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Learning on topological data:  
over-squashing and over-smoothing
Lecture 4 — Geometry and Topology in Machine Learning 



Lecture 4 — Learning on Topological data
Outline

•Revisiting message passing: receptive fields 

•Partitioning a graph: conductances and the normalized Laplacian 

•The spectral method and Cheeger inequalities 

•Limitations to message-passing 

•Oversmoothing  

•Oversqueashing
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Message-passing revisited
Session 3 — Learning on Topological Data 



<latexit sha1_base64="fuD8MZ+qdI+VH8AnZu4gn/wr4pU="></latexit>

X =




x→
1
...

x→
n



 → Rn↑k
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Recap: message-passing
A way of instantiating local functions in GNNs

Message-passingConvolutional Attentional
<latexit sha1_base64="pq4FKgPQbHpZ3wMQkvKYHtbpGwY="></latexit>

hi = ω



xi,
⊕

j→Ni

cij ε(xj)





<latexit sha1_base64="iNde6DNrddEfH2BnwNouJBm8yZU="></latexit>

hi = ω



xi,
⊕

j→Ni

ε(xi, xj)ϑ(xj)





<latexit sha1_base64="wS6VbQPAqFeKjvtlg0FavOCwNLQ="></latexit>

hi = ω



xi,
⊕

j→Ni

ε(xi, xj)





We defined GNNs as equivariant functions             defined from local functions invariant wrt the labelling on the neighbors 
<latexit sha1_base64="khbybSd7LTb2+kejNlW1RGMPf1o=">AAAB+HicbVBNS8NAEN34WetHox69LBahgpREpHrwUPHisYL9gDaEzXbTLt1swu5EqKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrFZ2Cpu7+zulez9g5aOU0VZk8YiVp2AaCa4ZE3gIFgnUYxEgWDtYHQ79duPTGkeywcYJ8yLyEDykFMCRvLtUuj3YMiA4ErnDN+c+nbZqToz4GXi5qSMcjR8+6vXj2kaMQlUEK27rpOAlxEFnAo2KfZSzRJCR2TAuoZKEjHtZbPDJ/jEKH0cxsqUBDxTf09kJNJ6HAWmMyIw1IveVPzP66YQXnkZl0kKTNL5ojAVGGI8TQH3uWIUxNgQQhU3t2I6JIpQMFkVTQju4svLpHVedWvV2v1FuX6dx1FAR+gYVZCLLlEd3aEGaiKKUvSMXtGb9WS9WO/Wx7x1xcpnDtEfWJ8/ur+R0w==</latexit>

fω(X,A)

Initial features 

One way of achieving such invariance is via message-passing, based on aggregating the features over the neighborhoods (the message)



<latexit sha1_base64="p+QKJxB07GG0bg2FvYiGQMPpvw4="></latexit>

ht
i = ωt



ht→1
i ,

⊕

j↑Ni

ctij εt(h
t→1
j )




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Recap: message-passing
A way of instantiating local functions in GNNs

Message-passingConvolutional Attentional

At each layer, we apply this aggregation rule once, updating the features of all nodes

<latexit sha1_base64="rcWok8OG6Eb2TusT9ZD+2Zdd/90="></latexit>

ht
i = ωt



ht→1
i ,

⊕

j↑Ni

εt(h
t→1
i , ht→1

j )ϑt(h
t→1
j )





<latexit sha1_base64="jpH3oig+Gx15IgThJkM5h5cTvnw="></latexit>

ht
i = ωt



ht→1
i ,

⊕

j↑Ni

εt(h
t→1
i , ht→1

j )







<latexit sha1_base64="bIxSdLRspBWYdUcEQXeiTuEl4Bg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiUj0oFLx48FDBfkBbw2a7aZduNmF3U6ih/8SLB0W8+k+8+W/ctjlo64OBx3szzMzzY86UdpxvK7eyura+kd8sbG3v7O7Z+wcNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrDm6nfHFGpWCQe9Dim3RD3BQsYwdpInm0/eQxdo6A08Nhjejc59eyiU3ZmQMvEzUgRMtQ8+6vTi0gSUqEJx0q1XSfW3RRLzQink0InUTTGZIj7tG2owCFV3XR2+QSdGKWHgkiaEhrN1N8TKQ6VGoe+6QyxHqhFbyr+57UTHVx2UybiRFNB5ouChCMdoWkMqMckJZqPDcFEMnMrIgMsMdEmrIIJwV18eZk0zspupVy5Py9Wr7I48nAEx1ACFy6gCrdQgzoQGMEzvMKblVov1rv1MW/NWdnMIfyB9fkD/NSSmA==</latexit>

zi = f(hL
i )

Node classification: 
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A recipe for GNNs

GNN layer Graph classification: 

Link prediction: 

Solving different tasks

<latexit sha1_base64="CHbrVQx+RO25iPwqxjILanHcG8A="></latexit>

fω(X,A) =





ht
1

ht
2
...
ht
n





<latexit sha1_base64="I+taXn+Z1q9h1gGqkTTV/PJ00Jw=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiSNgViR4UAh704CGCeUA2LrOT2WTI7Owy0yvEJT/hxV/x4kERr4I3/8bJ46CJBQ1FVTfdXX4suAbb/rbm5hcWl5YzK9nVtfWNzdzWdk1HiaKsSiMRqYZPNBNcsipwEKwRK0ZCX7C637sY+vV7pjSP5C30Y9YKSUfygFMCRvJyhw/eJT7HgStYAAXX550oFon2Uo5dLnFt0PX43bWreKcLB14ubxftEfAscSYkjyaoeLkvtx3RJGQSqCBaNx07hlZKFHAq2CDrJprFhPZIhzUNlSRkupWOvhrgfaO0cRApUxLwSP09kZJQ637om86QQFdPe0PxP6+ZQHDaSrmME2CSjhcFicAQ4WFEuM0VoyD6hhCquLkV0y5RhIIJMmtCcKZfniW1o6JTKpZujvPls0kcGbSL9lABOegEldEVqqAqougRPaNX9GY9WS/Wu/Uxbp2zJjM76A+szx9trZ5h</latexit>

zG = f

(
⊕

i→V

hL
i

)

<latexit sha1_base64="djPd60/ygRVJM4S/7u6kE3SkOSs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoICURqS4UCm5cuKhgH9DGMJlOmmknD2YmQg3duvFX3LhQxK1/4M6/cZJmoa0HLvdwzr3M3ONEjAppGN9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHccJAijAWlKKhnpRJwg32Gk7YwuU799T7igYXArxxGxfDQIqEsxkkqydfhgJ3Q4gRfQrXg2vbs+gp49TBvJjENbLxtVIwOcJ2ZOyiBHw9a/ev0Qxz4JJGZIiK5pRNJKEJcUMzIp9WJBIoRHaEC6igbIJ8JKsksm8EApfeiGXFUgYab+3kiQL8TYd9Skj6QnZr1U/M/rxtI9sxIaRLEkAZ4+5MYMyhCmscA+5QRLNlYEYU7VXyH2EEdYqvBKKgRz9uR50jqumrVq7eakXD/P4yiCPbAPKsAEp6AOrkADNAEGj+AZvII37Ul70d61j+loQct3dsEfaJ8/CaSYpA==</latexit>

zij = f(hL
i , h

L
j , eij)



Receptive field in MPNNs
Session 3 — Learning on Topological Data 
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Receptive field in MPNNs
With which nodes can I communicate at each layer?

