How smooth the signal is

2. A quadratic form acting over signals: 

Refer to the exercises



Graphs
Graph Fourier Decomposition
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In the same way that we can decompose periodic functions into their Fourier series, we can use the Laplacian to 
decompose signals (functions over the vertices) using the eigenvector decomposition of the graph Laplacian

Graph eigenvectors and eigenvalues: 

<latexit sha1_base64="6I08aG+XBb49h5mH6r6CTHOZxjU=">AAACH3icbVDLSgMxFL3js9ZX1aWbYBFclZki1Y1QcOOygn1AO5RM5rYNzTxMMkIZ+idu/BU3LhQRd/0b03YQ23ohcO459yS5x4sFV9q2J9ba+sbm1nZuJ7+7t39wWDg6bqgokQzrLBKRbHlUoeAh1jXXAluxRBp4Apve8HaqN59QKh6FD3oUoxvQfsh7nFFtqG6hYpMb0hHG4NOuYxA+/rblrPUjrRYVYyzaJXtWZBU4GShCVrVu4dtcw5IAQ80EVart2LF2Uyo1ZwLH+U6iMKZsSPvYNjCkASo3ne03JueG8UkvkuaEmszYv46UBkqNAs9MBlQP1LI2Jf/T2onuXbspD+NEY8jmD/USQXREpmERn0tkWowMoExy81fCBlRSpk2keROCs7zyKmiUS06lVLm/LFarWRw5OIUzuAAHrqAKd1CDOjB4hld4hw/rxXqzPq2v+eialXlOYKGsyQ8/pqFS</latexit>

0 = ω1 → ω2 → · · · → ωn

<latexit sha1_base64="JuQtR01RiuItoLJcjzK0OaMBhd4="></latexit>

Lui = ωiui, ui → Rn and ωi → R for 1 ↑ i ↑ n

•Low frequency modes correspond to smoother signals (recall, ) 

•High frequency modes correspond to signals that fluctuate a lot

u1 = 1

The  can also be seen as signals, called modes of frequency , and form a basis of the 
space of signals. If they are orthonormal:

ui λi

<latexit sha1_base64="WNxeNH+6+D2XbTfkkVCC/L5+wV8=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARXJWkSHUjFNy4cFHBXqBJw2QyaYdOMmFmIpS2z+HGV3HjQhF34sa3cdJmUVt/GPj4zzmcOb+fMCqVZf0YhbX1jc2t4nZpZ3dv/8A8PGpJngpMmpgzLjo+koTRmDQVVYx0EkFQ5DPS9oc3Wb39SISkPH5Qo4S4EerHNKQYKW15pp16FPYcxRN4BzO+hg7T4wHS7Ey040x61UXXM8tWxZoJroKdQxnkanjmlxNwnEYkVpghKbu2lSh3jISimJFpyUklSRAeoj7paoxRRKQ7np02hWfaCWDIhX6xgjN3cWKMIilHka87I6QGcrmWmf/VuqkKr9wxjZNUkRjPF4Upg4rDLCcYUEGwYiMNCAuq/wrxAAmElU6zpEOwl09ehVa1YtcqtfuLcr2ex1EEJ+AUnAMbXII6uAUN0AQYPIEX8AbejWfj1fgwPuetBSOfOQZ/ZHz/ArVun3I=</latexit>

u→
i Lui = ωi→ui→2 = ωi

<latexit sha1_base64="SUxDjY3Md2OvKu8T3XipCymCaSw=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRKR6qZQcOOygn1AE8NkOmmHTiZhHkIJWbvxV9y4UMStX+DOv3HSdqGtBy4czrmXe+8JU0alcpxvq7Syura+Ud6sbG3v7O7Z+wcdmWiBSRsnLBG9EEnCKCdtRRUjvVQQFIeMdMPxdeF3H4iQNOF3apISP0ZDTiOKkTJSYB97MVKjMMqiHDagJ3UcZLTh5vccooBCHdDArjo1Zwq4TNw5qYI5WoH95Q0SrGPCFWZIyr7rpMrPkFAUM5JXPC1JivAYDUnfUI5iIv1s+koOT40ygFEiTHEFp+rviQzFUk7i0HQWh8tFrxD/8/paRVd+RnmqFeF4tijSDKoEFrnAARUEKzYxBGFBza0Qj5BAWJn0KiYEd/HlZdI5r7n1Wv32otpszuMogyNwAs6ACy5BE9yAFmgDDB7BM3gFb9aT9WK9Wx+z1pI1nzkEf2B9/gA6Ppn4</latexit>

f =
n∑

i=1

aiui

Graph Fourier decomposition: 

You can low-pass filter: keep only some 
of the low frequency components



Going beyond pairwise interactions
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What happens if we add interactions between three or more entities at the same time, instead of only 
pairwise connections as we have in graphs?

Papers, often times, have more than 2 authors. 
How can we encode that?

Can we add information about the presence of aromatic rings in 
a molecule to our data representation?



Simplicial complexes
Lecture 2 — Geometric and Topological Data Domains 



Simplicial complexes
Intuition
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The next natural step is to add interactions between three entities, that is, 
triangles

We can request that, whenever we have a triangle, we have all the 
pairwise interactions, as if we were filling in the graph

The definition of simplicial complexes is based on this general principle



Simplicial complexes
Definition
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Def. (Abstract) Simplicial Complex 

Given a discrete set , a simplicial complex  is a set of subsets  
closed under inclusion (if , then for all  we must have )

S = {s1, …, sn} X σ ⊂ S
σ ∈ X τ ⊆ σ τ ∈ X

We can stratify a simplicial complex by dimension:

Vertices: 0-dimensional simplices 

Edges: 1-dimensional simplices 

Triangles: 2-dimensional simplices



Simplicial complexes
General definitions
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In general: 

• -dimensional simplex:  

• : set of -dimensional simplices 

•  has dimension the dimension of its highest dimensional simplex 

• -skeleton ( ): all simplices with dimension 

k σ = {si0, …, sik}

Xk k

X d =

k X≤k ≤ k

Example: structure on the left 

We have a set of vertices ( ), a set of edges ( ), a set of triangles ( ) and a 
set with one tetrahedron ( )  

Note that when a triangle in present, all the edges that define it are also present 

The presence of the tetrahedron also means that all triangles and all edges in it 
are also in the simplicial complex

X0 X1 X2

X3



Simplicial homology
Lecture 2 — Geometric and Topological Data Domains 



Simplicial homology
Motivation
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We want to be able to say that the following figures have holes in different dimensions



Simplicial homology
Chain spaces and boundary operators
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Choose an orientation for the simplices 

For example:  

• Choose an ordering of the vertices  

• Orient higher order simplices accordingly:  

S = {1,…, n}

(i0, …, ik), i0 < … < ik

<latexit sha1_base64="c7SHAVycUrLHJNNAfV5uUT3FxqE="></latexit>

ω1(0, 1) = (1)→ (0)

ω2 (2, 3, 4) = (3, 4)→ (2, 4) + (2, 3)

ω3(3, 6, 7, 8) = (6, 7, 8)→ (3, 7, 8) + (3, 6, 8)→ (3, 6, 7)
<latexit sha1_base64="xb9KkpTmju365o5wSoNhUVS2P8c="></latexit>

ωk ωk+1 = 0 =→ ker ωk ↑ im ωk+1

<latexit sha1_base64="1pMTpIDijVocFEPQEBFMJ/2UwG0="></latexit>

ωk(i0, . . . , ik) =
k∑

j=0

(→1)j (i0, . . . , îj , . . . ik)

Boundary operator: linear map connecting chain spaces of consecutive 
dimension  defined on the basis elements as∂k : Ck(X) → Ck−1(X)

