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Session 2 — Topological data and how to analyze them

Outline

m Graphs
m Matrix representations of graphs
m Graph Laplacian
m Graph spectral theory

m Simplicial complexes

m Simplicial Homology

m Hodge Laplacian

m Discrete Hodge theory
m Cell complexes

m Hypergraphs
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Linear algebra prior

Vector space

Def. Vector space
A vector space over R is a triple (U, +, - ), where
+:UXU—- U, - RXU—->U
satisfying, for all u,v,w € U and a,b € R:
For the vector addition:

Def. Linear map
m Associativity: u+ (v+w)=w+v)+w

Mapping f: U — W between U, W vector spaces

s Commutativity: u+v=v+u such that
m Existence of the identity element: 30 € U s.t. u+0=u, Vu € U o f(u; +u,) = f(uy) + f(u,) for all u;,u, € U
m Existence of inverse elements: for all u € U there exists —u € U such that u + (—u) =0 sf(a-u)=a-f(u) forallae Randue U

For the scalar multiplication:

m Associativity: a - (b -u) = (ab) - u

m Distributivity of scalar addition: (a+b)-u=a-u+b-u

m Distributivity of vector addition: a- (u+v)=a-u+5b-v

m |dentity element for scalar multiplication: d1 €R st. 1-u=u, Vu e U




Linear algebra prior

Bases of vector spaces

Thm 4 def. Existence of bases

Any finite-dimensional vector space has a basis, i.e., there is a subset of elements {u;,...,u,} C U such that n = dim(U) and for any vector u € U,
we can uniquely write

n
u=2ai-ui, a; € R
i=1

Two vector spaces are isomorphic if they are essentially the

Def. Isomorphism of vector spaces same, there is a 1-to-1 map between their elements

A linear map f: U — W between vector spaces is an isomorphism iff: o _ _ _
The definition of basis tells us that the following map is an

iIsomorphism:
= It is a surjective map: for all w € W there exists some u € U such that u — R"
u

(a1,...,an)
In other words, an isomorphism is a bijective linear map Lcoord,-nate vector

= |t is an injective map: for all u,u, € U, f(u)) =f(uy)) = u;, =u,

In other words, you can forget about this abstraction and just think of R", because every finite-dimensional vector space is essentially like it!



Linear algebra prior

The space R”

(1)
L2
m [ he elements of the space are column vectors: X=1.1]¢€ R™
\z1/
s Matrices A € R™™ ™ can be seen as operators or linear maps: A:R"—>R", Ax=yeR™
(All Aln\ /5131\
» Square matrices A € R™™"™ can be seen as bilinear forms: A:R" xR" - R, y'Ax = (vi - Un) ; ; ;
\ A1 ... Apn) \zn)
m Kernel of a matrix: kerA={xeR": Ax =0} CR"
n /mage of a matrix: im A = {y c R™:dx e R" s.t. Ax = y} C R™
» Rank—nullity formula: n = dimker A + dimim A = dim ker A 4+ rank A
m The eigenvectors and eigenvalues of a square matrix A € R"*™ are a set of vectors {ui,...,ux} and real numbers {A1,..., g}
Au; = \u;, V1 <1<k Notice k # n in principle

m A matrix A € R"*" is diagonalizable if it has n eigenvalues. In that case, you can find a basis of orthonormal eigenvectors
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Graphs

Definition

Def. Graph

A graph is a pair G = (V, E) where V is the set of vertices and E is the set of edges

Q\ If the graph is undirected, the edges are unordered pairs of vertices {i,j} € E for some i,j €V

Example: undirected graph
V=1{0,1,2,3,4,5 6,7}

=
\e E={{0,1},{0,2},{1,2},{1,6},{2,3},{3.,4},{3,5},{3,7},{6,7}}

/ Note that we could equally write {0,1} = {1,0}




Graphs

Definition

Def. Graph

A graph is a pair G = (V, E) where V is the set of vertices and E is the set of edges

0/\ e el\ If the graph is undirected, the edges are unordered pairs of vertices {i,j} € E for some i,j €V
/ ’ \a If the graph is directed, the edges are ordered pairs of vertices (i,j) € E for some i,j € V
€7 Note that, in the second case, (i,)) # (J,1) )L
e/ \e3 Tail Head
\e \ Example: directed graph
S\a*/ ) /e\ V={0,1,23,4,5,6, 7}
\ € \e E = {(0,1), (0,2), (1,2), (1,6), (2,3), (3,4), (3.5), (3,7), (6,7)}
ey ”