Def. Receptive field  

The receptive field of a node u is the subset of nodes from the graph that have influenced the representation of that node at some 
layer k

<latexit sha1_base64="94oPyaTnJ0qKh7bmHQps4XlXWSs="></latexit>

N k
u = N k→1

u →
{
v : (v, w) ↑ E and w ↑ N k→1

u

}<latexit sha1_base64="qbaMgAy0BN33g7Mv4m8g0KIQ4qc=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCyCq5KIVBcKBTeupIJ9QBvDZDpph04ezEyEErp046+4caGIWz/BnX/jpM3Cth64cDjnXu69x4s5k8qyfozC0vLK6lpxvbSxubW9Y+7uNWWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15nfuuRCsmi8F6NYuoEuB8ynxGstOSah90AqwHBPL0du8mDja7QjOKaZatiTYAWiZ2TMuSou+Z3txeRJKChIhxL2bGtWDkpFooRTselbiJpjMkQ92lH0xAHVDrp5JExOtZKD/mR0BUqNFH/TqQ4kHIUeLozO1LOe5n4n9dJlH/hpCyME0VDMl3kJxypCGWpoB4TlCg+0gQTwfStiAywwETp7Eo6BHv+5UXSPK3Y1Ur17qxcu8zjKMIBHMEJ2HAONbiBOjSAwBO8wBu8G8/Gq/FhfE5bC0Y+sw8zML5+AWJzmZI=</latexit>

N 1
u = Nu and

Node Layer 1 Layer 2 Layer 3
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Receptive field in MPNNs
Definition in terms of the shortest-path distance

Def. Shortest path distance 

Let  be an undirected graph, and             two vertices. A path between them is a collection of edges 

with           and          .  

The length of such a path is                .    

The shortest path distance between the vertices is defined as the minimal length among paths between them:

G = (V, E)
<latexit sha1_base64="I9U5YQ/Hmrx4t5DKnBdbpgeHWDk=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOJFpYBGwsI5gPSY6wt9lLluzuHbt7gXDkV9hYKGLrz7Hz37i5XKGJDwYe780wMy+IOdPGdb+dwtr6xuZWcbu0s7u3f1A+PGrpKFGENknEI9UJsKacSdo0zHDaiRXFIuC0HYzv5n57QpVmkXw005j6Ag8lCxnBxkpPycUE9ZhErX654lbdDGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afZwTN0ZpUBCiNlSxqUqb8nUiy0norAdgpsRnrZm4v/ed3EhDd+ymScGCrJYlGYcGQiNP8eDZiixPCpJZgoZm9FZIQVJsZmVLIheMsvr5LWZdWrVWsPV5X6bR5HEU7gFM7Bg2uowz00oAkEBDzDK7w5ynlx3p2PRWvByWeO4Q+czx/BJ4+5</latexit>

u, v → V

<latexit sha1_base64="dFZBKF4tHPkm6LRe1475E9vyzJM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EEh4MVjBPOAZAmzk9lkzOzMMg8hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOVMG9//9lZW19Y3Ngtbxe2d3b390sFhU0urCG0QyaVqR1hTzgRtGGY4baeK4iTitBWNbqd+64kqzaR4MOOUhgkeCBYzgo2TmvbG9nzUK5X9ij8DWiZBTsqQo94rfXX7ktiECkM41roT+KkJM6wMI5xOil2raYrJCA9ox1GBE6rDbHbtBJ06pY9iqVwJg2bq74kMJ1qPk8h1JtgM9aI3Ff/zOtbEV2HGRGoNFWS+KLYcGYmmr6M+U5QYPnYEE8XcrYgMscLEuICKLoRg8eVl0jyvBNVK9f6iXLvO4yjAMZzAGQRwCTW4gzo0gMAjPMMrvHnSe/HevY9564qXzxzBH3ifP7i0jpE=</latexit>u = u0
<latexit sha1_base64="88I4wIHW3O77r3SJrfGfEDt91ik=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgeFghePFawttKFstpt26WYTdieFEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx49GTiVDPeZLGMdTughkuheBMFSt5ONKdRIHkrGN3N/NaYayNi9YiThPsRHSgRCkbRSs3xbdpTvXLFrbpzkFXi5aQCORq98le3H7M04gqZpMZ0PDdBP6MaBZN8WuqmhieUjeiAdyxVNOLGz+bHTsmZVfokjLUthWSu/p7IaGTMJApsZ0RxaJa9mfif10kxvPYzoZIUuWKLRWEqCcZk9jnpC80ZyokllGlhbyVsSDVlaPMp2RC85ZdXydNF1atVaw+XlfpNHkcRTuAUzsGDK6jDPTSgCQwEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH8ESjqY=</latexit>v = un

<latexit sha1_base64="oEN+DzcMfoDQ/L3dZ2vPsyXc3C4="></latexit>

ω =
{
ei = (ui, ui+1) : 0 → i → n↑ 1

}

<latexit sha1_base64="vBbe0JZfRfJIyxU3wSFOkUbbXzo=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRKoLhYIblxXsA5pQJtNJO3RmEmYmQgl146+4caGIW//CnX/jpM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo5vMbz8QqWgk7vU4Jj5HA0FDipE2Us8+EPAaehzpoeQpI2LinVY8jZKTnl12qs4UcJG4OSmDHI2e/eX1I5xwIjRmSKmu68TaT5HUFDMyKXmJIjHCIzQgXUMF4kT56fSDCTw2Sh+GkTQlNJyqvydSxJUa88B0ZreqeS8T//O6iQ4v/ZSKONFE4NmiMGFQRzCLA/apJFizsSEIS2puhXiIJMLahFYyIbjzLy+S1lnVrVVrd+fl+lUeRxEcgiNQAS64AHVwCxqgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7A+vwBShyWJg==</latexit>

n = len (ω)