<latexit sha1_base64="8xQh2H8PWCKtr0SOcWIQlwFUB8g="></latexit>

Ck(X) = span{(i0, . . . , ik) : i0 < · · · < ik} →= R|Xk|

Chain space: let , the k-chain space is the vector space spanned by the 
oriented simplices

k ≥ 0

C0(X, ℝ) = ℝ13

C1(X, ℝ) = ℝ17

C2(X, ℝ) = ℝ6

C3(X, ℝ) = ℝ

<latexit sha1_base64="t+Obu7ue97v1FzZDgG4OM09n32E="></latexit>

c =
∑

ω→Xk

aω · ω, aω → R



Mathematical interlude
Quotient vector spaces
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Def. Quotient vector space 

Given two subspaces  with , the 
quotient space  is defined as the vector space given 

by the equivalence classes: 

U, V ⊂ ℝn U ⊆ V
V
U

<latexit sha1_base64="WmhyXYq+wtfup6YRg5FcEt+mw7Q=">AAACIXicbVDNSgMxGMz6W+tf1aOXaBGEQtkVqSIeCl48VnDbQncp2TTbhmaTbZItlKVnH8SzV30Gb+JNfALfwmzbg20dCAwz318miBlV2ra/rJXVtfWNzdxWfntnd2+/cHBYVyKRmLhYMCGbAVKEUU5cTTUjzVgSFAWMNIL+XeY3hkQqKvijHsXEj1CX05BipI3ULpwMYQm60MsmcTIYQC8dlhJ4AxPoUQ5db9wuFO2yPQFcJs6MFMEMtXbhx+sInESEa8yQUi3HjrWfIqkpZmSc9xJFYoT7qEtahnIUEeWnk6+M4ZlROjAU0jyu4UT925GiSKlRFJjKCOmeWvQy8T+vlejw2k8pjxNNOJ4uChMGtYBZLrBDJcGajQxBWFJzK8Q9JBHWJr25LdlsLQRT47zJxllMYpnUL8pOpVx5uCxWb2cp5cAxOAXnwAFXoAruQQ24AIMn8AJewZv1bL1bH9bntHTFmvUcgTlY3791+6KH</latexit>

v + U := {v + u : u → U}

This is indeed a vector space as it is closed 
under addition and multiplication by scalars

If you want to sum the elements 
<latexit sha1_base64="sVSaUQDpW56+X8puPqnvvnyEqBw=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEQQh3QaKFRcDGMoL5gOQ49jabZMne3rE7FwxHGhv/io2FIrb+Bzv/jZvkCk18MPB4b4aZeUEsuAbH+bZyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfnPElOaRvIdxzLyQ9CXvcUrASL59PPJdfI7ruAPsAVJMZBdP8MgvT0XfLjolZwa8TNyMFFGGmm9/dboRTUImgQqiddt1YvBSooBTwSaFTqJZTOiQ9FnbUElCpr109sUEnxqli3uRMiUBz9TfEykJtR6HgekMCQz0ojcV//PaCfSuvJTLOAEm6XxRLxEYIjyNBHe5YhTE2BBCFTe3YjogilAwwRVMCO7iy8ukUS65lVLl7qJYvc7iyKMjdILOkIsuURXdohqqI4oe0TN6RW/Wk/VivVsf89aclc0coj+wPn8ArbOWIQ==</latexit>

v1 + U and v2 + U

you take representatives of the classes, sum them, and 
see what class you end up in 

<latexit sha1_base64="YFPOqctS0xLp0MqVFivZzv3bazM=">AAACMnicbVBNS8MwGE79nPOr6tFLcAgbwmiHTA8KAy96m2C3wVZKmmVbWJqWJB2Mst/kxV8ieNCDIl79EaZdD7r5Qsjz8b4k7+NHjEplWa/Gyura+sZmYau4vbO7t28eHLZkGAtMHByyUHR8JAmjnDiKKkY6kSAo8Blp++Ob1G9PiJA05A9qGhE3QENOBxQjpSXPvCtPPBuewdizK/rSrJaxWgVew9ybpEx7cd6pWY/yBdfxzJJVtbKCy8DOQQnk1fTM514/xHFAuMIMSdm1rUi5CRKKYkZmxV4sSYTwGA1JV0OOAiLdJFt5Bk+10oeDUOjDFczU3xMJCqScBr7uDJAayUUvFf/zurEaXLoJ5VGsCMfzhwYxgyqEaX6wTwXBik01QFhQ/VeIR0ggrHTKRR2CvbjyMmjVqna9Wr8/LzWu8jgK4BicgDKwwQVogFvQBA7A4BG8gHfwYTwZb8an8TVvXTHymSPwp4zvHwUzoPk=</latexit>

(v1 + u1) + (v2 + u2) = (v1 + v2) + (u1 + u2) → (v1 + v2) + U



Homology groups
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c

c + b

Simplicial homology

<latexit sha1_base64="FVhg4ScUSxWagiK51jcqo9in03s="></latexit>

Hk(X) =
ker ωk
im ωk+1

Cycles

Boundaries

Def. Homology group

Example: What are the elements of the homology group?

c = (0,1) + (1,2) + (2,3) − (0,3) ∈ ker ∂1

∂1 (c) = (1) − (0) + (2) − (1) + (3) − (2) − (3) + (0) = 0

b = − (2,3) − (3,4) + (2,4) = ∂2[ − (2,3,4)] ∈ im ∂2

c + b = (0,1) + (1,2) + (2,4) − (3,4) − (0,3)

First, we find a cycle:

For instance, an element of the class is:

An element of  is given by H1(X)
<latexit sha1_base64="RdPNWMXgFOhbhkdJC0dgJ2KvhYQ="></latexit>

c+ im ω2 = {c+ ω2ε : ε → C2(X)}

If I can move through filled in triangles, I stay inside of 
the homology class



Betti numbers
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c

c + b

Def. Betti number

βk(X) = dim Hk(X)

“Number of -dimensional holes in ”k X

Simplicial homology

• : number of connected components 

• : number of loops  

• : number of cavities or bubles

k = 0

k = 1

k = 2

<latexit sha1_base64="JPzXqlOHaVq5GQ7Cnyq2VAkivZs=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3SPQiBLx4jGAekKxhdtKbDJl9MNOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cVSaLTtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFIcmj2SkOh7TIEUITRQooRMrYIEnoe2Nb2Z++xGUFlF4j5MY3IANQ+ELztBIDz0PkPWr5c45vaZOv1iyK/YcdJU4GSmRDI1+8as3iHgSQIhcMq27jh2jmzKFgkuYFnqJhpjxMRtC19CQBaDddH71lJ4ZZUD9SJkKkc7V3xMpC7SeBJ7pDBiO9LI3E//zugn6V24qwjhBCPlikZ9IihGdRUAHQgFHOTGEcSXMrZSPmGIcTVAFE4Kz/PIqaVUrTq1Su7so1etZHHlyQk5JmTjkktTJLWmQJuFEkWfySt6sJ+vFerc+Fq05K5s5Jn9gff4AEaGQ7w==</latexit>

ω2(X) = 1

Example:

<latexit sha1_base64="TlMlT6iAPBfuxNKDa/wvax9LZDQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3SPQiBLx4jGAekKxhdjKbDJl9MNOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cVSaLTtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFONNFslIdTyquRQhb6JAyTux4jTwJG9745uZ337kSosovMdJzN2ADkPhC0bRSA89jyPt2+XOObkm1X6xZFfsOcgqcTJSggyNfvGrN4hYEvAQmaRadx07RjelCgWTfFroJZrHlI3pkHcNDWnAtZvOr56SM6MMiB8pUyGSufp7IqWB1pPAM50BxZFe9mbif143Qf/KTUUYJ8hDtljkJ5JgRGYRkIFQnKGcGEKZEuZWwkZUUYYmqIIJwVl+eZW0qhWnVqndXZTq9SyOPJzAKZTBgUuowy00oAkMFDzDK7xZT9aL9W59LFpzVjZzDH9gff4AEA+Q7g==</latexit>

