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Learning on topological data:  
Graph neural networks, expressivity and higher-order message-
passing
Lecture 3 — Geometry and Topology in Machine Learning 



Lecture 3 — Learning on topological data
Outline

•Graphs are all around us… 

•Towards learning on graphs: learning on sets 

•Permutation invariance and equivariance 

•Learning on graphs: message-passing 

•Expressivity: what tasks can message-passing solve? 

•Extending message-passing to higher-order domains: topological neural networks
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Resources and acknowledgements

First part of the talk inspired by Theoretical Foundations of Graph Neural Networks, by Petar Veličković 

(https://www.youtube.com/watch?v=uF53xsT7mjc) 

Also take a look at:  

Bronstein, Michael M., Joan Bruna, Taco Cohen, and Petar Veličković. “Geometric Deep Learning: Grids, Groups, Graphs, Geodesics, and 
Gauges.” arXiv Preprint arXiv:2104.13478, 2021.  

and at the page https://geometricdeeplearning.com/ 
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Lecture 3 — Learning on topological data

https://www.youtube.com/watch?v=uF53xsT7mjc
https://geometricdeeplearning.com/


Motivation
Session 3 — Learning on Topological Data



Molecules are graphs
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Caffeine molecule (C8H10N4O2)

•Nodes given by atoms, edges by bonds 

•Features as atom type, charge, bond type

Caffeine molecule



Molecular classification tasks
An example: drug discovery
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Caffeine molecule (C8H10N4O2)

DL model

Does it inhibit E.coli?



Molecular classification tasks
An example: drug discovery
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Hallicin

DL model

Does it inhibit E.coli?

Stokes, J. M., et al. (2020). A Deep Learning Approach to Antibiotic Discovery. Cell, 180(4), 688-702.e13. https://doi.org/10.1016/j.cell.2020.01.021

https://doi.org/10.1016/j.cell.2020.01.021


Transportation networks are graphs
The motorway network in Madrid
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Learning on graphs: graph neural networks (GNNs)
Lecture 3 — Learning on Topological Data 



Revisiting CNNs
Locality
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Symmetries and invariances
Isomorphism invariance in graphs

What are similar properties in graphs? 

There is also a notion of locality: a node is connected only to 
some of the other nodes, its neighbors

There is also an operation that only changes the labelling of the 
graph, but not the underlying structure

Def. Graph Isomorphism 

Given two graphs  and , a graph 
isomorphism is a map between their vertices  

 

such that 

G1 = (V1, E1) G2 = (V2, E2)

ϕ : V1 → V2

(i, j) ∈ E1 ⟺ (ϕ(i), ϕ( j)) ∈ E2

G1 = (V1, E1) G2 = (V2, E2)

1 
2 
3 
4 
5 
6

a 
b 
c 
d 
e 
f



Learning on sets: permutation invariance
Lecture 3 — Learning on Topological Data
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Symmetries and invariances
Permutations on nodes

•Start with a set of nodes  and no edges 

•Features on the nodes:  for  

•Stack them:  

Already specifies an order in which you are visiting the nodes 

We want our architectures to not depend on this choice

V

xi ∈ ℝk i ∈ V

X = (x1, …, xn)⊤ ∈ ℝn×k

What transformations change the ordering of the nodes?

x1 =

x2 =

x3 =

x4 =

x5 =

x0 =



The permutation set
Some mathematical background

Def. Permutation 

Let  and  be two sets of  elements. A permutation is a bijective map 
between them  

We call  to the set of permutations of sets of  elements

S1 S2 n
P : S1 → S2

Sn n

Def. Bijective map 

A bijective map between sets  is a map that is both: 

• Injective:  

• Surjective: 

f : S1 → S2

f(x) ≠ f(y) ⟹ x ≠ y

∀y ∈ S2, ∃x ∈ S1 s.t. f(x) = y

Representations of permutations:
<latexit sha1_base64="UW1+Kdo07R7fzIjs2gyduKBkAuw=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT0WvHisaD+gu5Zsmm1Dk+ySZJWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfD3zO49UaRbLezNJaCDwULKIEWys9OBrNhQY+Uyiu77slytu1Z0DrRIvJxXI0eyXv/xBTFJBpSEca93z3MQEGVaGEU6nJT/VNMFkjIe0Z6nEguogm189RWdWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vl5roKsiYTFJDJVksilKOTIxmEaABU5QYPrEEE8XsrYiMsMLE2KBKNgRv+eVV0r6oerVq7fay0mjkcRThBE7hHDyoQwNuoAktIKDgGV7hzXlyXpx352PRWnDymWP4A+fzB8mwkg8=</latexit>

ω → Sn

<latexit sha1_base64="vWcmvez0fKYDbQUCg1yThiIRe4I="></latexit>

ω =

(
1 2 . . . n

ω(1) ω(2) . . . ω(n)

)
<latexit sha1_base64="UcvOE6W1XgB76NGBVZlR0d44xgU="></latexit>

(Pω)ij =

{
1 ω(i) = j

0 otherwise

Permutation matrix: applied to another matrix        permutes its 
rows according to 

<latexit sha1_base64="UJJYpwbI7X4xfLYhUMcoEt0JsGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRA8eAl48RjAPTJYwO5lNhsxjmZkVwpK/8OJBEa/+jTf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDvz209UG6bkg50kNBR4KFnMCLZOemz0e4YNBUadfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvOLp+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex8NmKbE8okjmGjmbkVkhDUm1oVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQkPMMrvHnGe/HevY9Fa8HLZ47hD7zPH/vjkHc=</latexit>