<latexit sha1_base64="ZKbjvIK0W02IHIyuIQrngw8EMkY="></latexit>

dG(u, v) = min
ω path

len (ω)<latexit sha1_base64="KvJnaQQtoKEZYEbGSg3F9KPAAlg=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRKRKuKi4EKXVewDmhAmk0k7dPJwZiKUkE9w46+4caGIW5fu/BsnaRbaeuDC4dx7ufccN2ZUSMP41ioLi0vLK9XV2tr6xuaWvr3TFVHCMengiEW87yJBGA1JR1LJSD/mBAUuIz13fJn3ew+ECxqFd3ISEztAw5D6FCOpJEc/9Jyrc9iFlqQBEQWJoBUgOXLd9DZzUmtI7qGROXrdaBgF4DwxS1IHJdqO/mV5EU4CEkrMkBAD04ilnSIuKWYkq1mJIDHCYzQkA0VDpM7baWEogwdK8aAfcVWhhIX6eyNFgRCTwFWT+atitpeL//UGifTP7JSGcSJJiKeH/IRBZTpPB3qUEyzZRBGEOVW/QjxCHGGpMqypEMxZy/Oke9wwm43mzUm9dVHGUQV7YB8cAROcgha4Bm3QARg8gmfwCt60J+1Fe9c+pqMVrdzZBX+gff4AzXKb1w==</latexit>

dG : V → V ↑ R→0

To connect         to         we need:
<latexit sha1_base64="oYz+l+0LGTnk427OnCXvSy8NVsc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgeFghePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQasPBh7vzTAzL0ikMOi6X05hZXVtfaO4Wdra3tndK+8ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H45uZ337k2ohYPeAk4X5Eh0qEglG00n167fbLFbfqzkH+Ei8nFcjR6Jc/e4OYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKTqwyIGGsbSkkc/XnREYjYyZRYDsjiiOz7M3E/7xuiuGlnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2//Je0zqperVq7O6/Ur/I4inAEx3AKHlxAHW6hAU1gMIQneIFXRzrPzpvzvmgtOPnMIfyC8/EN06WNfw==</latexit>

u = 0
<latexit sha1_base64="nKuG9PlhZAk/MugVZZMCQ5wiqSA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKJB4UAl48RjQPSJYwO5lNhszOLjO9gRDyCV48KOLVL/Lm3zhJ9qDRgoaiqpvuriCRwqDrfjm5tfWNza38dmFnd2//oHh41DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG7nfmvMtRGxesRJwv2IDpQIBaNopYfxTbVXLLlldwHyl3gZKUGGeq/42e3HLI24QiapMR3PTdCfUo2CST4rdFPDE8pGdMA7lioaceNPF6fOyJlV+iSMtS2FZKH+nJjSyJhJFNjOiOLQrHpz8T+vk2J45U+FSlLkii0XhakkGJP536QvNGcoJ5ZQpoW9lbAh1ZShTadgQ/BWX/5Lmhdlr1Ku3F+WatdZHHk4gVM4Bw+qUIM7qEMDGAzgCV7g1ZHOs/PmvC9bc042cwy/4Hx8A9/HjYc=</latexit>

v = 7
<latexit sha1_base64="lGHN18JpZeSdoA1g4G6FtrN0S4I=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpRESvWgUPCgxwr2A9pQNptNu3SzCbubQgn9G148KOLVP+PNf+O2zUFbHww83pthZp4Xc6a0bX9bubX1jc2t/HZhZ3dv/6B4eNRSUSIJbZKIR7LjYUU5E7Spmea0E0uKQ4/Ttje6m/ntMZWKReJJT2LqhnggWMAI1kbq+f37cnIxPke3qNovluyKPQdaJU5GSpCh0S9+9fyIJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+c1TdGYUHwWRNCU0mqu/J1IcKjUJPdMZYj1Uy95M/M/rJjq4dlMm4kRTQRaLgoQjHaFZAMhnkhLNJ4ZgIpm5FZEhlphoE1PBhOAsv7xKWpcVp1apPVZL9ZssjjycwCmUwYErqMMDNKAJBGJ4hld4sxLrxXq3PhatOSubOYY/sD5/AJ2lkBo=</latexit>

dG(u, v) = 4
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Receptive field in MPNNs
Definition in terms of the shortest-path distance

The receptive field of a vertex can also be expressed in terms of the shortest path distance: 
<latexit sha1_base64="6giLPouVwvfp4t7H1pKii1BsCjk="></latexit>

N k
u =

{
v → V : dG(u, v) ↑ k

}

This is also called the k-hop ball, and can also be denoted as  
<latexit sha1_base64="/dCEZNCHTRUOeYDNwxJXfmHnpic=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnIVpYBG0sI5gPSI6wt9lL1uztHrt7QjjyH2wsFLH1/9j5b9wkV2jig4HHezPMzAtizrRx3W8nt7a+sbmV3y7s7O7tHxQPj1paJorQJpFcqk6ANeVM0KZhhtNOrCiOAk7bwfh25refqNJMigcziakf4aFgISPYWKl10x+Xk/N+seRW3DnQKvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwum00Es0jTEZ4yHtWipwRLWfzq+dojOrDFAolS1h0Fz9PZHiSOtJFNjOCJuRXvZm4n9eNzHhlZ8yESeGCrJYFCYcGYlmr6MBU5QYPrEEE8XsrYiMsMLE2IAKNgRv+eVV0rqoeLVK7b5aql9nceThBE6hDB5cQh3uoAFNIPAIz/AKb450Xpx352PRmnOymWP4A+fzB7Hmjo0=</latexit>

Bk(u)

To access information from nodes at distance , we need at least  layers in our MPNNk k

Node Layer 1 Layer 2 Layer 3
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Receptive field in MPNNs
Computing its complexity

<latexit sha1_base64="rJ7J1bFt8UQM5nkEL+pJ6Qe97Us=">AAACG3icbZDLSsNAFIYnXmu9RV26GSxCuylJkepCoeDGlVawF2hqmUyn7ZDJJMxMxJL2Pdz4Km5cKOJKcOHbOGmDaOsPAz/fOYc553dDRqWyrC9jYXFpeWU1s5Zd39jc2jZ3dusyiAQmNRywQDRdJAmjnNQUVYw0Q0GQ7zLScL3zpN64I0LSgN+oYUjaPupz2qMYKY06ZslxaZ+NHB+pAUYsvhx3olsvgWIEz+APvxrnHXIf5r1CoWPmrKI1EZw3dmpyIFW1Y3443QBHPuEKMyRly7ZC1Y6RUBQzMs46kSQhwh7qk5a2HPlEtuPJbWN4qEkX9gKhH1dwQn9PxMiXcui7ujPZVc7WEvhfrRWp3kk7pjyMFOF4+lEvYlAFMAkKdqkgWLGhNggLqneFeIAEwkrHmdUh2LMnz5t6qWiXi+Xro1zlNI0jA/bBAcgDGxyDCrgAVVADGDyAJ/ACXo1H49l4M96nrQtGOrMH/sj4/AYNJ6Ff</latexit>∣∣N k
u