ω0(X) = 2
<latexit sha1_base64="fvWIxdiHolBbF0aEnTqzWrgPnEk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3SPQiBLx4jGAekKxhdtKbDJl9MNOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cVSaLTtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFIcmj2SkOh7TIEUITRQooRMrYIEnoe2Nb2Z++xGUFlF4j5MY3IANQ+ELztBIDz0PkPWdcuecXtNqv1iyK/YcdJU4GSmRDI1+8as3iHgSQIhcMq27jh2jmzKFgkuYFnqJhpjxMRtC19CQBaDddH71lJ4ZZUD9SJkKkc7V3xMpC7SeBJ7pDBiO9LI3E//zugn6V24qwjhBCPlikZ9IihGdRUAHQgFHOTGEcSXMrZSPmGIcTVAFE4Kz/PIqaVUrTq1Su7so1etZHHlyQk5JmTjkktTJLWmQJuFEkWfySt6sJ+vFerc+Fq05K5s5Jn9gff4AEZqQ7w==</latexit>

ω1(X) = 2

<latexit sha1_base64="MVRa1ZqzQyB7ij4ZNaOGKXuBxOA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREpboRCm5cVrAPaEKYTG/aoZOHMxOhhIIbf8WNC0Xc+hPu/BunbRZaPXDhcM693HuPn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyTgVFJo05rHo+EQCZxE0FVMcOokAEvoc2v7wauK370FIFke3apSAG5J+xAJGidKSZ+45PijiDSudI3yJrWPs4CF2+nCHTz2zbFWtKfBfYuekjHI0PPPT6cU0DSFSlBMpu7aVKDcjQjHKYVxyUgkJoUPSh66mEQlButn0hzE+1EoPB7HQFSk8VX9OZCSUchT6ujMkaiDnvYn4n9dNVXDhZixKUgURnS0KUo5VjCeB4B4TQBUfaUKoYPpWTAdEEKp0bCUdgj3/8l/SOqnatWrt5qxcr+dxFNE+OkAVZKNzVEfXqIGaiKIH9IRe0KvxaDwbb8b7rLVg5DO76BeMj2/LMZUP</latexit>

ωk(X) = 0, k → 3

Because the tetrahedron is filled! There are no simplices with dimension greater than 3 so 
<latexit sha1_base64="OblXgS3jEYymbvJ/vLRf+rpyUUs=">AAACH3icbVDJSgNBEO1xjXGLevRSGIQIIcyoRC9CIJccI5gFMiH0dCpJMz2L3T1CCP6JF3/FiwdFxFv+xs5yiIkPCh7vVVFVz4sFV9q2x9ba+sbm1nZqJ727t39wmDk6rqsokQxrLBKRbHpUoeAh1jTXApuxRBp4AhueX574jSeUikfhgx7G2A5oP+Q9zqg2UidTLHf8XPMC7sDOgws+uH18hCtweWDWo4LKop8Hf+Z3Mlm7YE8Bq8SZkyyZo9rJ/LjdiCUBhpoJqlTLsWPdHlGpORP4nHYThTFlPu1jy9CQBqjao+l/z3BulC70Imkq1DBVFydGNFBqGHimM6B6oJa9ifif10p077Y94mGcaAzZbFEvEaAjmIQFXS6RaTE0hDLJza3ABlRSpk2kaROCs/zyKqlfFpxioXh/nS3dzuNIkVNyRnLEITekRCqkSmqEkRfyRj7Ip/VqvVtf1vesdc2az5yQP7DGv3Usnaw=</latexit>

Ck(X) = 0, k → 3 =↑ Hk(X) = 0, k → 3



<latexit sha1_base64="H0mQfdE/oshttOwqD3ez/z0LEQQ="></latexit>

B =





→1 →1 0 0 0 0 0 0 0 0
1 0 →1 0 0 0 0 →1 0 0
0 1 1 →1 0 0 0 0 0 0
0 0 0 1 →1 0 →1 0 0 →1
0 0 0 0 1 →1 0 0 0 0
0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 1 →1 0
0 0 0 0 0 0 0 0 1 1





= ω1

<latexit sha1_base64="O7JFYnyzWNsC5HM9Aahwk6rNWGM=">AAACD3icbVC7TsMwFHV4lvIKMLJYVKCyVAlChbFSBxiLRB9SG0WO67RWHTuyHaCK+gcs/AoLAwixsrLxNzhtBmg50pWOzrnXvvcEMaNKO863tbS8srq2Xtgobm5t7+zae/stJRKJSRMLJmQnQIowyklTU81IJ5YERQEj7WBUz/z2HZGKCn6rxzHxIjTgNKQYaSP59kndd8tXp7D3IOlgqJGU4j7txUhqipjvTmDdd4zv2yWn4kwBF4mbkxLI0fDtr15f4CQiXGOGlOq6Tqy9NHsXMzIp9hJFYoRHaEC6hnIUEeWl03sm8NgofRgKaYprOFV/T6QoUmocBaYzQnqo5r1M/M/rJjq89FLK40QTjmcfhQmDWsAsHNinkmDNxoYgLKnZFeIhkghrE2HRhODOn7xIWmcVt1qp3pyXarU8jgI4BEegDFxwAWrgGjRAE2DwCJ7BK3iznqwX6936mLUuWfnMAfgD6/MHteGbMw==</latexit>

C1(G)
ω1→↑ C0(G)

Incidence matrices revisited
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Simplicial homology

<latexit sha1_base64="SBPgvGOyGZvh1IUE+VF+dMrhO8M=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzIjUl0Wiuiyin1AZxwyadqGZpIhyQhl2pUbf8WNC0Xc+g3u/BszbRfaeuDC4Zx7ufeeIGJUadv+tjJLyyura9n13Mbm1vZOfnevoUQsMaljwYRsBUgRRjmpa6oZaUWSoDBgpBkMqqnffCBSUcHv9DAiXoh6nHYpRtpIfv6w6jvFqxPoYsF70A2R7gdBcju+T0aXo7GfL9glewK4SJwZKYAZan7+y+0IHIeEa8yQUm3HjrSXIKkpZmScc2NFIoQHqEfahnIUEuUlkzfG8NgoHdgV0hTXcKL+nkhQqNQwDExneqea91LxP68d6+6Fl1AexZpwPF3UjRnUAqaZwA6VBGs2NARhSc2tEPeRRFib5HImBGf+5UXSOC055VL55qxQqcziyIIDcASKwAHnoAKuQQ3UAQaP4Bm8gjfryXqx3q2PaWvGms3sgz+wPn8A4ruYKw==</latexit>

C1(G) →= R|E|
<latexit sha1_base64="qmu3eBuiYuNVz3L8DuVQNrPDA+8=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiQi1WWhC11WsQ9oYphMJ+3QySTMTISSZuXGX3HjQhG3foM7/8ZJ24W2HrhwOOde7r3HjxmVyrK+jaXlldW19cJGcXNre2fX3NtvySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsf1nO//UCEpBG/U6OYuCHqcxpQjJSWPPOo7lnlq1Po4Ij3oRMiNfD99Da7T8etceaZJatiTQAXiT0jJTBDwzO/nF6Ek5BwhRmSsmtbsXJTJBTFjGRFJ5EkRniI+qSrKUchkW46eSODJ1rpwSASuriCE/X3RIpCKUehrzvzO+W8l4v/ed1EBZduSnmcKMLxdFGQMKgimGcCe1QQrNhIE4QF1bdCPEACYaWTK+oQ7PmXF0nrrGJXK9Wb81KtNoujAA7BMSgDG1yAGrgGDdAEGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QP7A5g7</latexit>

C0(G) →= R|V |

Boundary maps extend the incidence matrix to higher dimensions!