PωX
<latexit sha1_base64="kBHm2nI6/Xdc2jJwZDnQw3q4bmc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRA8eAl48RjAPSJYwO5lNxsxjmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDvz209UG6bkg50kNBR4KFnMCLZOavUMGwrcL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAjPMMrvHnKe/HevY9Fa8HLZ47hD7zPH54jjyg=</latexit>ω

Example:

σ = (1 2 3 4
3 4 2 1) ∈ S4 Pσ =

0 0 1 0
0 0 0 1
0 1 0 0
1 0 0 0

, X =

x⊤
1

x⊤
2

x⊤
3

x⊤
4

, PσX =

x⊤
3

x⊤
4

x⊤
2

x⊤
1

1 

2 

3 

4

1 

2 

3 

4
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Permutation invariance and equivariance

1Zaheer, M., Kottur, S., Ravanbakhsh, S., Poczos, B., Salakhutdinov, R. R., & Smola, A. (2017). Deep Sets. Advances in Neural Information Processing Systems, 30.  

 is permutation equivariant if for all permutation matrices  fθ PNode level tasks:
<latexit sha1_base64="VIQIuwHn9eKxs0sPOyqQaRRDZik=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiE9lISkepFKHjxGMG2gTaEzXbTLt18sDsRSunFi3/FiwdFvPofvPlv3LZBtPXBwOO9GWbmBangCizryyisrK6tbxQ3S1vbO7t75v5BSyWZpKxJE5FINyCKCR6zJnAQzE0lI1EgWDsYXk/99j2TiifxHYxS5kWkH/OQUwJa8s3j0O/CgAGpOG4VX2EH/whu1TfLVs2aAS8TOydllMPxzc9uL6FZxGKggijVsa0UvDGRwKlgk1I3UywldEj6rKNpTCKmvPHsiwk+1UoPh4nUFQOeqb8nxiRSahQFujMiMFCL3lT8z+tkEF56Yx6nGbCYzheFmcCQ4GkkuMcloyBGmhAqub4V0wGRhIIOrqRDsBdfXiats5pdr9Vvz8uNRh5HER2hE1RBNrpADXSDHNREFD2gJ/SCXo1H49l4M97nrQUjnzlEf2B8fAOxoJbJ</latexit>

fω(PX) = Pfω(X)

We want:
<latexit sha1_base64="hAcQEBvXsW7i/CUJ1E9JaluVbWY="></latexit>

fω : Rn→k → Rp, X ↑→ fω(X)

 is permutation invariant if for all permutation matrices  fθ PGraph level tasks:

<latexit sha1_base64="Q80HTFhcgMjVy/wK7p4EeYZHCSQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBah3ZREpLoRCm5cVrBtoA1hMp20QycPZm6EEgpu/BU3LhRx60+482+ctkG09cCFM+fcy9x7/ERwBZb1ZRRWVtfWN4qbpa3tnd09c/+greJUUtaisYil4xPFBI9YCzgI5iSSkdAXrOOPrqd+555JxePoDsYJc0MyiHjAKQEteeZR4PVgyIBUmk4VX+Gfp1P1zLJVs2bAy8TOSRnlaHrmZ68f0zRkEVBBlOraVgJuRiRwKtik1EsVSwgdkQHrahqRkCk3m90wwada6eMglroiwDP190RGQqXGoa87QwJDtehNxf+8bgrBpZvxKEmBRXT+UZAKDDGeBoL7XDIKYqwJoZLrXTEdEkko6NhKOgR78eRl0j6r2fVa/fa83GjkcRTRMTpBFWSjC9RAN6iJWoiiB/SEXtCr8Wg8G2/G+7y1YOQzh+gPjI9vruuWRQ==</latexit>

fω(PX) = fω(X)

<latexit sha1_base64="aQS3nQXmEamYSsnb8HkNPMtabck="></latexit>

f(X) = ω

(
∑

i→V

ε(xi)

)
Example: DeepSets1

You could change the sum to any 
permutation invariant aggregator 

(sum, avg, max)
⊕

<latexit sha1_base64="fld2nCOW1HDiU7l60GaeR1FAS9o=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclUSkirgouHFZxT6giWUynbRDZ5IwMxFK6Ae48VfcuFDErR/gzr9x0mZRWw8MHM65l7nn+DFnStv2j7W0vLK6tl7YKG5ube/slvb2mypKJKENEvFItn2sKGchbWimOW3HkmLhc9ryh9eZ33qkUrEovNejmHoC90MWMIK1kbqlshsP2CVyBdYD30/vxg9D5OpoVhBmyq7YE6BF4uSkDDnq3dK324tIImioCcdKdRw71l6KpWaE03HRTRSNMRniPu0YGmJBlZdOwozRsVF6KIikeaFGE3V2I8VCqZHwzWR2o5r3MvE/r5Po4MJLWRgnmoZk+lGQcGTSZs2gHpOUaD4yBBPJzK2IDLDERJv+iqYEZz7yImmeVpxqpXp7Vq5d5XUU4BCO4AQcOIca3EAdGkDgCV7gDd6tZ+vV+rA+p6NLVr5zAH9gff0Cc5ubQA==</latexit>