In this case, if we wrote (0,1) it would mean the edge in the opposite

€5
\ / direction
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Graphs

Adjacency matrix We can encode the information about the edges present in a graph (also
called the adjacencies between vertices) in an adjacency matrix

1, if (i,j) € E

A €e Rnxn, Ai' — .
/ 0, otherwise

Note that, for an undirected graph, this matrix is symmetric since {i,j} = {j, i}

Example:
01100000
101 000T10
11010000
A_ |00 101101
000107100
00011000
0100000O0°1
00010010

V=10,1,23,456,7)
E=1{{0,1},{0,2},{1,2},{1,6},12,3},{3,4},{3,5},{3,7},16,7}}
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Graphs

Degree matrix

Ni={j eV |(ij)€E)
—{jeV|Ay;=1)

Neighbors

Degree d; = |Ni| = Z Ajj
J

Diagonal matrix D € R™" storing the
Degree matrix degrees of the vertices
\ Example:

©

S

1
OO OO O OO0
SO OO OO WO
OO OO O Lo O
OO OO B~ O OO
S OO OO OO
S Oy O OO OO
SN OO OO OO
o O© O O O O O O
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Graphs

Incidence matrix

For an undirected graph, we choose an orientation of the edges and we
can define the (signed) incidence matrix as

o [V =
G=(,E)
eo/ \ |E| =m —1 if vertex v is the tail of edge e,
J/ e B e R*™*™, Bye = ¢ 1  if vertex v is the head of edge e,
0\ \ 0  otherwise.

€7
/ Example:
©

N = "1 1.0 0 0 0 0 0 0 0
.. \ 1 0 -1 0 0 0 0 -1 0 0
N o 0o 1 1 -1 0 0 0 0 0 0
o 9 L0 0 0 1 -1 0 -1 0 0 -1

\ 6 0o 0 0 0 1 -1 0 0 0 0

.. Q o 0 0 0 0 1 1 0 0 0

\ 0o 0 0 0 0 0 0 1 -1 0

/ o 0 0 0 0 0 0 0 1 1
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Graphs

Graph Laplacian

With the incidence matrix, we define one of the most important matrices in

Example:

14

graph theory: the graph Laplacian

L=DBB'
2 -1 -1 0 0 0 O
-1 3 -1. 0 0 0 -1
-1 -1 3 -1 0 0 O
0 0 -1 4 -1 -1 0
0 0 0 -1 2 -1 0
0 0 0 -1 -1 2 0
0o -1 0 0 0 0 2
o 0 0 -1 0 0 -1




Graphs

Graph Laplacian

Lemma: the graph Laplacian has the two following (equivalent) definitions

Proof:
(BB )uv = »  BucBue
eclH

If u=v

Z B2, =d(u

eclH
If u #v ( 1 E

Buere — < (ujv) E
\O otherwise

Y BucBye=-1 < (u,v) € E
ec kb

Remark: it does not depend on the choice of orientation
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Graphs

Graph Laplacian properties

Low connectivity
A2 = 0.298

High connectivity
A2 = 4.388

s L is symmetric and positive semi-definite

Proof: L' = (BB")' = (B")'B" = BB" = L (symmetry)

x'Lx=x"'BB'x = (B'x)'B'x = ||B"x||* > 0, Vx € R" (positive semi-definiteness)

—> L is diagonalizable and all its eigenvalues are non-negative

m All rows and columns sum to O

Proof: ) L, = ) (D—A),, =du)—|Nu)| =0

uevV ueV

m 0 is always an eigenvalue:

Proof: L1 =D1—-A1=0

We will prove these in the course

s dim ker L = #{connected components G} ‘//

m Fiedler value (41,): smallest non-zero eigenvalue, tells us how “well connected” the graph is

1. Small 4, = graph almost disconnected

2. Large 1, = graph well knit together
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Graphs

Graph Laplacian for signal processing

L is usually understood as acting over signals on the graph, i.e., functions f: V- R

The space of signals forms a vector space, whose elements we can represent by
‘ coordinate vectors as:

f=(f1,...,f,) € R" fi=f(i) forieV

- 0.50

-0.26 ‘
5

The Laplacian can be seen as:

- 0.25

1. A matrix operator acting over signals:

-0.56

0.2 - —0.25

L 0.50 (Lf)@ = dz fz — E fj How much the signal differs on average with
respect to the neighbors

jri

—0.75

089
093 = L :R" — R" fcR" s Lf € R"
082
093

2. A quadratic form acting over signals:

—1.00
-0.10

fTLf — Z (fz — fj)2 How smooth the signal is

(2,9)€E Refer to the exercises
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Graphs

Graph Fourier Decomposition

In the same way that we can decompose periodic functions into their Fourier series, we can use the Laplacian to
decompose signals (functions over the vertices) using the eigenvector decomposition of the graph Laplacian

‘ Graph eigenvectors and eigenvalues:

0.75 Lu; = Nu;, u; € R"and \; e Rfor1 <7 <n

;."’6:66, |
0.96 - 0.50 O:Alg)\QSS)\n
-U. ‘
- 025 The u; can also be seen as signals, called modes of frequency 4;, and form a basis of the
‘ — space of signals. If they are orthonormal:
=

= Low frequency modes correspond to smoother signals (recall, u; = 1)

-0.56

0.25 B

- —0.50
» High frequency modes correspond to signals that fluctuate a lot

—0.75

Graph Fourier decomposition:

—1.00
-0.10

" You can low-pass filter: keep only some

t = E :aiui of the low frequency components
1=1
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Going beyond pairwise interactions

What happens if we add interactions between three or more entities at the same time, instead of only

pairwise connections as we have in graphs?

Can we add information about the presence of aromatic rings in

Xo a molecule to our data representation?

Papers, often times, have more than 2 authors.
How can we encode that?

19
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Simplicial complexes

Intuition

The next natural step is to add interactions between three entities, that is,
triangles

We can request that, whenever we have a triangle, we have all the
pairwise interactions, as if we were filling in the graph

The definition of simplicial complexes is based on this general principle

21



Simplicial complexes

Definition

Def. (Abstract) Simplicial Complex

Given a discrete set S = {s¢,...,5,}, a simplicial complex X is a set of subsets ¢ C $

closed under inclusion (if 6 € X, then for all 7 C 6 we must have 7 € X)

We can stratify a simplicial complex by dimension:

Vertices: 0-dimensional simplices
Edges: 1-dimensional simplices

Triangles: 2-dimensional simplices

22



Simplicial complexes

General definitions

In general:

o = k-dimensional simplex: 6 = {5, ,...,s; |
\‘ ® = X, set of k-dimensional simplices
o \ = X has dimension d = the dimension of its highest dimensional simplex
® = k-skeleton (X_;): all simplices with dimension <k
o/ ©
/ \ / \‘
Example: structure on the left

We have a set of vertices (X)), a set of edges (X), a set of triangles (X,) and a
set with one tetrahedron (Xj;)

Note that when a triangle in present, all the edges that define it are also present

The presence of the tetrahedron also means that all triangles and all edges in it

are also in the simplicial complex

23
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Simplicial homology

Motivation

We want to be able to say that the following figures have holes in different dimensions

25



Simplicial homology

Chain spaces and boundary operators

Choose an orientation for the simplices

For example:

= Choose an ordering of the vertices § = {1,...,n}

= Orient higher order simplices accordingly: (iy, ..., i), Ig < ... <1

Chain space: let £ > 0, the k-chain space is the vector space spanned by the

oriented simplices

Ci(X) = span{ (i, . . .,ix) 1 ig < -+ < ip} = RI**]

c = E s -0, as €R
o€ Xy

O-

Boundary operator: /inear map connecting chain spaces of consecutive

CoX.R) =R" dimension 9, : C,(X) = C,_{(X) defined on the basis elements as

C/(X,R) =R 01(0,1) = (1) - (0) i . ~

CAKR) = RS 9y (2,3,4) = (3,4) — (2,4) + (2.3) Ok (i, - -vik) = Y (=1) (0. ij,. . i)
05(3,6,7,8) = (6,7,8) — (3,7,8) + (3,6,8) — (3,6, 7) §=0

Ci(X,R) = R

Gk 8k+1 — 0 = ker 8k C 1m 8k+1

26



Mathematical interlude

Quotient vector spaces

Def. Quotient vector space _
Given two subspaces U,V C R" with U C V, the

uotient space — is defined as the vector space given
q pace — REES B v+ U

by the equivalence classes:

v4+U ={v4+u:ueU}

This is indeed a vector space as it is closed
under addition and multiplication by scalars L,

If you want to sum the elements vy + U and vo + U
you take representatives of the classes, sum them, and

see what class you end up in

(”Ul —|—U1) -+ (Uz +u2) = (Ul —I—Uz) -+ (Ul —|—u2) - (Ul —|—112) + U

27



Simplicial homology

Homology groups

Def. Homology group /_\ Greles

ker Oy

0. Ho(X) =

\ k( ) im8k+1
& o _
\_l_b \/oun aries

N,

N\
N\
N\
N

Example: What are the elements of the homology group?