<latexit sha1_base64="692sgGv8j8zMBssp5HAWtVv3nYM="></latexit>

B → Rn→m, Bve =






1 if vertex v is the tail of edge e,

↑1 if vertex v is the head of edge e,

0 otherwise.

<latexit sha1_base64="62wI+bCPGr5AiJzELfTKXAWEzjs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpZEpLpQKLhxWcE+oAlhMp22QycP5lEoIUs3/oobF4q49RPc+TdO2iy09cAwh3Pu5d57/JhRIS3r2ygsLa+srhXXSxubW9s75u5eS0SKY9LEEYt4x0eCMBqSpqSSkU7MCQp8Rtr+6Dbz22PCBY3CBzmJiRugQUj7FCOpJc88dGLEJUXMsyvqdHwCb6CTjJ0UnulfOalnlq2qNQVcJHZOyiBHwzO/nF6EVUBCiRkSomtbsXSTbAhmJC05SpAY4REakK6mIQqIcJPpISk81koP9iOuXyjhVP3dkaBAiEng68oAyaGY9zLxP6+rZP/KTWgYK0lCPBvUVwzKCGapwB7lBEs20QRhTvWuEA8RR1jq7Eo6BHv+5EXSOq/atWrt/qJcv87jKIIDcAQqwAaXoA7uQAM0AQaP4Bm8gjfjyXgx3o2PWWnByHv2wR8Ynz99Qphc</latexit>

ω1(u, v) = {v}→ {u}



Hodge Theory
Lecture 2 — Geometric and Topological Data Domains 



Inner products
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Hodge Theory

So far we have only used the vector space structure of the chain spaces

We can also endow these spaces with inner products
<latexit sha1_base64="QGudA+a3zDIxpP768SWmnNfExfk="></latexit>

→•, •↑Ck : Ck(X)↓ Ck(X) ↔ R

Example: weighted simplicial complexes

The -simplices form an orthogonal basis of  with norms 
prescribed by their weights: 

k Ck(X )

<latexit sha1_base64="7PaDpsTrozCL8QQqBSFaSaILzQM=">AAACF3icbVDLSgMxFM34rPU16tJNsAgVSpkRqSIiBTcuq9gHdErJpJk2NPMguWMtw/yFG3/FjQtF3OrOvzF9LLT1QOBwzr3knuNGgiuwrG9jYXFpeWU1s5Zd39jc2jZ3dmsqjCVlVRqKUDZcopjgAasCB8EakWTEdwWru/2rkV+/Z1LxMLiDYcRaPukG3OOUgJbaZjHfKODBUQE7wB4gwQMOPZziwTluaCnEjk+g57rJbdpOLq20beasojUGnif2lOTQFJW2+eV0Qhr7LAAqiFJN24qglRAJnAqWZp1YsYjQPumypqYB8ZlqJeNcKT7USgd7odQvADxWf28kxFdq6Lt6cnSmmvVG4n9eMwbvrJXwIIqBBXTykRcLrAOPSsIdLhkFMdSEUMn1rZj2iCQUdJVZXYI9G3me1I6LdqlYujnJlS+mdWTQPjpAeWSjU1RG16iCqoiiR/SMXtGb8WS8GO/Gx2R0wZju7KE/MD5/ANutneo=</latexit>

(X,w), with w : X → R>0

<latexit sha1_base64="pjTWW78lBuPNOrzSeG1EbRQsFuM=">AAACLXicbVDLSgMxFM34rPVVdekmWIQKUmZEqguFgi5cVrAP6JSSSTPT0CQzJhmlTPtDbvwVEVxUxK2/YdoOoq0XQg7nnMu993gRo0rb9shaWFxaXlnNrGXXNza3tnM7uzUVxhKTKg5ZKBseUoRRQaqaakYakSSIe4zUvd7VWK8/EKloKO50PyItjgJBfYqRNlQ7d+0OXEUDjtwBvISuupc6cRkSASNwKhynvysn7PDH9liYCkfDdi5vF+1JwXngpCAP0qq0c69uJ8QxJ0JjhpRqOnakWwmSmmIzIuvGikQI91BAmgYKxIlqJZNrh/DQMB3oh9I8oeGE/d2RIK5Un3vGyZHuqlltTP6nNWPtn7cSKqJYE4Gng/yYQR3CcXSwQyXBmvUNQFhSsyvEXSQR1ibgrAnBmT15HtROik6pWLo9zZcv0jgyYB8cgAJwwBkogxtQAVWAwRN4ASPwbj1bb9aH9Tm1Llhpzx74U9bXN1PsqMo=</latexit>

→ω→ =
√

↑ω,ω↓ =
√
w(ω)

<latexit sha1_base64="RYd/sGKzVcBgWJLwzoD4NiAg9Zo="></latexit>

→ω, ε↑Ck =

{
w(ω) if ω = ε

0 otherwise

<latexit sha1_base64="0tAm+D9ys7UKLWDy8q/bDdXqMrY="></latexit>

Ck(X) = span{(i0, . . . , ik) : i0 < · · · < ik} →= R|Xk|

Example: standard inner product (also called   )
<latexit sha1_base64="Bg27dUDNY1+GoU0gCnYLaIAWu34=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CRAuLgI1lBPMByRn2NnPJmr3bY3dPCCH/wcZCEVv/j53/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKllqhg2mBRStQOqUfAYG4Ybge1EIY0Cga1gdDPzW0+oNJfxvRkn6Ed0EPOQM2qs1OyiEA+VXrHklt05yCrxMlKCDPVe8avblyyNMDZMUK07npsYf0KV4UzgtNBNNSaUjegAO5bGNELtT+bXTsmZVfoklMpWbMhc/T0xoZHW4yiwnRE1Q73szcT/vE5qwit/wuMkNRizxaIwFcRIMnud9LlCZsTYEsoUt7cSNqSKMmMDKtgQvOWXV0mzUvaq5erdRal2ncWRhxM4hXPw4BJqcAt1aACDR3iGV3hzpPPivDsfi9ack80cwx84nz82347k</latexit>

ω2
<latexit sha1_base64="hSqtKp9wZ4I/zhVkv3H6ht3RpXw="></latexit>

→•, •↑ : Rn ↓ Rn ↔ R; →x,y↑ = x→y

<latexit sha1_base64="l3aY4HKttarpH1PildKLx/uP1Vw="></latexit>

(
x1 . . . xn

)



y1
...
yn



 =
n∑

i=1

xiyi

<latexit sha1_base64="EO6qK6bz2tWo5ErbJe4Ybkbbt4o="></latexit>

→x→ =
√

↑x,x↓ =
↔
x→xHaving and inner product allows us to have norms:

And normalize vectors:
<latexit sha1_base64="p6Qeb9jNqaFq6DZuxxeqqopARfg=">AAACBXicbZDLSsNAFIYnXmu9RV3qYrAIrkoiUl0oFNy4rGAv0IQymUzaoZNJmItQ0mzc+CpuXCji1ndw59s4bbPQ1h8GPv5zDmfOH6SMSuU439bS8srq2nppo7y5tb2za+/tt2SiBSZNnLBEdAIkCaOcNBVVjHRSQVAcMNIOhjeTevuBCEkTfq9GKfFj1Oc0ohgpY/XsI09RFpJM5/AaemEkEDaceWPtjfOeXXGqzlRwEdwCKqBQo2d/eWGCdUy4wgxJ2XWdVPkZEopiRvKypyVJER6iPuka5Cgm0s+mV+TwxDghjBJhHldw6v6eyFAs5SgOTGeM1EDO1ybmf7WuVtGln1GeakU4ni2KNIMqgZNIYEgFwYqNDCAsqPkrxANkklAmuLIJwZ0/eRFaZ1W3Vq3dnVfqV0UcJXAIjsEpcMEFqINb0ABNgMEjeAav4M16sl6sd+tj1rpkFTMH4I+szx8vyZkG</latexit>