ω : Rk → Rm

<latexit sha1_base64="ujiUjDn0L4xu5czIkxpfDdr3DG4=">AAACD3icbVDLSgMxFM34rPU16tJNsCiuyoxIFXFRcOOyin1AZyyZNNOGJjMhyRTK0D9w46+4caGIW7fu/Bsz7Sxq64HA4Zx7yT0nEIwq7Tg/1tLyyuraemGjuLm1vbNr7+03VJxITOo4ZrFsBUgRRiNS11Qz0hKSIB4w0gwGN5nfHBKpaBw96JEgPke9iIYUI22kjn3iDZEUfXoFPY50PwjS+/Ejh56OZwXRsUtO2ZkALhI3JyWQo9axv71ujBNOIo0ZUqrtOkL7KZKaYkbGRS9RRCA8QD3SNjRCnCg/neQZw2OjdGEYS/MiDSfq7EaKuFIjHpjJ7EY172Xif1470eGln9JIJJpEePpRmDBo0mblwC6VBGs2MgRhSc2tEPeRRFibCoumBHc+8iJpnJXdSrlyd16qXud1FMAhOAKnwAUXoApuQQ3UAQZP4AW8gXfr2Xq1PqzP6eiSle8cgD+wvn4BDBCcrA==</latexit>

ω : Rm → Rp



Learning on graphs: message-passing
Lecture 3 — Learning on Topological Data I



Including the adjacency matrix in the model

Including edges into the model
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A ∈ ℝn×n, Aij = {1, if (i, j) ∈ E
0, otherwise

A =

0 1 1 0 0 0 0 0
1 0 1 0 0 0 1 0
1 1 0 1 0 0 0 0
0 0 1 0 1 1 0 1
0 0 0 1 0 1 0 0
0 0 0 1 1 0 0 0
0 1 0 0 0 0 0 1
0 0 0 1 0 0 1 0

Now we want to produce a function that also takes into 
account node features and edges:     

Note: we are not considering features over the edges, but this could be done

If we permute the nodes, the edges are permuted 
accordingly. This is reflected by transforming the 

adjacency matrix as A ↦ PAP⊤

<latexit sha1_base64="GS6vVL41yDTn5F9+jI78GcdSDU0=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQQcKuSPQY8eIxgnlAsoTZyWwyZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W7m19Y3Nrfx2YWd3b/+geHjU1FGiGG+wSEaq7VHNpQh5AwVK3o4Vp4Enecsb3c381pgrLaLwEScxdwM6CIUvGEUjuX6vi0OOtNy+uD3vFUt2xZ6DrBInIyXIUO8Vv7r9iCUBD5FJqnXHsWN0U6pQMMmnhW6ieUzZiA54x9CQBly76fzoKTkzSp/4kTIVIpmrvydSGmg9CTzTGVAc6mVvJv7ndRL0b9xUhHGCPGSLRX4iCUZklgDpC8UZyokhlClhbiVsSBVlaHIqmBCc5ZdXSfOy4lQr1YerUq2WxZGHEziFMjhwDTW4hzo0gMETPMMrvFlj68V6tz4WrTkrmzmGP7A+fwCRG5FS</latexit>

fω(X,A)

•Permutation invariance: 

•Permutation equivariance:

<latexit sha1_base64="ZUCLih4dLZYYTzEKM/fuOSMpTIQ=">AAACD3icbVDLSgNBEJz1GeNr1aOXwaAkEMKuSPQiJHjxuIJ5QBKX2clsMmT2wUyvEEL+wIu/4sWDIl69evNvnCSLaGJBQ1HVTXeXFwuuwLK+jKXlldW19cxGdnNre2fX3NuvqyiRlNVoJCLZ9IhigoesBhwEa8aSkcATrOENriZ+455JxaPwFoYx6wSkF3KfUwJacs0T321DnwHJO80idqrOXRuiuIAv8Y/RLFYLrpmzStYUeJHYKcmhFI5rfra7EU0CFgIVRKmWbcXQGREJnAo2zrYTxWJCB6THWpqGJGCqM5r+M8bHWuliP5K6QsBT9ffEiARKDQNPdwYE+mrem4j/ea0E/IvOiIdxAiyks0V+IjBEeBIO7nLJKIihJoRKrm/FtE8koaAjzOoQ7PmXF0n9tGSXS+Wbs1ylksaRQYfoCOWRjc5RBV0jB9UQRQ/oCb2gV+PReDbejPdZ65KRzhygPzA+vgFztZpk</latexit>

fω(PX,PAP→) = fω(X,A)

<latexit sha1_base64="Z49vBI6+JQL0QjMorB6U+nfKQgA=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBASDGFXJHoRErx4XME8IBuX2clsMmT2wUyvEEI+wou/4sWDIl49ePNvnCSLaGJBQ1HVTXeXFwuuwDS/jKXlldW19cxGdnNre2c3t7ffUFEiKavTSESy5RHFBA9ZHTgI1oolI4EnWNMbXE385j2TikfhLQxj1glIL+Q+pwS05OZOfNeBPgNSsFslbNfsOweiuIgvsY2dEv5xW6Va0c3lzbI5BV4kVkryKIXt5j6dbkSTgIVABVGqbZkxdEZEAqeCjbNOolhM6ID0WFvTkARMdUbTp8b4WCtd7EdSVwh4qv6eGJFAqWHg6c6AQF/NexPxP6+dgH/RGfEwToCFdLbITwSGCE8Swl0uGQUx1IRQyfWtmPaJJBR0jlkdgjX/8iJpnJatSrlyc5avVtM4MugQHaECstA5qqJrZKM6ougBPaEX9Go8Gs/Gm/E+a10y0pkD9AfGxzcPFpuu</latexit>

fω(PX,PAP→) = P fω(X,A)