\ / S First, we find a cycle:

&) c=(0,1)+ (1.2) + (2,3) — (0,3) € ker

o ;@)= -0)+2)-D+B)-2)-3)+0)=0

An element of H{(X) is given by ¢+ im0y = {c+ 0o7 : 7 € C5(X)}

For instance, an element of the class is:

If | can move through filled in triangles, | stay inside of c+b=0,1)+(12)+(2.4) - (3.4 = (0,3)
the homology class b=-0123)-G4)+24) =0,[]-2,3,4)] €mo,

28



Simplicial homology

Betti numbers

Def. Betti number

B(X) = dim H,(X)

C
Q\ “Number of k-dimensional holes in X"
/ / c+b

@ m kK = 0: number of connected components
A/e
o

m k= 1: number of loops

m kK = 2: number of cavities or bubles

Example:
Bo(X) =2 B1(X) =2
Ba(X) =1 Be(X) =0, k>3
Because the tetrahedron is filled! There are no simplices with dimension greater than 3 so

Cr(X)=0, k>3 = Hy(X)=0,k>3

29



Simplicial homology

Incidence matrices revisited

o,
C1(G) — Co(G)
C1(G) = RIFI Co(G) =RV
1 if vertex v is the tail of edge e,
B € R**™, Bye = < —1 if vertex v is the head of edge e,

0 otherwise.

-1 -1 0 O O O O 0O o0 O
1 0 -1 0 0O 0 0 -1 0 0
o 1 1 -1 0 0 0 0 0 0
o 0O O 1 -1 0 -1 0 0 -1
B=19 o o o 1 -1 0 o0 0 of=9
o O O o0 0 1 1 0 0 0
o 0O O o0 0 0 0 1 =1 0
‘0 0 0 O O 0O O 0 1 1

Boundary maps extend the incidence matrix to higher dimensions!

30
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Hodge Theory

Inner products

So far we have only used the vector space structure of the chain spaces

We can also endow these spaces with inner products (®,®)c, : Cp(X) x Cr(X) = R

(i)

Example: standard inner product (also called ¢?) (0,0) : R" x R" — R; (X,y) = x'y (331 Zlfn) - | = Zﬂfzyz
i=1

\yn/

Having and inner product allows us to have norms: |x|| = v {x,x) = vx'x
And normalize vectors: u = H—UH
U

Example: weighted simplicial complexes (X, w), with w: X — Ryg

[
- . Ci(X) = span{(io, . ... ix) s dg < - - < i} = RIXs!

)
w(o) ifo=r The k-simplices form an orthogonal basis of C,(X) with norms

0 otherwise prescribed by their weights:

lofl = v {o,0) = Vw(o)

<O,T>Ck =

\
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Hodge Theory

Combinatorial Hodge Laplacians

Having inner products allows the definition of adjoint maps

Def. Adjoint map

A map f: R" - R™ has an adjoint map f* : R™ — R” which satisfies (X, f(¥))rm» = (" (X),y)r», VX € R", y ¢ R"

Example: adjoint boundary maps O : Cr—1(X) = Cp(X) (0,0kT) 0y, = (Or0,T)c,,, Vo€ Cr_1(X), 7€ Cr(X)

For an unweighted complex (all weights equal 1) (e, ®)c, is the standard inner product and 05 = 9,

Ok 41 Ok

With these boundary maps and their adjoints, we have a sequence of connecting maps: Cri1(X) T Cr(X) —/— Cr_1(X)
k1% 0,
Def. Hodge Laplacian
A map Ly : Ci(X) = Cr(X) with matrix given by: Ly = Opy1 Ofy + O O = LI + Lown
For unweighted simplicial complexes, simply: Ly = 0raq 5’,;1 + a,;r O = LZP i L%OWH
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Hodge Theory