∣∣ = O(exp(k))The receptive field has, at worst, exponential growth:

Lemma:

Let  and          then:  

•  

•  

•  

• …  

•

Δ = max
v∈V

{deg(v)}
<latexit sha1_base64="84POydG3bK9sGee9c1+AHpYnOjI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoiUkUsFNy4rGAf0IQymUzaoZNJmJkUStqVG3/FjQtF3PoN7vwbp20WWj1w4XDOvdx7jxczKpVlfRm5peWV1bX8emFjc2t7x9zda8ooEZg0cMQi0faQJIxy0lBUMdKOBUGhx0jLG9xM/daQCEkjfq9GMXFD1OM0oBgpLXXNw7GTDh3KYfMK+qXkFA5PYBVazmQMqzbsmkWrbM0A/xI7I0WQod41Px0/wklIuMIMSdmxrVi5KRKKYkYmBSeRJEZ4gHqkoylHIZFuOntjAo+14sMgErq4gjP150SKQilHoac7Q6T6ctGbiv95nUQFl25KeZwowvF8UZAwqCI4zQT6VBCs2EgThAXVt0LcRwJhpZMr6BDsxZf/kuZZ2a6UK3fnxdp1FkceHIAjUAI2uAA1cAvqoAEweABP4AW8Go/Gs/FmvM9bc0Y2sw9+wfj4BvlTljo=</latexit>

|{v → V : d(u, v) = 0}| = 1
<latexit sha1_base64="5Jg6/eo8bXQTtW/MfbIbqL1bSgA=">AAACDnicbVDLSgNBEJyNrxhfUY9eBkMggoRdkSiiENCDxwjmAdkQZiedZMjs7DozGwibfIEXf8WLB0W8evbm3zh5HDSxoKGo6qa7yws5U9q2v63E0vLK6lpyPbWxubW9k97dq6ggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvdz32q32QigXiXg9CaPikI1ibUaKN1Exnh27cd5nAlQvcykXHuH+Er7DjjobY5fCA3RvgmjTTGTtvT4AXiTMjGTRDqZn+clsBjXwQmnKiVN2xQ92IidSMchil3EhBSGiPdKBuqCA+qEY8eWeEs0Zp4XYgTQmNJ+rviZj4Sg18z3T6RHfVvDcW//PqkW6fN2ImwkiDoNNF7YhjHeBxNrjFJFDNB4YQKpm5FdMukYRqk2DKhODMv7xIKid5p5Av3J1mipezOJLoAB2iHHLQGSqiW1RCZUTRI3pGr+jNerJerHfrY9qasGYz++gPrM8fthaaAQ==</latexit>

|{v → V : d(u, v) = 1}| ↑ !
<latexit sha1_base64="iGNUZEC0L0F/y+EsVIDzukpgQk8=">AAACGXicbVBNSwMxEM36WetX1aOXYBEqaNktUkUUCnrwWMG2QreUbDqrodnsmmQLZdu/4cW/4sWDIh715L8xbfeg1QfDPN6bIZnnRZwpbdtf1szs3PzCYmYpu7yyurae29isqzCWFGo05KG88YgCzgTUNNMcbiIJJPA4NLzu+chv9EAqFopr3Y+gFZBbwXxGiTZSO2cP3KTnMoHrJ7hTiPdxbw+f4ZI7HGCXwz12L4BrgguTfuDstXN5u2iPgf8SJyV5lKLazn24nZDGAQhNOVGq6diRbiVEakY5DLNurCAitEtuoWmoIAGoVjK+bIh3jdLBfihNCY3H6s+NhARK9QPPTAZE36lpbyT+5zVj7R+3EiaiWIOgk4f8mGMd4lFMuMMkUM37hhAqmfkrpndEEqpNmFkTgjN98l9SLxWdcrF8dZivnKZxZNA22kEF5KAjVEGXqIpqiKIH9IRe0Kv1aD1bb9b7ZHTGSne20C9Yn9+QiZ2F</latexit>

|{v → V : d(u, v) = 2}| ↑ !(!↓ 1)

<latexit sha1_base64="Dutr6tfaLTMRbC63KOvO9vA76xs=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EEguLgI1lBPMByRH2NnPJkr29Y3dPCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH800QT+iI8lDzqixUiclfS5Je1CuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCW/8jMskNSjZclGYCmJiMv+dDLlCZsTUEsoUt7cSNqaKMmMTKtkQvNWX10n7qurVqrWH60rjNo+jCGdwDpfgQR0acA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz98zI8D</latexit>

u → V

<latexit sha1_base64="WcE/CXuFvxXb+O8bDIeIYXUPneo="></latexit>

|{v → V : d(u, v) = j}| ↑ !(!↓ 1)j→1

<latexit sha1_base64="Go8QNd7AKDJVlQglHzWwysPOVsQ="></latexit>

|N k
u | =

k∑

j=0

|{v → V : d(u, v) = j}|

↑ 1 +
k∑

j=1

!(!↓ 1)j→1

↑ 1 +!
(!↓ 1)k ↓ 1

!↓ 2

↑ C(!↓ 1)k

Using  fixedΔ ≥ 2

<latexit sha1_base64="uaHS+TrQClR5FimgyilWLSAr/Zc="></latexit>

|N
k
u | = O((!→ 1)k) = O(exp(k log(!→ 1))) = O(exp(k))
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Problem radius
How many layers do I need to solve a task?