<latexit sha1_base64="TbXgaEr5lCGZ6VfFJyaHgMD6LBE=">AAACHXicbVDLSgMxFM34dnxVXbq5WgRXZUaKiiAU3LiSCvYBzTBk0rRGM5khyYhlmB9x46+4caGICzfi35g+Fr4OBA7nnMvNPVEquDae9+lMTc/Mzs0vLLpLyyura6X1jaZOMkVZgyYiUe2IaCa4ZA3DjWDtVDESR4K1opvTod+6ZUrzRF6aQcqCmPQl73FKjJXCUtVth/l5yAuAEwAc8b7AOd7GOdyF13AM14C5BBvAhVWtrXDhhqWyV/FGgL/En5AymqAelt5xN6FZzKShgmjd8b3UBDlRhlPBChdnmqWE3pA+61gqScx0kI+uK2DXKl3oJco+aWCkfp/ISaz1II5sMibmSv/2huJ/XiczvaMg5zLNDJN0vKiXCTAJDKuCLleMGjGwhFDF7V+BXhFFqLGFDkvwf5/8lzT3K/5B5eCiWq7VJnUsoC20g/aQjw5RDZ2hOmogiu7RI3pGL86D8+S8Om/j6JQzmdlEP+B8fAELNZ90</latexit>

XNi =
{
{xj : j → Ni}

}

Neighborhood:

Multiset of features in the neighborhood:

Local function: a function on the node features depending only on the 
features of the neighbors

<latexit sha1_base64="6WHTEFr403cqfEOrJ/paJVWWxf0="></latexit>

Ni = { j → V | (i, j) → E } = { j → V | Aij = 1 }

<latexit sha1_base64="tGJQTndB1MBz8eTD7X/EA56XSF4=">AAAB+nicbVDLSsNAFL2prxpfqS7dDBahgpREpLosuHElFewD2hAm02k7dPJgZqKW2E9x40IRt36JO//GSZuFth64cDjnXu69x485k8q2v43Cyura+kZx09za3tnds0r7LRklgtAmiXgkOj6WlLOQNhVTnHZiQXHgc9r2x1eZ376nQrIovFOTmLoBHoZswAhWWvKskjmsPHrsFHW89MZj0xPTs8p21Z4BLRMnJ2XI0fCsr14/IklAQ0U4lrLr2LFyUywUI5xOzV4iaYzJGA9pV9MQB1S66ez0KTrWSh8NIqErVGim/p5IcSDlJPB1Z4DVSC56mfif103U4NJNWRgnioZkvmiQcKQilOWA+kxQovhEE0wE07ciMsICE6XTykJwFl9eJq2zqlOr1m7Py/V6HkcRDuEIKuDABdThGhrQBAIP8Ayv8GY8GS/Gu/Exby0Y+cwB/IHx+QPjWZJ7</latexit>

g(xi, XNi)
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Locality on graphs
Neighborhoods

Similar to the aggregation rule in 
a CNN from a kernel



<latexit sha1_base64="udEvo3e66m5Tj515FGt8eZMW7IY="></latexit>

f(X,A) =





g(x1, XN1)
g(x2, XN2)

...
g(xn, XNn)




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A recipe for GNNs
Putting everything together

A local function  is applied to all nodes and neighborhoodsg
 should not depend on the order of vertices in g XNi

Permutation equivariant

Permutation invariant over XNi

<latexit sha1_base64="aeKLKVBjGJMUJ6shqxbUQj7Exv4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSlJkOpGKLhxJRXsA9oQJtNJO3QyCTMTsYbir7hxoYhb/8Odf+OkzUJbD1w4nHMv997jx4xKZVnfRmFpeWV1rbhe2tjc2t4xd/daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZHV5nfvidC0ojfqXFM3BANOA0oRkpLnnkw9JzLQeXBc05hx0tvPGdyUvLMslW1poCLxM5JGeRoeOZXrx/hJCRcYYak7NpWrNwUCUUxI5NSL5EkRniEBqSrKUchkW46vX4Cj7XSh0EkdHEFp+rviRSFUo5DX3eGSA3lvJeJ/3ndRAUXbkp5nCjC8WxRkDCoIphFAftUEKzYWBOEBdW3QjxEAmGlA8tCsOdfXiQtp2rXqrXbs3K9nsdRBIfgCFSADc5BHVyDBmgCDB7BM3gFb8aT8WK8Gx+z1oKRz+yDPzA+fwCExJNX</latexit>

h2 = g(x2, XN2)

<latexit sha1_base64="FlMVyTPqPyvswPCVFKWoy2NDvFE=">AAACFnicbVDLSsNAFJ3UV62vqEs3o0VwoSWptboRCm5cSQX7gCaEyXTSDp08mJlIS8hXuPFX3LhQxK2482+ctFlo9cIcDufcy5173IhRIQ3jSyssLC4trxRXS2vrG5tb+vZOW4Qxx6SFQxbyrosEYTQgLUklI92IE+S7jHTc0VXmd+4JFzQM7uQkIraPBgH1KEZSSY5+0nWSG6eawktoJda+lYwd8xiOnWoGpxnUMjizUmWmjl42Ksa04F9i5qQM8mo6+qfVD3Hsk0BihoTomUYk7QRxSTEjacmKBYkQHqEB6SkaIJ8IO5melcJDpfShF3L1Agmn6s+JBPlCTHxXdfpIDsW8l4n/eb1Yehd2QoMoliTAs0VezKAMYZYR7FNOsGQTRRDmVP0V4iHiCEuVZEmFYM6f/Je0qxWzXqnf1sqNRh5HEeyBA3AETHAOGuAaNEELYPAAnsALeNUetWftTXuftRa0fGYX/Crt4xsiYJw9</latexit>