ũ =
u

→u→



Combinatorial Hodge Laplacians
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Hodge Theory

Having inner products allows the definition of adjoint maps

Def. Adjoint map

A map  has an adjoint map  which satisfies f : ℝn → ℝm f ∗ : ℝm → ℝn
<latexit sha1_base64="MAGM2I8CADAeYyDb0svPHBGZ8xM="></latexit>

→x, f(y)↑Rm = →f→(x),y↑Rn , ↓x ↔ Rm, y ↔ Rn

<latexit sha1_base64="GtW/M6OaM81zVcFTvWFfIl5VqvY="></latexit>

→ω, εkϑ↑Ck→1 = →ε→
kω, ϑ↑Ck , ↓ω ↔ Ck↑1(X), ϑ ↔ Ck(X)

<latexit sha1_base64="YpS/CUlfVXW6/UV7j5yBQekvsGA=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WogiURqSIuCt24rGAf0MQwmU7aIZNJmJkIJfQD3Pgrblwo4tYPcOffOGmz0NYLA+eecy537vFiRqUyzW+jsLS8srpWXC9tbG5t75R39zoySgQmbRyxSPQ8JAmjnLQVVYz0YkFQ6DHS9YJmpncfiJA04ndqHBMnRENOfYqR0pRbrtgxEooi5gb3J1ew6abBqTWp9o6hrSLdBhpql1kzpwUXgZWDCsir5Za/7EGEk5BwhRmSsm+ZsXLSbBFmZFKyE0lihAM0JH0NOQqJdNLpMRN4pJkB9COhH1dwyv6eSFEo5Tj0tDNEaiTntYz8T+snyr90UsrjRBGOZ4v8hEF9Z5YMHFBBsGJjDRAWVP8V4hESCCudX0mHYM2fvAg6ZzWrXqvfnlca13kcRXAADkEVWOACNMANaIE2wOARPINX8GY8GS/Gu/ExsxaMfGYf/Cnj8wdjiplE</latexit>

ω→
k : Ck↑1(X) → Ck(X)Example: adjoint boundary maps

For an unweighted complex (all weights equal 1)             is the standard inner product and
<latexit sha1_base64="jiEI7pBs90bWgUJYzBhoFFbOsjc=">AAACEHicbZDLSsNAFIYnXmu9RV26GSyiCymJSHXhotCNywr2Ak0Jk+lpO3QyCTMToYQ+ghtfxY0LRdy6dOfbOE0jaOuBgY//P4cz5w9izpR2nC9raXlldW29sFHc3Nre2bX39psqSiSFBo14JNsBUcCZgIZmmkM7lkDCgEMrGNWmfusepGKRuNPjGLohGQjWZ5RoI/n2iceJGHDAXpBwDvrsB7AnM8NPa/5ogn275JSdrPAiuDmUUF513/70ehFNQhCacqJUx3Vi3U2J1IxymBS9REFM6IgMoGNQkBBUN80OmuBjo/RwP5LmCY0z9fdESkKlxmFgOkOih2rem4r/eZ1E96+6KRNxokHQ2aJ+wrGO8DQd3GMSqOZjA4RKZv6K6ZBIQrXJsGhCcOdPXoTmedmtlCu3F6XqdR5HAR2iI3SKXHSJqugG1VEDUfSAntALerUerWfrzXqftS5Z+cwB+lPWxzc2F5yy</latexit>

→•, •↑Ck

<latexit sha1_base64="HGKAWIhEO5/4aFESOyXmnLuIv7U=">AAACB3icbVDLSgMxFM3UV62vUZeCBIsgLsqMSHWhUHDjsoJ9QGccMmmmDc1MQpIRSunOjb/ixoUibv0Fd/6NmXYWtfVA4OSce29yTygYVdpxfqzC0vLK6lpxvbSxubW9Y+/uNRVPJSYNzBmX7RApwmhCGppqRtpCEhSHjLTCwU3mtx6JVJQn93ooiB+jXkIjipE2UmAfegJJTRELBg+n8BrOXD3NRWCXnYozAVwkbk7KIEc9sL+9LsdpTBKNGVKq4zpC+6NsKGZkXPJSRQTCA9QjHUMTFBPljyZ7jOGxUbow4tKcRMOJOtsxQrFSwzg0lTHSfTXvZeJ/XifV0aU/oolINUnw9KEoZVBzmIUCu1QSrNnQEIQlNX+FuI8kwtpEVzIhuPMrL5LmWcWtVqp35+XaVR5HERyAI3ACXHABauAW1EEDYPAEXsAbeLeerVfrw/qclhasvGcf/IH19Qt+65kU</latexit>

ω→
k = ω↑

k

<latexit sha1_base64="WMBCiHHJt7raNg0eG9+NMngPMVw="></latexit>

Ck+1(X) Ck(X) Ck→1(X)
ωk+1

ωk+1→

ωk

ω→
k

With these boundary maps and their adjoints, we have a sequence of connecting maps:

Def. Hodge Laplacian  

A map                              with matrix given by:
<latexit sha1_base64="AlKwabrK0rt7yqhs/Mqw5gLUqXk=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEJuwKxJFLAJpLCwimAckyzI7mU2GnX0wMyuEJY2/YmOhiK2fYeffOEm20MQDA4dz7uXOOV7CmVSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC3jVBDaIjGPRdfDknIW0ZZiitNuIigOPU47XtCY+p1HKiSLowc1TqgT4mHEfEaw0pJrHt25AbpGDTeodM9QX8U5dc2yVbVmQMvEzkkZcjRd86s/iEka0kgRjqXs2VainAwLxQink1I/lTTBJMBD2tM0wiGVTjYLMEGnWhkgPxb6RQrN1N8bGQ6lHIeengyxGslFbyr+5/VS5V85GYuSVNGIzA/5KUc657QNNGCCEsXHmmAimP4rIiMsMFG6s5IuwV6MvEza51W7Vq3dX5TrN3kdRTiGE6iADZdQh1toQgsITOAZXuHNeDJejHfjYz5aMPKdQ/gD4/MH8sGUEQ==</latexit>

Lk : Ck(X) → Ck(X)
<latexit sha1_base64="SYmMuSHoivjgArp1Xi/Kkqob6x0="></latexit>

Lk = ωk+1 ω→
k+1 + ω→

k ωk = Lup
k + Ldown

k

<latexit sha1_base64="HIR2ZmaMwNyJaVHBz6MusrfRVVM="></latexit>

Lk = ωk+1 ω→
k+1 + ω→

k ωk = Lup
k + Ldown

kFor unweighted simplicial complexes, simply:
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Hodge Theory

Hodge Laplacian operator:

Lim, L.-H. (2020). Hodge Laplacians on Graphs. SIAM Review, 62(3), 685–715. https://doi.org/10.1137/18M1223101 