Def. Problem radius  

The range of interaction r needed to solve a given problem

Example:

•To predict the degree of a node we need r = 1  short range interaction 

•To predict the shortest path distance             we need as many layers as this distance  long range interaction

⟶

⟶
<latexit sha1_base64="OmGnX/fliVGLDbAlqX9PQWqZpT0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkSPXgoeBBjxXsB7ShbDabdulmE3c3hRL6J7x4UMSrf8eb/8Ztm4O2Phh4vDfDzDwv5kxp2/62cmvrG5tb+e3Czu7e/kHx8KilokQS2iQRj2THw4pyJmhTM81pJ5YUhx6nbW90O/PbYyoVi8SjnsTUDfFAsIARrI3U8ft35eRifN4vluyKPQdaJU5GSpCh0S9+9fyIJCEVmnCsVNexY+2mWGpGOJ0WeomiMSYjPKBdQwUOqXLT+b1TdGYUHwWRNCU0mqu/J1IcKjUJPdMZYj1Uy95M/M/rJjq4dlMm4kRTQRaLgoQjHaHZ88hnkhLNJ4ZgIpm5FZEhlphoE1HBhOAsv7xKWtWKU6vUHi5L9ZssjjycwCmUwYErqMM9NKAJBDg8wyu8WU/Wi/VufSxac1Y2cwx/YH3+APKtj0E=</latexit>

dG(u, v)

For real-world problems, the problem radius is unknown in principle 

Community detection tasks (e.g. paper classification on a collaboration network) usually have shorter range 

Other tasks such as predicting molecular properties like dipoles can depend on longer range interactions 

For a given task with radius r we need at least  layersk ≥ r

How do GNNs perform in these regimes?



Partitioning a graph
Session 3 — Learning on Topological Data 
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Isoperimetric ratio
Definition

For  a subset of vertices in a graph , to measure how well separated this subset is from 
the rest of nodes we can look at the boundary of S

S ⊆ V G = (V, E)

<latexit sha1_base64="vfl8ZZR2hQ4xwRQpFrt6TAjktMo="></latexit>

ωS =
{
(u, v) → E : u → S, v → V ⊋ S

}

Def. Isoperimetric ratio 

For  a subset of vertices in a graph , the isoperimetric ratio is the relative number 
of its boundary with respect to the size of S 

The isoperimetric ratio of the graph is the minimum over the isoperimetric ratio of sets of at 
least  vertices

S ⊆ V G = (V, E)

|V | /2

<latexit sha1_base64="P7Yn6NoZm0vWL92yCb+pI6JPHw8=">AAACDnicbVDLSgMxFM34rPU16tJNsBTqpsyIVBcKBTcuK7UP6Awlk2ba0MyD5I5Qpv0CN/6KGxeKuHXtzr8xbWehrQcSDufce5N7vFhwBZb1baysrq1vbOa28ts7u3v75sFhU0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1veDP1Ww9MKh6F9zCKmRuQfsh9TgloqWsWHRgwIKX6Kb7GTs+XhKZjJyYSOBG4Pp6kY311zYJVtmbAy8TOSAFlqHXNL6cX0SRgIVBBlOrYVgxuOh1LBZvknUSxmNAh6bOOpiEJmHLT2ToTXNRKD/uR1CcEPFN/d6QkUGoUeLoyIDBQi95U/M/rJOBfuikP4wRYSOcP+YnAEOFpNrjHJaMgRpoQKrn+K6YDoiMBnWBeh2AvrrxMmmdlu1Ku3J0XqldZHDl0jE5QCdnoAlXRLaqhBqLoET2jV/RmPBkvxrvxMS9dMbKeI/QHxucP0kScAA==</latexit>

ω(S) =
|εS|
|S|

<latexit sha1_base64="FowJMLyPx4U2+rx5KOT1t+UYzHw="></latexit>

ωG = min
|S|→|V |/2

|εS|
|S|

<latexit sha1_base64="PSNcdQmPF58clj8ICk+e+7zUa6k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rFF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZq3PdLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXankcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDsR2M4A==</latexit>

S

<latexit sha1_base64="95UxwCAoqVP2ANFZZRXLz9jGEko=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LXjxWtB/YLmU2zbah2eySZIVS+i+8eFDEq//Gm//GbLsHbX0QeLw3M5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvsn89hNTmsfywUwS5kc4lDzkFI2VHnsJKsNRkPt+ueJW3TnIKvFyUoEcjX75qzeIaRoxaahArbuemxh/ms2jgs1KvVSzBOkYh6xrqcSIaX8633hGzqwyIGGs7JOGzNXfHVOMtJ5Ega2M0Iz0speJ/3nd1ITX/pTLJDVM0sVHYSqIiUl2PhlwxagRE0uQKm53JXSECqmxIZVsCN7yyaukdVH1atXa3WWlXs/jKMIJnMI5eHAFdbiFBjSBgoRneIU3RzsvzrvzsSgtOHnPMfyB8/kDOwiQow==</latexit>

ωS

<latexit sha1_base64="S9jsS+WQaCBbEHsy9cIqcTkpVmw=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7ArEj0GvHiMaGIgCWF20psMmZldZmbFEPIrXjwo4tUf8ebfOHkcNLGgoajqprsrSgU3Ngi+vdza+sbmVn67sLO7t3/gHxYbJsk0wzpLRKKbETUouMK65VZgM9VIZSTwIRpeT/2HR9SGJ+rejlLsSNpXPOaMWid1/WKDtI2kQhi0kqvMkLuuXwrKwQxklYQLUoIFal3/q91LWCZRWSaoMa0wSG1nTLXlTOCk0M4MppQNaR9bjioq0XTGs9sn5NQpPRIn2pWyZKb+nhhTacxIRq5TUjswy95U/M9rZTa+6oy5SjOLis0XxZkgNiHTIEiPa2RWjByhTHN3K2EDqimzLq6CCyFcfnmVNM7LYaVcub0oVauLOPJwDCdwBiFcQhVuoAZ1YPAEz/AKb97Ee/HevY95a85bzBzBH3ifP7YelD4=</latexit>

V ⊋ S
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Isoperimetric ratio and Fiedler’s value
Establishing a bound

Recall: for a graph  we defined its (unnormalized) Laplacian as G = (V, E)
<latexit sha1_base64="EZw8ewDI1hqknMAOY+FrNuc3IQM=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTiTZCRAsLiwjmQ5Ij7G32kiW7e8funhCO/AobC0Vs/Tl2/hs3yRWa+GDg8d4MM/OCmDNtXPfbyS0tr6yu5dcLG5tb2zvF3b2GjhJFaJ1EPFKtAGvKmaR1wwynrVhRLAJOm8HweuI3n6jSLJIPZhRTX+C+ZCEj2Fjp8Q5doht0gq66xZJbdqdAi8TLSAky1LrFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nR48RkdW6aEwUrakQVP190SKhdYjEdhOgc1Az3sT8T+vnZjwwk+ZjBNDJZktChOOTIQm36MeU5QYPrIEE8XsrYgMsMLE2IwKNgRv/uVF0jgte5Vy5f6sVK1mceThAA7hGDw4hyrcQg3qQEDAM7zCm6OcF+fd+Zi15pxsZh/+wPn8AQGJjpg=</latexit>