Hodge decomposition

Hodge Laplacian operator: Ly = Oky1 Ofyq + O0f Op = P + LG

Theorem. Hodge decomposition

The chain space has the following orthogonal decomposition

Cr(X) =1m Ox11 ® ker Ly ® im 9,

Refer to the exercises

Example: graph case G = (V, E)

0 01 L() — Lgp — 81 af
0 — _ C1(G) —= Co(X) :
01 Ll — Llown _ af 81

Lim, L.-H. (2020). Hodge Laplacians on Graphs. SIAM Review,

34

Theorem.

kerLk — ker(?k M ker@,;kﬂ = Hk(X)

The elements of ker Ly are called harmonic representatives

This proves that: dim ker L, = dim Hy(X) = f,(X) = # connected components

/% inner product 01 = Bi, 0] = BlT
> Lo = By B L, = B, B

Graph Laplacian

62(3), 685-715. https://doi.org/10.1137/18M1223101


https://doi.org/10.1137/18M1223101
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Cell complexes

Definition

What if we now wanted to add the pentagon as a quintic interaction, but
without requiring all the quartic and triadic interactions as it happens in a

simplicial complex?

Def. (2-dimensional) Abstract cell complex
An abstract regular cell complex C of dimension 2 is given by:
» Aset () = {c&, ...Co } of O-cells

» Aset C, = {cll, ...,cy'} of 1-cells

» Aset G, = {czl, ...,cé} of 2-cells
= Boundary (incidence) matrices

= B; € {0, £ 1} such that each column has exactly one +1 and one —1 entry

» B, € {0, = 1} such that each column forms a loop in C; with the sign

corresponding to the orientation of the 1-cell in the loop

Hoppe, J., Grande, V. P., & Schaub, M. T. (2026). Don't be Afraid of Cell Complexes! An Introduction from an Applied Perspective. https://doi.org/10.48550/arXiv.2506.09726

36
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Cell complexes

Example Oriented edges!

Example: Co = V, C1 = E, Co=1T
— i O )
1 -1 0 O O O O o0 0 o0 0
1 0 -1 0 0 0 0 -1 0 o0 1
o 1 1 -1 0 0 0 0 0 0 1
o 0O 0O 1 -1 0 -1 0 0 -1 0
Bi=19 0o 0o o 1 -1 0 0 0 0 Ba= 14
o O O O 0 1 1 0 0 0 0
o 0O O O O 0 0 1 =1 0 1
‘0 0 0O O O O 0 0 1 1 1
o 1 —
Bo B4
We still find Cy — C1 — C) BiB, =0

Hoppe, J., Grande, V. P., & Schaub, M. T. (2026). Don't be Afraid of Cell Complexes! An Introduction from an Applied Perspective. https://doi.org/10.48550/arXiv.2506.09726
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Cellular Homology

Definition

B B
We still find Cy — C1 — Cy BBy = 0

Def. Homology groups

kerBl
_ H,(C) =
Hy(C) = ker By 1(©) =115,
Connected components Holes/loops

Hoppe, J., Grande, V. P., & Schaub, M. T. (2026). Don't be Afraid of Cell Complexes! An Introduction from an Applied Perspective. https://doi.org/10.48550/arXiv.2506.09726

38
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Hypergraphs

Intuition

What if we don't want to impose any closure under inclusion?

= For example, if we want to model the network of papers where nodes are authors and shared papers
a r 1\/ are the relations, we can have groups of 3 authors that have papers together, where the pairs of

authors have never published between them in isolation

This breaks the key defining property of simplicial and cell complexes, where we always ask for closure under inclusion

40



Hypergraph

Definition

Def. Hypergraph

ho
G A hypergdaph H = (V, E) is given by a set of vertices V and a set of hyperedges H
a where a hyperedge is simply a subset of vertices
ho
Example: V = {Oa 1, 2, 3, 4, 5, 6, 7}

o @ H={{0,1,2}, {1,2,3,6,7}, {3,4,5}}

41



To sum up

Today we have learnt how to..

m How to describe graphs through matrices

m How to measure topological features using
m [ he definition of the Hodge Laplacian and

m How to add higher-order interactions via ce

s How to add higher-order interactions via simplicial complexes

nomology

Hodge decomposition

lular complexes

m How to add higher-order interactions via hypergraphs

42



'I'hank you for your attention!
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