<latexit sha1_base64="SYmMuSHoivjgArp1Xi/Kkqob6x0="></latexit>

Lk = ωk+1 ω→
k+1 + ω→

k ωk = Lup
k + Ldown

k

<latexit sha1_base64="RZBhesFPXL3jRRCCP5RuYlN6hkA="></latexit>

L1 = Ldown
1 = ω→

1 ω1

<latexit sha1_base64="xYBSlVj03EWRBjq+D+WciQrCdNs="></latexit>

L0 = Lup
0 = ω1 ω→

1

Example: graph case  G = (V, E)

  inner product

Graph Laplacian

<latexit sha1_base64="I5eSEaDUPGXKidXfY8BeZOf/G64="></latexit>

0 C1(G) C0(X)
0

0

ω1

ω→
1

<latexit sha1_base64="pAJZvKKAQanIzEBtlMs3rYuCH2w=">AAACGXicbVC7SgNBFJ31GeMrainIYhBsDLspooVgwMYyAfOAJIbZ2dlkzOzOMnNXiEtKe1v1R2zTia2V36DfIM4mKUzigYHDOffOvfc4IWcKLOvTWFhcWl5ZTa2l1zc2t7YzO7tVJSJJaIUILmTdwYpyFtAKMOC0HkqKfYfTmtO7TPzaHZWKieAa+iFt+bgTMI8RDFqqNinnN/l2JmvlrBHMeWJPSPZi+PVw8Fr+LrUzP01XkMinARCOlWrYVgitGEtghNNBuhkpGmLSwx3a0DTAPlWteLTtwDzSimt6QuoXgDlS/3bE2Feq7zu60sfQVbNeIv7nNSLwzloxC8IIaEDGg7yImyDM5HTTZZIS4H1NMJFM72qSLpaYgA5oakryNwjB1dQpMbDe/QlxB2kdmD0bzzyp5nN2IVcoW9niORojhfbRITpGNjpFRXSFSqiCCLpFj+gJPRsvxtB4M97HpQvGpGcPTcH4+AU3laXq</latexit>

ω2
<latexit sha1_base64="823eSpj7xU1gWHS3MkLptM9u9Yo="></latexit>

ω1 = B1, ω→
1 = B↑

1
<latexit sha1_base64="zsNRrmU+xcyj4Mt4yEb3cpfb77A=">AAACKXicbVC7TsMwFHV4lvIKj43F4iExQJUwFBakii4MSLQSBaSmRI7rUqtOHNk3SG3Uf+kKfATfwAas/AfCaTtQ4Ei2js651/f6BLHgGhzn3Zqanpmdm88t5BeXlldW7bX1ay0TRVmNSiHVbUA0EzxiNeAg2G2sGAkDwW6CTjnzbx6Y0lxGV9CNWSMk9xFvcUrASL69eeE7+BSf+a53kN13HsjYt3ecgjME/kvcMdkp4d3LQbX8UvHtL68paRKyCKggWtddJ4ZGShRwKlg/7yWaxYR2yD2rGxqRkOlGOty+j/eM0sQtqcyJAA/Vnx0pCbXuhoGpDAm09W8vE//z6gm0Thopj+IEWERHg1qJwCBxFgVucsUoiK4hhCpudsW0TRShYAKbmJK9DVIKPfGVFHind0ib/bwJzP0dz19yfVRwi4Vi1SRXQiPk0BbaRvvIRceohM5RBdUQRT00QI/oyXq2Xq0362NUOmWNezbQBKzPbzlEqHY=</latexit>

L0 = B1 B
→
1

<latexit sha1_base64="ujoXPDVQhRJlsSlWOHsSmceIang=">AAACKXicbVDLSgMxFM34rPU1PnZugg9woWXGRXUjFLtxIdiCVaFTh0ya2tDMZEjuCO3Qf+lW/Qi/wZ269T/ETNuFVQ8EDufcV04QC67Bcd6tqemZ2bn53EJ+cWl5ZdVeW7/WMlGU1agUUt0GRDPBI1YDDoLdxoqRMBDsJuiUM//mgSnNZXQF3Zg1QnIf8RanBIzk25sXvotP8Znv3nkgY+8go7694xScIfBf4o7JTgnvXg6q5ZeKb395TUmTkEVABdG67joxNFKigFPB+nkv0SwmtEPuWd3QiIRMN9Lh9X28Z5QmbkllXgR4qP7sSEmodTcMTGVIoK1/e5n4n1dPoHXSSHkUJ8AiOlrUSgQGibMocJMrRkF0DSFUcXMrpm2iCAUT2MSWbDZIKfTEV1Lgnd4hbfbzJjD3dzx/yfVRwS0WilWTXAmNkENbaBvtIxcdoxI6RxVUQxT10AA9oifr2Xq13qyPUemUNe7ZQBOwPr8BP/Godw==</latexit>

L1 = B→
1 B1

Theorem. Hodge decomposition

The chain space has the following orthogonal decomposition
<latexit sha1_base64="B+GMJRZZ6p2PMnBW7orAkT/11r8="></latexit>

Ck(X) = im ωk+1 → kerLk → im ω→
k

Refer to the exercises

Theorem.
<latexit sha1_base64="WCTMMjEgaNr5PnLRee/1mpD4y58=">AAACK3icbZDLSsNAFIYn9VbrLerSzWARqkJJRKoboeimCxcV7AWaGibTaTtkMgkzE6GEvo8bX8WFLrzg1vdwkmah1QMDH/9/DmfO70WMSmVZ70ZhYXFpeaW4Wlpb39jcMrd32jKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLx/KvU79wTIWnIb9UkIv0AjTgdUoyUllzz0vGJgNeuDy9ghk6EhKKIacXBKJoTE//Ynt4daSvkI9hw/Ur30DXLVtXKCv4FO4cyyKvpms/OIMRxQLjCDEnZs61I9ZN0BWZkWnJiSSKEfTQiPY0cBUT2k+zWKTzQygAOQ6EfVzBTf04kKJByEni6M0BqLOe9VPzP68VqeN5PKI9iRTieLRrGDKoQpsHBARUEKzbRgLCg+q8Qj5FAWOl4SzoEe/7kv9A+qdq1au3mtFyv53EUwR7YBxVggzNQBw3QBC2AwQN4Aq/gzXg0XowP43PWWjDymV3wq4yvb1BVpeU=</latexit>

kerLk = ker ωk → ker ω→
k+1

↑= Hk(X)

The elements of          are called harmonic representatives  
<latexit sha1_base64="U0zM+28m4Qor44LSkenQmPcKcGE=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FhYRDAfkBxhbzOXLNnbO3f3hHDkT9hYKGLr37Hz37hJrtDEBwOP92aYmRckgmvjut/Oyura+sZmYau4vbO7t186OGzqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQz9VtPqDSP5YMZJ+hHdCB5yBk1Vmp3R6jIXW/UK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m907IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZPk/6XCEzYmwJZYrbWwkbUkWZsREVbQje4svLpHle8aqV6v1FuXadx1GAYziBM/DgEmpwC3VoAAMBz/AKb86j8+K8Ox/z1hUnnzmCP3A+fwCIPI+j</latexit>

kerLk

This proves that: dim ker L0 = dim H0(X ) = β0(X ) = # connected components

https://doi.org/10.1137/18M1223101
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What if we now wanted to add the pentagon as a quintic interaction, but 
without requiring all the quartic and triadic interactions as it happens in a 

simplicial complex?