L = D →A

For a connected graph,  is an eigenvector and the first non-zero eigenvector  is called Fiedler’s value λ1 = 0 λ2 ≠ 0

Linear algebra fact:
<latexit sha1_base64="VJ8zOOi8fvJCkrnV39KyE1euZUA="></latexit>

ω2 = min
x :x→1

x↑Lx

x↑x Raighley quotient

Theorem. Bound for the isoperimetric ratio 

For every ,  

where . In particular,

S ⊆ V

s = |S | / |V |

<latexit sha1_base64="pQkp1Z3GeU/wMpOmhPV4BGG5IeU=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDAYhKQy7QaKFRcDGMqJ5QDaE2clNMmT2wcxdIYRUNv6KjYUitn6DnX/j5FFo4oGBwzn3cOceP5ZCo+N8W6mV1bX1jfRmZmt7Z3fP3j+o6ShRHKo8kpFq+EyDFCFUUaCERqyABb6Euj+4nvj1B1BaROE9DmNoBawXiq7gDI3Uto897AOy3F2eej2gnjTRDmsXac490/m2nXUKzhR0mbhzkiVzVNr2l9eJeBJAiFwyrZuuE2NrxBQKLmGc8RINMeMD1oOmoSELQLdG0zPG9NQoHdqNlHkh0qn6OzFigdbDwDeTAcO+XvQm4n9eM8HuZWskwjhBCPlsUTeRFCM66YR2hAKOcmgI40qYv1LeZ4pxNM1lTAnu4snLpFYsuKVC6fY8W76a15EmR+SE5IhLLkiZ3JAKqRJOHskzeSVv1pP1Yr1bH7PRlDXPHJI/sD5/APnUluA=</latexit>

ω(S) → ε2(1↑ s)

<latexit sha1_base64="hKCdh0JP6UyOB66ADE6+ZY5PLDA=">AAACA3icbVC7SgNBFJ31GeMraqfNYBCs4m6QaGERsNAygnlAdllmJzfJkNkHM3eFsARs/BUbC0Vs/Qk7/8bJo9DEAwOHc+7hzj1BIoVG2/62lpZXVtfWcxv5za3tnd3C3n5Dx6niUOexjFUrYBqkiKCOAiW0EgUsDCQ0g8H12G8+gNIiju5xmIAXsl4kuoIzNJJfOHSxD8j8G+r2gLrSJDvML9MzWvYLRbtkT0AXiTMjRTJDzS98uZ2YpyFEyCXTuu3YCXoZUyi4hFHeTTUkjA9YD9qGRiwE7WWTG0b0xCgd2o2VeRHSifo7kbFQ62EYmMmQYV/Pe2PxP6+dYvfSy0SUpAgRny7qppJiTMeF0I5QwFEODWFcCfNXyvtMMY6mtrwpwZk/eZE0yiWnUqrcnRerV7M6cuSIHJNT4pALUiW3pEbqhJNH8kxeyZv1ZL1Y79bHdHTJmmUOyB9Ynz+FOJYj</latexit>

ωG → ε2/2
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Isoperimetric ratio and Fiedler’s value
Proving the bound

<latexit sha1_base64="TfsLI3vKLLg6m1BggRWlEI2qnhI="></latexit>

x = 1S → s1, 1S(u) =

{
1 if u ↑ S,

0 otherwise

To exploit this inequality, we need to find such a vector related to S. Try:

<latexit sha1_base64="O4DNgYUndrYMbJbcgh7uqZ2NzSs=">AAACUnicbVJNS8MwGE7n15xTqx69BIfgxdGKTA8OBl48TuY+YK0jzdItmH6QpOJo9xsF8eIP8eJBTbuKc/OFwPPxviR5EidkVEjDeNMKK6tr6xvFzdJWeXtnV9/b74gg4pi0ccAC3nOQIIz6pC2pZKQXcoI8h5Gu83Cd+t1HwgUN/Ds5CYntoZFPXYqRVNJAp5aH5Nhx46fpvSWD8IeaU1iHv2TQytw5BZ5CMUeX7DpMWknWlHQSxYyBXjGqRlZwGZg5qIC8mgP9xRoGOPKILzFDQvRNI5R2jLikmJFpyYoECRF+QCPSV9BHHhF2nEUyhcdKGUI34Gr5Embq/ESMPCEmnqM60zOLRS8V//P6kXQv7Zj6YSSJj2cbuRGDMoBpvnBIOcGSTRRAmFN1VojHiCMs1SuUVAjm4pWXQeesataqtdvzSuMqj6MIDsEROAEmuAANcAOaoA0weAbv4BN8aa/aR0H9kllrQctnDsCfKpS/AVXDszc=</latexit>

x→1 = 1→
S 1→ s1→1 = |S|→ s|V | = 0For which:

<latexit sha1_base64="rIKhVCf2brfq3dOk0zJa9G3lF9g="></latexit>

((1S(u)→ s)→ (1S(v)→ s))2 =

{
1 u ↑ S, v /↑ S or u /↑ S, v ↑ S

0 otherwise

<latexit sha1_base64="9vYvF59lGPnDCPjUfsGHDTQHtv8="></latexit>

x→Lx =
∑

(u,v)↑E

((1S(u)→ s)→ (1S(v)→ s))2 = |ωS|And: 

Since
<latexit sha1_base64="QeOItPyo3xR7LvoLDte8zhKYaYk="></latexit>

x→x = |S|→ 2s|S|+ s2|V | = |S|→ 2
|S|2

|V | +
|S|2

|V | = |S|→ |S|2

|V | = |S|(1→ s)

We arrive to
<latexit sha1_base64="r+dPJxBh1ek9skGWkt35ETQOPHI="></latexit>

|ωS|
|S| = ε(S) → ϑ2(1↑ s)