XN2 = {{x1, x2, x3, x4, x5}}



<latexit sha1_base64="557RkzHl/jqqDJDBj1aPZ7X4GJY=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4UCl48VrAf0C5LNs22odlkSbJCXfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1O/fYjVZpJ8WDGCfVjPBAsYgQbK/WeAoZuUFQZBuwsKJXdqjsDWiZeTsqQoxGUvnp9SdKYCkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUCx1T72ezmCTq1Sh9FUtkSBs3U3xMZjrUex6HtjLEZ6kVvKv7ndVMTXfkZE0lqqCDzRVHKkZFoGgDqM0WJ4WNLMFHM3orIECtMjI2paEPwFl9eJq3zqler1u4vyvXrPI4CHMMJVMCDS6jDHTSgCQQSeIZXeHNS58V5dz7mrStOPnMEf+B8/gBlZZCd</latexit>

zi = f(hi)
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A recipe for GNNs

GNN layer

Node classification: 

Graph classification: 

Link prediction: 

Solving different tasks

<latexit sha1_base64="54tFQ6SjT4YLZUOKrQYEBYjHVKA="></latexit>

f(X,A) =





g(x1, XN1)
g(x2, XN2)

...
g(xn, XNn)





<latexit sha1_base64="MZp13KD1rJFsoB1oKCGl/tiGhxs=">AAACE3icbVA9SwNBEN3zM8avqKXNYhCiRbgTiRYKAQstI5gPyIVjb7OXLNnbO3bnhHjkP9j4V2wsFLG1sfPfuEmu0MQHA4/3ZpiZ58eCa7Dtb2thcWl5ZTW3ll/f2NzaLuzsNnSUKMrqNBKRavlEM8ElqwMHwVqxYiT0BWv6g6ux37xnSvNI3sEwZp2Q9CQPOCVgJK9w/OBd40scuIIFUHJ93otikWgv5djlEjdGfY+7ivf6cOQVinbZngDPEycjRZSh5hW+3G5Ek5BJoIJo3XbsGDopUcCpYKO8m2gWEzogPdY2VJKQ6U46+WmED43SxUGkTEnAE/X3REpCrYehbzpDAn09643F/7x2AsF5J+UyToBJOl0UJAJDhMcB4S5XjIIYGkKo4uZWTPtEEQomxrwJwZl9eZ40TspOpVy5PS1WL7I4cmgfHaASctAZqqIbVEN1RNEjekav6M16sl6sd+tj2rpgZTN76A+szx8C7p2j</latexit>

zG = f

(
⊕

i→V

hi

)

<latexit sha1_base64="icQjMOxPuS3/+iiD4rU2gg5scsU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahQimJSHWhUHDjsoJ9QBvCZDppp51MwsxEqKEbN/6KGxeKuPUf3Pk3TtMstPXAhcM593LvPV7EqFSW9W3klpZXVtfy64WNza3tHXN3rynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Q99Vv3REga8js1jogToD6nPsVIack1Dx/chA4n8Ar6pYFLy3DgDsuQpOKJaxatipUCLhI7I0WQoe6aX91eiOOAcIUZkrJjW5FyEiQUxYxMCt1YkgjhEeqTjqYcBUQ6SfrFBB5rpQf9UOjiCqbq74kEBVKOA093BkgN5Lw3Ff/zOrHyL5yE8ihWhOPZIj9mUIVwGgnsUUGwYmNNEBZU3wrxAAmElQ6uoEOw519eJM3Til2tVG/PirXLLI48OABHoARscA5q4AbUQQNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A0lrlyg=</latexit>

zij = f(hi, hj , eij)
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Message-passing
Instantiating local functions

Convolutional

Defferrard, M., Bresson, X., and Vandergheynst, P. (2016). Convolutional Neural Networks on Graphs with Fast Localized Spectral Filtering. Advances in Neural Information Processing Systems, 29. 

Kipf, Thomas N., and Max Welling. Semi-Supervised Classification with Graph Convolutional Networks. International Conference on Learning Representations (2017). 

<latexit sha1_base64="pq4FKgPQbHpZ3wMQkvKYHtbpGwY="></latexit>

hi = ω



xi,
⊕

j→Ni

cij ε(xj)




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Message-passing
Instantiating local functions

Veličković, Petar, Guillem Cucurull, Arantxa Casanova, Adriana Romero, Pietro Liò, and Yoshua Bengio. Graph Attention Networks. International Conference on Learning Representations (2018).

Monti, Federico, Davide Boscaini, Jonathan Masci, Emanuele Rodola, Jan Svoboda, and Michael M. Bronstein. Geometric Deep Learning on Graphs and Manifolds Using Mixture Model CNNs. 
IEEE Conference on Computer Vision and Pattern Recognition (2017), 5115–24.

Convolutional Attentional
<latexit sha1_base64="pq4FKgPQbHpZ3wMQkvKYHtbpGwY="></latexit>

hi = ω



xi,
⊕

j→Ni

cij ε(xj)





<latexit sha1_base64="iNde6DNrddEfH2BnwNouJBm8yZU="></latexit>

hi = ω



xi,
⊕

j→Ni

ε(xi, xj)ϑ(xj)




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Message-passing
Instantiating local functions

Message-passing

Gilmer, Justin, Samuel S. Schoenholz, Patrick F. Riley, Oriol Vinyals, and George E. Dahl. Neural Message Passing for Quantum Chemistry. Proceedings of the 34th International 
Conference on Machine Learning, July 17, 2017, 1263–72. 

Battaglia, Peter W., Jessica B. Hamrick, Victor Bapst, et al. Relational Inductive Biases, Deep Learning, and Graph Networks. Battaglia, Peter W., Jessica B. Hamrick, Victor 
Bapst, et al. “Relational Inductive Biases, Deep Learning, and Graph Networks.” arXiv:1806.01261. Preprint, arXiv, October 17, 2018. 