Hoppe, J., Grande, V. P., & Schaub, M. T. (2026). Don’t be Afraid of Cell Complexes! An Introduction from an Applied Perspective. https://doi.org/10.48550/arXiv.2506.09726 

Def. (2-dimensional) Abstract cell complex 

An abstract regular cell complex  of dimension 2 is given by: 

• A set  of 0-cells 

• A set  of 1-cells 

• A set  of 2-cells 

• Boundary (incidence) matrices  

•  such that each column has exactly one  and one  entry 

•  such that each column forms a loop in  with the sign 
corresponding to the orientation of the 1-cell in the loop

C

C0 = {c1
0 , …cn

0}

C1 = {c1
1 , …, cm

1 }

C2 = {c1
2 , …, cl

2}

B1 ∈ {0, ± 1}n×m +1 −1

B2 ∈ {0, ± 1}m×l C1

https://doi.org/10.48550/arXiv.2506.09726


<latexit sha1_base64="HIflTK2AwEO26Ga7i3srR3vyXR4="></latexit>

B1 =





→1 →1 0 0 0 0 0 0 0 0
1 0 →1 0 0 0 0 →1 0 0
0 1 1 →1 0 0 0 0 0 0
0 0 0 1 →1 0 →1 0 0 →1
0 0 0 0 1 →1 0 0 0 0
0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 1 →1 0
0 0 0 0 0 0 0 0 1 1





Cell complexes
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Example:

Hoppe, J., Grande, V. P., & Schaub, M. T. (2026). Don’t be Afraid of Cell Complexes! An Introduction from an Applied Perspective. https://doi.org/10.48550/arXiv.2506.09726 

<latexit sha1_base64="YIEGPrPDl/SicAKkl6Lq+Fbg6iQ=">AAACEHicbVBJS8NAFJ641rpFPXoZLKKHUpIi1YtQKILHCnaBJoTJZNIOnSzOIpTQn+DFv+LFgyJePXrz3zhtI2jrg4FveY837/NTRoW0rC9jaXlldW29sFHc3Nre2TX39tsiURyTFk5Ywrs+EoTRmLQklYx0U05Q5DPS8YeNid+5J1zQJL6Vo5S4EerHNKQYSS155knDs+AlbJedO4UC2PBsza7K8IdWNXUkUp5ZsirWtOAisHNQAnk1PfPTCRKsIhJLzJAQPdtKpZshLilmZFx0lCApwkPUJz0NYxQR4WbTg8bwWCsBDBOuXyzhVP09kaFIiFHk684IyYGY9ybif15PyfDCzWicKkliPFsUKgZlAifpwIBygiUbaYAwp/qvEA8QR1jqDIs6BHv+5EXQrlbsWqV2c1aq1/M4CuAQHIFTYINzUAfXoAlaAIMH8ARewKvxaDwbb8b7rHXJyGcOwJ8yPr4BlaOZMQ==</latexit>

C0 = V, C1 = E, C2 = ω

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω

 Oriented edges!

<latexit sha1_base64="SHV+wJSCB2Kti4H31vDdpYvM2Rk=">AAACN3icbVBLS8NAEN7Ud3xFPXpZLIIXS1KkelAQvXgSBfuAJpTNdlqXbjZhdyOW0H/lxb/hTS8eFPHqP3Abo/gamOHjm/mYmS9MOFPade+t0sTk1PTM7Jw9v7C4tOysrDZUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmODge95tXIBWLxYUeJhBEpC9Yj1GiDdVxTo86VXxg+yH0mcjCiGjJrkc2drHv23nxinS/5bb3WTzbB9H9Enacsltx88B/gVeAMirirOPc+d2YphEITTlRqu25iQ4yIjWjHEa2nypICB2QPrQNFCQCFWT53yO8aZgu7sXSpNA4Z78rMhIpNYxCM2nuu1S/e2Pyv1471b29IGMiSTUI+rGol3KsYzw2EXeZBKr50ABCJTO3YnpJJKHaWG0bE7zfL/8FjWrFq1Vq5zvlw/3Cjlm0jjbQFvLQLjpEJ+gM1RFFN+gBPaFn69Z6tF6s14/RklVo1tCPsN7eAWzZpk0=</latexit>

B2 =





0
0
1
1
0
0
0
→1
→1
1





We still find 
<latexit sha1_base64="B8pJiJ1d/jP6YgNp2WWVkysm2ME=">AAACGHicbZC7TsMwFIadcivlFmBksaiQmEpSocJY0YWxSPQitVHkuE5r1bEj2wGqqI/BwquwMIAQazfeBqfNAC2/ZOnXd87R8fmDmFGlHefbKqytb2xuFbdLO7t7+wf24VFbiURi0sKCCdkNkCKMctLSVDPSjSVBUcBIJxg3snrngUhFBb/Xk5h4ERpyGlKMtEG+fdHwq7D/JOlwpJGU4jG98atT2PDdZepm1PHtslNx5oKrxs1NGeRq+vasPxA4iQjXmCGleq4Tay9FUlPMyLTUTxSJER6jIekZy1FElJfOD5vCM0MGMBTSPK7hnP6eSFGk1CQKTGeE9Egt1zL4X62X6PDaSymPE004XiwKEwa1gFlKcEAlwZpNjEFYUvNXiEdIIqxNliUTgrt88qppVyturVK7uyzX63kcRXACTsE5cMEVqINb0AQtgMEzeAXv4MN6sd6sT+tr0Vqw8plj8EfW7AdOpJ9S</latexit>

C2
B2→→↑ C1

B1→→↑ C0
<latexit sha1_base64="+kli20lXd7GcLbuI58Msz4Gq6IY=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqewWqV6EUi8eK9gP2C5LNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvCgV3IDrfjuFjc2t7Z3ibmlv/+DwqHx80jEq05S1qRJK9yJimOCStYGDYL1UM5JEgnWj8d3c7z4xbbiSjzBJWZCQoeQxpwSs5DdDDzfDGr7FbliuuFV3AbxOvJxUUI5WWP7qDxTNEiaBCmKM77kpBFOigVPBZqV+ZlhK6JgMmW+pJAkzwXRx8gxfWGWAY6VtScAL9ffElCTGTJLIdiYERmbVm4v/eX4G8U0w5TLNgEm6XBRnAoPC8//xgGtGQUwsIVRzeyumI6IJBZtSyYbgrb68Tjq1qlev1h+uKo1GHkcRnaFzdIk8dI0a6B61UBtRpNAzekVvDjgvzrvzsWwtOPnMKfoD5/MHZyKPYw==</latexit>

B1B2 = 0

https://doi.org/10.48550/arXiv.2506.09726
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Hoppe, J., Grande, V. P., & Schaub, M. T. (2026). Don’t be Afraid of Cell Complexes! An Introduction from an Applied Perspective. https://doi.org/10.48550/arXiv.2506.09726 

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω

We still find 
<latexit sha1_base64="B8pJiJ1d/jP6YgNp2WWVkysm2ME=">AAACGHicbZC7TsMwFIadcivlFmBksaiQmEpSocJY0YWxSPQitVHkuE5r1bEj2wGqqI/BwquwMIAQazfeBqfNAC2/ZOnXd87R8fmDmFGlHefbKqytb2xuFbdLO7t7+wf24VFbiURi0sKCCdkNkCKMctLSVDPSjSVBUcBIJxg3snrngUhFBb/Xk5h4ERpyGlKMtEG+fdHwq7D/JOlwpJGU4jG98atT2PDdZepm1PHtslNx5oKrxs1NGeRq+vasPxA4iQjXmCGleq4Tay9FUlPMyLTUTxSJER6jIekZy1FElJfOD5vCM0MGMBTSPK7hnP6eSFGk1CQKTGeE9Egt1zL4X62X6PDaSymPE004XiwKEwa1gFlKcEAlwZpNjEFYUvNXiEdIIqxNliUTgrt88qppVyturVK7uyzX63kcRXACTsE5cMEVqINb0AQtgMEzeAXv4MN6sd6sT+tr0Vqw8plj8EfW7AdOpJ9S</latexit>

C2
B2→→↑ C1

B1→→↑ C0
<latexit sha1_base64="+kli20lXd7GcLbuI58Msz4Gq6IY=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqewWqV6EUi8eK9gP2C5LNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvCgV3IDrfjuFjc2t7Z3ibmlv/+DwqHx80jEq05S1qRJK9yJimOCStYGDYL1UM5JEgnWj8d3c7z4xbbiSjzBJWZCQoeQxpwSs5DdDDzfDGr7FbliuuFV3AbxOvJxUUI5WWP7qDxTNEiaBCmKM77kpBFOigVPBZqV+ZlhK6JgMmW+pJAkzwXRx8gxfWGWAY6VtScAL9ffElCTGTJLIdiYERmbVm4v/eX4G8U0w5TLNgEm6XBRnAoPC8//xgGtGQUwsIVRzeyumI6IJBZtSyYbgrb68Tjq1qlev1h+uKo1GHkcRnaFzdIk8dI0a6B61UBtRpNAzekVvDjgvzrvzsWwtOPnMKfoD5/MHZyKPYw==</latexit>