Convolutional Attentional
<latexit sha1_base64="pq4FKgPQbHpZ3wMQkvKYHtbpGwY="></latexit>

hi = ω



xi,
⊕

j→Ni

cij ε(xj)





<latexit sha1_base64="iNde6DNrddEfH2BnwNouJBm8yZU="></latexit>

hi = ω



xi,
⊕

j→Ni

ε(xi, xj)ϑ(xj)





<latexit sha1_base64="wS6VbQPAqFeKjvtlg0FavOCwNLQ="></latexit>

hi = ω



xi,
⊕

j→Ni

ε(xi, xj)




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MPNNs in practice
Useful libraries to train some GNNs

PyTorch Geometric (PyG)
(pyg.org)

•Built over PyTorch 

•Largest collection of implemented GNN architectures 
(GCN, GAT, GIN, GraphSAGE, and 50+ more) 

•Includes common benchmark datasets to test your code

NetworkX
(networkx.org)

• The standard library for graph analysis and visualization 

• Integrates with PyG for graph construction

http://pyg.org
http://networkx.org


Expressivity: graph isomorphism testing
Lecture 3 — Learning on Topological Data 
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 

Initialization:  

Assign the same label (or color) to all vertices in the graph

Weisfeiler, B. & Leman, A. (1968). The reduction of a graph to canonical form and the algebra which appears therein. Nauchno-Technicheskaya Informatsia, Series 2, 9, pp. 12–16.



34

Weisfeiler—Leman test
An algorithm for testing graph isomorphism 

(0,{{0, 0}})

(0,{{0, 0}})

(0,{{0, 0}})(0,{{0, 0, 0}})(0,{{0, 0, 0}})

(0,{{0, 0, 0}})(0,{{0, 0, 0}})

Weisfeiler, B. & Leman, A. (1968). The reduction of a graph to canonical form and the algebra which appears therein. Nauchno-Technicheskaya Informatsia, Series 2, 9, pp. 12–16.

Iterative step:  

Compute a new label by applying a hash function to the current 
label and the labels of its neighbors

<latexit sha1_base64="W7UjcWGjCzQT9oIVxmjwhh6ygoc="></latexit>

c(t)i = HASH
(
c(t→1)
i , {{c(t→1)

j : j → N (i)}}
)
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 

Iterative step:  

Compute a new label by applying a hash function to the current 
label and the labels of its neighbors

(0,{{1, 1}})

(0,{{0, 1}})

(0,{{0, 1}})(1,{{0, 1, 1}})(1,{{0, 1, 1}})

(1,{{0, 1, 1}})(1,{{0, 1, 1}})

<latexit sha1_base64="W7UjcWGjCzQT9oIVxmjwhh6ygoc="></latexit>

c(t)i = HASH
(
c(t→1)
i , {{c(t→1)

j : j → N (i)}}
)

Step 1

Weisfeiler, B. & Leman, A. (1968). The reduction of a graph to canonical form and the algebra which appears therein. Nauchno-Technicheskaya Informatsia, Series 2, 9, pp. 12–16.
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 

(0,{{2, 2}})

(1,{{1, 2}})

(1,{{1, 2}})(2,{{1, 2, 2}})(2,{{0, 2, 2}})

(2,{{1, 2, 2}})(2,{{0, 2, 2}})

Step 2

Weisfeiler, B. & Leman, A. (1968). The reduction of a graph to canonical form and the algebra which appears therein. Nauchno-Technicheskaya Informatsia, Series 2, 9, pp. 12–16.

Iterative step:  

Compute a new label by applying a hash function to the current 
label and the labels of its neighbors

<latexit sha1_base64="W7UjcWGjCzQT9oIVxmjwhh6ygoc="></latexit>

c(t)i = HASH
(
c(t→1)
i , {{c(t→1)

j : j → N (i)}}
)
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 

(0,{{2, 2}})

(3,{{1, 3}})

(3,{{1, 3}})(1,{{1, 2, 3}})(2,{{0, 2, 1}})

(1,{{1, 2, 3}})(2,{{0, 2, 1}})

Step 3

Weisfeiler, B. & Leman, A. (1968). The reduction of a graph to canonical form and the algebra which appears therein. Nauchno-Technicheskaya Informatsia, Series 2, 9, pp. 12–16.

<latexit sha1_base64="W7UjcWGjCzQT9oIVxmjwhh6ygoc="></latexit>

c(t)i = HASH
(
c(t→1)
i , {{c(t→1)

j : j → N (i)}}
)

Iterative step:  

Compute a new label by applying a hash function to the current 
label and the labels of its neighbors
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 

Stopping condition:  

Stop the algorithm when we have converged to a partition of 
the nodes that does not change in an iteration

Step 4

(0,{{3, 3}})

(2,{{1, 2}})

(2,{{1, 2}})(1,{{1, 2, 3}})(3,{{0, 3, 1}})

(1,{{1, 2, 3}})(3,{{0, 3, 1}})

Weisfeiler, B. & Leman, A. (1968). The reduction of a graph to canonical form and the algebra which appears therein. Nauchno-Technicheskaya Informatsia, Series 2, 9, pp. 12–16.
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 
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Weisfeiler—Leman test
An algorithm for testing graph isomorphism 



41

Weisfeiler—Leman test
An algorithm for testing graph isomorphism 
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Expressivity of message-passing GNNs
How powerful are GNNs?