B1B2 = 0

Def. Homology groups

Connected components Holes/loops

<latexit sha1_base64="DHpy2/j1t8raj4GCBrH4q98LPVw=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQxCvIRdkehBIZhLjhHMA5JlmZ3MJkNmH8zMKmHNp3jxoIhXv8Sbf+Mk2YMmFjQUVd10d3kxZ1JZ1reRW1vf2NzKbxd2dvf2D8ziYVtGiSC0RSIeia6HJeUspC3FFKfdWFAceJx2vHF95nceqJAsCu/VJKZOgIch8xnBSkuuWWy4Vrl+hm5Qf0wFunVt1yxZFWsOtErsjJQgQ9M1v/qDiCQBDRXhWMqebcXKSbFQjHA6LfQTSWNMxnhIe5qGOKDSSeenT9GpVgbIj4SuUKG5+nsixYGUk8DTnQFWI7nszcT/vF6i/CsnZWGcKBqSxSI/4UhFaJYDGjBBieITTTARTN+KyAgLTJROq6BDsJdfXiXt84pdrVTvLkq16yyOPBzDCZTBhkuoQQOa0AICj/AMr/BmPBkvxrvxsWjNGdnMEfyB8fkD4baR0g==</latexit>

H0(C) = kerB1

<latexit sha1_base64="uQVms92wbb9xuj6YSw/viSLJeEc=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLpQKHbTZQX7gCaEyXTSDp1JwsxEKCE/4cZfceNCEbeCO//GaZuFth64cDjnXu69x4sYlco0v43c2vrG5lZ+u7Czu7d/UDw86sowFph0cMhC0feQJIwGpKOoYqQfCYK4x0jPmzRnfu+BCEnD4F5NI+JwNAqoTzFSWnKLlZZrlZvn8AbaQ18gnNgTIuCta6WJzZEaC55QntoVLdVSt1gyq+YccJVYGSmBDG23+GUPQxxzEijMkJQDy4yUkyChKGYkLdixJBHCEzQiA00DxIl0kvlXKTzTyhD6odAVKDhXf08kiEs55Z7unF0ql72Z+J83iJV/5SQ0iGJFArxY5McMqhDOIoJDKghWbKoJwoLqWyEeIx2O0kEWdAjW8surpFurWvVq/e6i1LjO4siDE3AKysACl6ABWqANOgCDR/AMXsGb8WS8GO/Gx6I1Z2Qzx+APjM8fwBudWw==</latexit>

H1(C) =
kerB1

imB2

<latexit sha1_base64="VDsiMis8xWNmxeLGv+mHYwm+kqo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURqW6EQjddVrAPaEKYTCbt0JlJmJkIJRT8FTcuFHHrd7jzb5y2WWjrgQuHc+7l3nvClFGlHefbWlvf2NzaLu2Ud/f2Dw7to+OuSjKJSQcnLJH9ECnCqCAdTTUj/VQSxENGeuG4OfN7j0QqmogHPUmJz9FQ0JhipI0U2KdeSDQKKLyDXkQ5bAW02rwM7IpTc+aAq8QtSAUUaAf2lxclOONEaMyQUgPXSbWfI6kpZmRa9jJFUoTHaEgGhgrEifLz+flTeGGUCMaJNCU0nKu/J3LElZrw0HRypEdq2ZuJ/3mDTMe3fk5Fmmki8GJRnDGoEzjLAkZUEqzZxBCEJTW3QjxCEmFtEiubENzll1dJ96rm1mv1++tKo1HEUQJn4BxUgQtuQAO0QBt0AAY5eAav4M16sl6sd+tj0bpmFTMn4A+szx/T+5Qd</latexit>

ωi = dimHi(C)

https://doi.org/10.48550/arXiv.2506.09726


Hypergraphs
Lecture 2 — Geometric and Topological Data Domains 



Hypergraphs
Intuition
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What if we don’t want to impose any closure under inclusion? 

For example, if we want to model the network of papers where nodes are authors and shared papers 
are the relations, we can have groups of 3 authors that have papers together, where the pairs of 

authors have never published between them in isolation

This breaks the key defining property of simplicial and cell complexes, where we always ask for closure under inclusion



Hypergraph
Definition
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Def. Hypergraph 

A hypergdaph  is given by a set of vertices  and a set of hyperedges  
where a hyperedge is simply a subset of vertices

H = (V, E) V H

Example: 
<latexit sha1_base64="PlIjdIgMJhs28CQo49sNt1A+lC8=">AAACDnicbZC7SgNBFIbPxluMt1VLm8EQsJCwG2NiIwRsLCOYC2SXMDuZTYbMXpiZFcKSJ7DxVWwsFLG1tvNtnCRbaOKBD37+cw4z5/dizqSyrG8jt7a+sbmV3y7s7O7tH5iHR20ZJYLQFol4JLoelpSzkLYUU5x2Y0Fx4HHa8cY3s37ngQrJovBeTWLqBngYMp8RrLTVN0ttdI2c1Dp3kK2paC40Vc2lpqapO9O+WbTK1rzQqrAzUYSsmn3zyxlEJAloqAjHUvZsK1ZuioVihNNpwUkkjTEZ4yHtaRnigEo3nZ8zRSXtDJAfCU2o0Nz9vZHiQMpJ4OnJAKuRXO7NzP96vUT5V27KwjhRNCSLh/yEIxWhWTZowAQlik+0wEQw/VdERlhgonSCBR2CvXzyqmhXynatXLurFhuNLI48nMApnIENdWjALTShBQQe4Rle4c14Ml6Md+NjMZozsp1j+FPG5w+zhJbd</latexit>

V = {0, 1, 2, 3, 4, 5, 6, 7}

<latexit sha1_base64="bQM/1BCJNh/TlyoFvKr2ANxEHtY=">AAACFnicbVDLSgMxFM34rPU16tJNsAguYplpa+tGKLjpsoJ9QGcomTRtQzMPkoxQhvkKN/6KGxeKuBV3/o1pOwttPRA495x7ubnHiziTyrK+jbX1jc2t7dxOfndv/+DQPDpuyzAWhLZIyEPR9bCknAW0pZjitBsJin2P0443uZ35nQcqJAuDezWNqOvjUcCGjGClpb552YA30EmcxEI2KjkpcnSlGSqjKqpldRlV0JWTOmnfLFhFaw64SuyMFECGZt/8cgYhiX0aKMKxlD3bipSbYKEY4TTNO7GkESYTPKI9TQPsU+km87NSeK6VARyGQr9Awbn6eyLBvpRT39OdPlZjuezNxP+8XqyG127CgihWNCCLRcOYQxXCWUZwwAQlik81wUQw/VdIxlhgonSSeR2CvXzyKmmXina1WL2rFOr1LI4cOAVn4ALYoAbqoAGaoAUIeATP4BW8GU/Gi/FufCxa14xs5gT8gfH5A+Mamt0=</latexit>

H = {{0, 1, 2}, {1, 2, 3, 6, 7}, {3, 4, 5}}
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To sum up

Today we have learnt how to… 

•How to describe graphs through matrices 

•How to add higher-order interactions via simplicial complexes 

•How to measure topological features using homology  

•The definition of the Hodge Laplacian and Hodge decomposition 

•How to add higher-order interactions via cellular complexes 

•How to add higher-order interactions via hypergraphs



Thank you for your attention!