With a GNN, we want that at least is able to distinguish non-isomorphic graphs, that is: that it produces different 
embeddings  for two non-isomorphic graphs hG1 ≠ hG2, i ∈ V G1 ≇ G2

You can try to improve the expressive power of GNNs by looking at the failure modes of the WL test 

We can achieve this thanks to the natural connection of message-passing with the WL test (applying an 
untrained GNN is similar in nature to running the WL algorithm)

Over discrete features, message-passing GNNs can only be as powerful as the WL test

You can reach maximum expressivity using an injective aggregator and maps in message-passing

Xu, Keyulu, Weihua Hu, Jure Leskovec, and Stefanie Jegelka. How Powerful Are Graph Neural Networks? International Conference on Learning Representations (2018). 



Going beyond the WL test
Lecture 3 — Learning on Topological Data 
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Weisfeiler—Leman test
Recall a failure mode of WL
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2-WL test
Assigning colors to subsets of vertices

Initialize with all vertices having the same color as before

Initialization:

Color pairs of ordered nodes by looking at the possible relations 
that we find passing through a third vertex 

<latexit sha1_base64="+wXRB2vl+u9XoMKyGPuYcU5KQ/M="></latexit>

c(i, j)(t) = HASH
(
c(i, j)(t→1),

{{(
c(i, k)(t→1), c(k, j)(t→1)

)
: k → V

}})

These can be edges, non-edges or diagonal relations

Iterative step:

Example:

(0,1) in the graph above has an (edge, non-edge) and a (non-edge, non-edge) 
relation, and then and in the graph above only an (edge, edge) relation, so they 

get different colors under the HASH function 
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2-WL test
Assigning colors to subsets of vertices

First iteration
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2-WL test
Assigning colors to subsets of vertices

We can now distinguish the two graphs!Second iteration
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k-WL test
Extending the WL test

This can be generalized to ordered tuples of k elements, giving rise to the k-WL test

Thm.

(k +1)-WL is strictly more expressive than k-WL

But k-WL is also lower bounded in time and space complexity by             , so it scales polynomially on the size of 
the graph, which limits its applicability in practice 

<latexit sha1_base64="e+T4ZgOFf6Zh0xWqdIdNoT+Hd/k=">AAACAHicbZC7TsMwFIadcivlFmBgYLGokMpSJQgVxkosbBSJXqQmVI7rpFZtJ7IdpKrtwquwMIAQK4/BxtvgtBmg5ZcsffrPOTo+f5AwqrTjfFuFldW19Y3iZmlre2d3z94/aKk4lZg0ccxi2QmQIowK0tRUM9JJJEE8YKQdDK+zevuRSEVjca9HCfE5igQNKUbaWD37yLvlJEJeQCNWmbQmD8MM5VnPLjtVZya4DG4OZZCr0bO/vH6MU06Exgwp1XWdRPtjJDXFjExLXqpIgvAQRaRrUCBOlD+eHTCFp8bpwzCW5gkNZ+7viTHiSo14YDo50gO1WMvM/2rdVIdX/piKJNVE4PmiMGVQxzBLA/apJFizkQGEJTV/hXiAJMLaZFYyIbiLJy9D67zq1qq1u4tyvZ7HUQTH4ARUgAsuQR3cgAZoAgym4Bm8gjfryXqx3q2PeWvBymcOwR9Znz9XdJZB</latexit>

!
(
|V |k

)

Papp, P. A., and Wattenhofer, R. (2022). A theoretical comparison of graph neural network extensions. In International Conference on Machine Learning.

Many GNN extensions are only compared to 2-WL, since it is already highly non-trivial to come up with graphs that 
are not distinguished by 2-WL



Counting substructures
Lecture 3 — Learning on Topological Data 
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Differences in substructures
Extending message-passing

If the problem with message-passing is that it is not able to distinguish the triangles on the left from the 
squares on the right, a possible solution is simply to add this information ad hoc as a feature in our GNN

Arvind, V., Fuhlbrück, F., Köbler, J., and Verbitsky, O. (2020). On Weisfeiler—Leman invariance: Subgraph counts and related graph properties. Journal of Computer and System Sciences, 113, 42-59.

Chen, Z., Chen, L., Villar, S., and Bruna, J. (2020). Can graph neural networks count substructures?. Advances in neural information processing systems, 33, 10383-10395.

Bouritsas, G., Frasca, F., Zafeiriou, S., and Bronstein, M. M. (2022). Improving graph neural network expressivity via subgraph isomorphism counting. IEEE Transactions on Pattern Analysis 
and Machine Intelligence, 45(1), 657-668.

<latexit sha1_base64="eXZ2QUWxSK+7ow3h01rEbngG+qM="></latexit>

x̃u = (xu,# triangles with u,# squares with u, . . . )

You can do this for any kind of subgraph, giving rise to Graph Substructure Networks 



Higher-order message passing (HOMP)
Lecture 3 — Learning on Topological Data 
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Weisfeiler and Leman go topological
Including adjacencies

Face relation:  

  

 and there is no  such that 

σ ⪯ τ ⟺ σ ⊆ τ

σ ≺ τ ⟺ σ ⊂ τ δ σ ⊂ δ ⊂ τ

Adjacencies in a simplicial complex: 

•Boundaries: 

Non-zero rows of the boundary operator  

•Co-boundaries: 

Non-zero rows of  

•Lower adjacencies: 

  From the down Laplacian  

•Upper adjacencies: 

  From the up Laplacian 

Bk

B⊤
k+1

Ldown
k = B⊤

k Bk

Lup
k = Bk+1B⊤

k+1

Bodnar, Cristian, Fabrizio Frasca, Yuguang Wang, et al. Weisfeiler and Lehman Go Topological: Message Passing Simplicial Networks. Proceedings of the 38th International Conference on Machine 
Learning, July 1, 2021, 1026–37.

<latexit sha1_base64="bW6HYIn2urmkmEJ6CvfY/0KgcR0=">AAACIHicbVDLSgMxFM34rPVVdekmWIS6KTMirYhC0Y3LCvYBTSl30kwbmskMk4xQhvkUN/6KGxeK6E6/xkzbhbYeCJyc+0jOcUPBlbbtL2tpeWV1bT23kd/c2t7ZLeztN1UQR5Q1aCCCqO2CYoJL1tBcC9YOIwa+K1jLHd1k9dYDixQP5L0eh6zrw0Byj1PQRuoVqsQHPaQgkuu0RBQf+HCCrzBJiIYYEy5xG1/g6cUsptMWkvYKRbtsT4AXiTMjRTRDvVf4JP2Axj6TmgpQquPYoe4mEGlOBUvzJFYsBDqCAesYKsFnqptMDKb42Ch97AWROVLjifp7IgFfqbHvms7MjpqvZeJ/tU6svfNuwmUYaybp9CEvFlgHOEsL97nxrMXYEKARN3/FdAgRUG0yzZsQnHnLi6R5WnYq5crdWbF2OYsjhw7RESohB1VRDd2iOmogih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sD6/gEdt6JV</latexit>

B(ω) = {ε → X : ε ↑ ω}

<latexit sha1_base64="JKrXnHJinzQpKZSRGZHsv6gI2SM=">AAACIHicbVDLSgMxFM34rPVVdekmWIS6KTMirYhCoRuXFewDmqHcSdM2NJMZJhmhDPMpbvwVNy4U0Z1+jZm2C209EDicc2+Sc7xQcKVt+8taWV1b39jMbeW3d3b39gsHhy0VxBFlTRqIIOp4oJjgkjU114J1woiB7wnW9sb1zG8/sEjxQN7rSchcH4aSDzgFbaReoUp80CMKIqmnJaL40IczfINJQjTEmHCJO/gKzwxMzNU0M0jaKxTtsj0FXibOnBTRHI1e4ZP0Axr7TGoqQKmuY4faTSDSnAqW5kmsWAh0DEPWNVSCz5SbTAOm+NQofTwIInOkxlP190YCvlIT3zOTWRy16GXif1431oNLN+EyjDWTdPbQIBZYBzhrC/e5SazFxBCgETd/xXQEEVBtOs2bEpzFyMukdV52KuXK3UWxdj2vI4eO0QkqIQdVUQ3dogZqIooe0TN6RW/Wk/VivVsfs9EVa75zhP7A+v4BH5aiVg==</latexit>

C(ω) = {ε → X : ω ↑ ε}

<latexit sha1_base64="fYyev/9dIz862IiA/QrNTxdXHyE="></latexit>

N→(ω) = {ε → X : ↑ϑ → X s.t. ϑ ↓ ε and ϑ ↓ ω}

<latexit sha1_base64="Wszhw1htFhv62ToIdSu6leRS5M8="></latexit>

N→(ω) = {ε → X : ↑ϑ → X s.t. ε ↓ ϑ and ω ↓ ϑ}
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Weisfeiler and Leman go topological
Simplicial WL algorithm

Initialization

Bodnar, Cristian, Fabrizio Frasca, Yuguang Wang, et al. Weisfeiler and Lehman Go Topological: Message Passing Simplicial Networks. Proceedings of the 38th International Conference on Machine 
Learning, July 1, 2021, 1026–37.
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Weisfeiler and Leman go topological
Simplicial WL algorithm

Step 1

Bodnar, Cristian, Fabrizio Frasca, Yuguang Wang, et al. Weisfeiler and Lehman Go Topological: Message Passing Simplicial Networks. Proceedings of the 38th International Conference on Machine 
Learning, July 1, 2021, 1026–37.

In fact, it is enough to look at the 
boundary and the upper adjacencies

<latexit sha1_base64="ZJEfa6C9Y5OOr8kjoQUwyCP24Ww="></latexit>

ctB(ω) = {{ctω : ε → B(ω)}}
<latexit sha1_base64="yY6MNIviieTV2vwHD36sVDxnlV0="></latexit>

ct→(ω) = {{(ctω , ctω↑ε) : ε → N→(ω)}}
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Weisfeiler and Leman go topological
Simplicial WL algorithm

Step 2: convergence

Bodnar, Cristian, Fabrizio Frasca, Yuguang Wang, et al. Weisfeiler and Lehman Go Topological: Message Passing Simplicial Networks. Proceedings of the 38th International Conference on Machine 
Learning, July 1, 2021, 1026–37.
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Weisfeiler and Leman go topological
Expressiveness of SWL and message-passing simplicial NN

SWL is not less powerful than 3-WL, which is strictly more expressive than WL
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Message-passing Simplicial Neural Networks:

MPSNs with sufficient layers and injective neighborhood aggregators are as powerful as SWL

Bodnar, Cristian, Fabrizio Frasca, Yuguang Wang, et al. Weisfeiler and Lehman Go Topological: Message Passing Simplicial Networks. Proceedings of the 38th International Conference on Machine 
Learning, July 1, 2021, 1026–37.
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SMPNNs in practice
TopoX

https://pyt-team.github.io/index.html

Papillon, M., Sanborn, S., Hajij, M., & Miolane, N. (2023). Architectures of topological deep learning: A survey of message-passing topological neural networks. arXiv preprint arXiv:2304.10031. 

Hajij, M., Zamzmi, G., Papamarkou, T., Miolane, N., Guzmán-Sáenz, A., Ramamurthy, K. N., ... & Schaub, M. T. (2022). Topological deep learning: Going beyond graph data. arXiv preprint arXiv:2206.00606.



Thank you for your attention!

Learning on topological data I: Graph neural networks, expressivity and higher-order message-passing