<latexit sha1_base64="/SNhf6S1YDh4vKOrQb3qKDM0uho=">AAACJnicbZDLSsNAFIYn9VbrLerSzWAR3FiSItWFQsGNy4r2Ak0ok+mkHTqZxJmJUNI8jRtfxY2Liog7H8VpG6i2/jDw851zOHN+L2JUKsv6MnIrq2vrG/nNwtb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3uJnUm09ESBryBzWMiBugHqc+xUhp1DGvR/cjh5FH6PgC4YSnSTmFDvV9KOGc2+UZs8807c1pxyxaJWsquGzszBRBplrHHDvdEMcB4QozJGXbtiLlJkgoihlJC04sSYTwAPVIW1uOAiLdZHpmCk806UI/FPpxBaf090SCAimHgac7A6T6crE2gf/V2rHyL92E8ihWhOPZIj9mUIVwkhnsUkGwYkNtEBZU/xXiPtIJKJ1sQYdgL568bBrlkl0pVe7Oi9WrLI48OALH4BTY4AJUwS2ogTrA4Bm8gjF4N16MN+PD+Jy15oxs5hD8kfH9A6Jpo/Y=</latexit>

|S| → n

2
↑↓ s → 1

2
↑↓ 1↔ s ↗ 1

2

<latexit sha1_base64="qvG1arnhwht9yi5feWzzijFh61g=">AAACCnicbVC7SgNBFJ31GeMramkzGgSrsBskWlgELLSMYB6QDcvs5G4yZPbhzF0hLKlt/BUbC0Vs/QI7/8bJo9DEAxcO59w7c+/xEyk02va3tbS8srq2ntvIb25t7+wW9vYbOk4VhzqPZaxaPtMgRQR1FCihlShgoS+h6Q+uxn7zAZQWcXSHwwQ6IetFIhCcoZG8wpGLfUDmXVO3B/fUDRTjmSvNA13mlUdZeeQVinbJnoAuEmdGimSGmlf4crsxT0OIkEumdduxE+xkTKHgEkZ5N9WQMD5gPWgbGrEQdCebnDKiJ0bp0iBWpiKkE/X3RMZCrYehbzpDhn09743F/7x2isFFJxNRkiJEfPpRkEqKMR3nQrtCAUc5NIRxJcyulPeZSQNNenkTgjN/8iJplEtOpVS5PStWL2dx5MghOSanxCHnpEpuSI3UCSeP5Jm8kjfryXqx3q2PaeuSNZs5IH9gff4AyJGaUw==</latexit>

ωG → ε2

2
And since we conclude

For  we have:x ≠ 0, x ⊥ 1
<latexit sha1_base64="VxSmm/dHdjK6pid+sZE2MlYHYUg=">AAACLnicbVBNS8MwGE7n15xfVY9egkPwNNoh04OHgQgePExwH7DWkmbpFpamJUnFUfaLvPhX9CCoiFd/hulWmG4+EHjyPO+bvO/jx4xKZVlvRmFpeWV1rbhe2tjc2t4xd/daMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vaHF5nfvidC0ojfqlFM3BD1OQ0oRkpLnnnphEgN/CB9GN85KorhNZwp0OkT6DD9Wg95VThfOrt7ZtmqWBPARWLnpAxyNDzzxelFOAkJV5ghKbu2FSs3RUJRzMi45CSSxAgPUZ90NeUoJNJNJ+uO4ZFWejCIhD5cwYn6uyNFoZSj0NeV2YRy3svE/7xuooIzN6U8ThThePpRkDCoIphlB3tUEKzYSBOEBdWzQjxAAmGlEy7pEOz5lRdJq1qxa5XazUm5fp7HUQQH4BAcAxucgjq4Ag3QBBg8gmfwDj6MJ+PV+DS+pqUFI+/ZB39gfP8AWcqp9g==</latexit>

x→Lx → ω2x
→x
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Conductance
Definition

Def. Conductance 

For  a subset of vertices in a graph , the conductance of S is 

The conductance of the graph is

S ⊆ V G = (V, E)

<latexit sha1_base64="o0M3+QFZC/oCVEySDPhk+O65UuU=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTMi1YVCwYUuK7UP6AxDJs20oUlmSDJCGfoBbvwVNy4UcesHuPNvzLSz0NYDgcM553JzTxAzqrRtf1tLyyura+uFjeLm1vbObmlvv62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOMLrO/M4DkYpG4l6PY+JxNBA0pBhpI/mlshsPqX8Dr6DLqfDTJnRVEiiiYXsCM6/SPDEpu2pPAReJk5MyyNHwS19uP8IJJ0JjhpTqOXasvRRJTTEjk6KbKBIjPEID0jNUIE6Ul06PmcBjo/RhGEnzhIZT9fdEirhSYx6YJEd6qOa9TPzP6yU6vPBSKuJEE4Fni8KEQR3BrBnYp5JgzcaGICyp+SvEQyQR1qa/oinBmT95kbRPq06tWrs7K9cv8zoK4BAcgQpwwDmog1vQAC2AwSN4Bq/gzXqyXqx362MWXbLymQPwB9bnD4M0mgE=</latexit>

ωG = min
S→V

ω(S)

<latexit sha1_base64="wlB262rsq0Vh2XtAfS1KsTX0Ams="></latexit>

ω(S) =
|εS|

min{d(S), d(V ⊋ S)} , where d(S) =
∑

u→S

du



18

Normalized Laplacian
Motivation and definition

Def. Conductance
<latexit sha1_base64="wlB262rsq0Vh2XtAfS1KsTX0Ams="></latexit>

ω(S) =
|εS|

min{d(S), d(V ⊋ S)} , where d(S) =
∑

u→S

du

For the isoperimetric ratio bound, we found the Rayleigh quotient very useful. In this case, we observe:
<latexit sha1_base64="g20yhmffwgshAl2j62SqXpmMKuk="></latexit>

1→
SL1S

1→
SD1S

=

∑
(u,v)↑E(1S(u)→ 1S(v))2∑

u↑S du
=

|ωS|
d(S)

<latexit sha1_base64="FlaiM6468UAqAfarCeI/Vc7q/B8=">AAACK3icbVDLSsNAFJ34rPUVdelmsAiuSiJSXbgo6sKFiwr2AU0sk8mkHTqZhJmJEEL/x42/4kIXPnDrfzhpA9bWAxcO59zLvfd4MaNSWdaHsbC4tLyyWlorr29sbm2bO7stGSUCkyaOWCQ6HpKEUU6aiipGOrEgKPQYaXvDy9xvPxAhacTvVBoTN0R9TgOKkdJSz7xw/EAgnDkhUgMvyNLRvaOiGN7AX2U0515Nuz2zYlWtMeA8sQtSAQUaPfPF8SOchIQrzJCUXduKlZshoShmZFR2EklihIeoT7qachQS6WbjX0fwUCs+DCKhiys4VqcnMhRKmYae7sxPlLNeLv7ndRMVnLkZ5XGiCMeTRUHCoIpgHhz0qSBYsVQThAXVt0I8QDo7peMt6xDs2ZfnSeu4ateqtduTSv28iKME9sEBOAI2OAV1cA0aoAkweATP4A28G0/Gq/FpfE1aF4xiZg/8gfH9A4+jqbY=</latexit>

y→Ly

y→Dy

<latexit sha1_base64="pnBYMKTHaeyL+Q9MAR1mWlV7GfQ="></latexit>

y=D→1/2x
=======→

<latexit sha1_base64="9uHZnj9+pTTLQPDVBdam01P/Z9I="></latexit>

x→D↑1/2LD↑1/2x

x→x

So we might be interested in the following generalized Rayleigh quotient:

Def. Normalized Laplacian 
<latexit sha1_base64="Rafvf2VV7IK+cz3wWmPV0rtjwmc=">AAACFnicbZDLSsNAFIYn9VbrLSq4cTNYBDfWpEh1IxR04UKkgr1AG8tkOmmHTjJhZiKUmPdw7VafwZ24desj+BZO2iC2+sPAx3/OmXP43ZBRqSzr08jNzS8sLuWXCyura+sb5uZWQ/JIYFLHnHHRcpEkjAakrqhipBUKgnyXkaY7PE/rzXsiJOXBrRqFxPFRP6AexUhpq2vuXMMzeHEXH9pH5eTqh7pm0SpZY8G/YGdQBJlqXfOr0+M48kmgMENStm0rVE6MhKKYkaTQiSQJER6iPmlrDJBPpBOP70/gvnZ60ONCv0DBsft7Ika+lCPf1Z0+UgM5W0vN/2rtSHmnTkyDMFIkwJNFXsSg4jANA/aoIFixkQaEBdW3QjxAAmGlI5vakv6tOGcyKehs7Nkk/kKjXLIrpcrNcbFazVLKg12wBw6ADU5AFVyCGqgDDB7AE3gGL8aj8Wq8Ge+T1pyRzWyDKRkf38LlnVU=</latexit>

N = D→1/2LD→1/2



0 is an eigenvalue with eigenvector                               since                  so    
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Normalized Laplacian
Eigenvectors and conductance

Def. Normalized Laplacian 
<latexit sha1_base64="Rafvf2VV7IK+cz3wWmPV0rtjwmc=">AAACFnicbZDLSsNAFIYn9VbrLSq4cTNYBDfWpEh1IxR04UKkgr1AG8tkOmmHTjJhZiKUmPdw7VafwZ24desj+BZO2iC2+sPAx3/OmXP43ZBRqSzr08jNzS8sLuWXCyura+sb5uZWQ/JIYFLHnHHRcpEkjAakrqhipBUKgnyXkaY7PE/rzXsiJOXBrRqFxPFRP6AexUhpq2vuXMMzeHEXH9pH5eTqh7pm0SpZY8G/YGdQBJlqXfOr0+M48kmgMENStm0rVE6MhKKYkaTQiSQJER6iPmlrDJBPpBOP70/gvnZ60ONCv0DBsft7Ika+lCPf1Z0+UgM5W0vN/2rtSHmnTkyDMFIkwJNFXsSg4jANA/aoIFixkQaEBdW3QjxAAmGlI5vakv6tOGcyKehs7Nkk/kKjXLIrpcrNcbFazVLKg12wBw6ADU5AFVyCGqgDDB7AE3gGL8aj8Wq8Ge+T1pyRzWyDKRkf38LlnVU=</latexit>

N = D→1/2LD→1/2

It is also symmetric and positive semidefinite, so it has            positive eigenvalues:
<latexit sha1_base64="Pc1e29MBEdFaKIC74H+owFRe7WI=">AAACA3icbVDLSsNAFL2pr1pfVZdugkVwVRKR6kKh4MZlBdMW2lAm00k7dDITZiZCSbt07Va/wZ249UP8BP/CSZuFbT0wcDjnvuYEMaNKO863VVhb39jcKm6Xdnb39g/Kh0dNJRKJiYcFE7IdIEUY5cTTVDPSjiVBUcBIKxjdZX7riUhFBX/U45j4ERpwGlKMtJE8fjtpTnrlilN1ZrBXiZuTCuRo9Mo/3b7ASUS4xgwp1XGdWPspkppiRqalbqJIjPAIDUjHUI4iovx0duzUPjNK3w6FNI9re6b+7UhRpNQ4CkxlhPRQLXuZ+J/XSXR47aeUx4kmHM8XhQmztbCzn9t9KgnWbGwIwpKaW208RBJhbfJZ2JLN1kIwNS2ZbNzlJFZJ86Lq1qq1h8tK/SZPqQgncArn4MIV1OEeGuABBgov8Apv1rP1bn1Yn/PSgpX3HMMCrK9fRY6Yhg==</latexit>

n = |V |

<latexit sha1_base64="KFVDAbiXJPUQirJ/QE/nEENBH/s="></latexit>

d =
(√

d1, . . . ,
√
dn

)
<latexit sha1_base64="4aCzAEZQHwj+rrt69qr1mSX+Agg=">AAACH3icbVDLSgMxFM3UV62vUZcuDBbBjXWmSHWhUNCFywr2Ae1YMplMG5qZDElGKMMs/RDXbvUb3InbfoJ/YaatYFsPBE7OuTf35rgRo1JZ1sjILS2vrK7l1wsbm1vbO+buXkPyWGBSx5xx0XKRJIyGpK6oYqQVCYICl5GmO7jJ/OYTEZLy8EENI+IEqBdSn2KktNQ1D28fk1P7rJx2AqT6rp94KbyGvxc77ZpFq2SNAReJPSVFMEWta353PI7jgIQKMyRl27Yi5SRIKIoZSQudWJII4QHqkbamIQqIdJLxR1J4rBUP+lzoEyo4Vv92JCiQchi4ujLbUM57mfif146Vf+kkNIxiRUI8GeTHDCoOs1SgRwXBig01QVhQvSvEfSQQVjq7mSnZ24pzJtOCzsaeT2KRNMolu1Kq3J8Xq1fTlPLgAByBE2CDC1AFd6AG6gCDZ/AK3sC78WJ8GJ/G16Q0Z0x79sEMjNEPkdeiuQ==</latexit>

D→1/2d = 1
<latexit sha1_base64="59dUxbPSXC6UtaudKAOZduqVtIA=">AAACD3icbVDLSgMxFM3UV62Pjrp0EyyCqzIjUl0oFNy4kgr2Ae1QMplMG5pJhiQjlGE+wrVb/QZ34tZP8BP8CzPtLGzrgcDhnHtzD8ePGVXacb6t0tr6xuZWebuys7u3X7UPDjtKJBKTNhZMyJ6PFGGUk7ammpFeLAmKfEa6/uQ297tPRCoq+KOexsSL0IjTkGKkjTS0q/eDCOmxH6ZBBm+gM7RrTt2ZAa4StyA1UKA1tH8GgcBJRLjGDCnVd51YeymSmmJGssogUSRGeIJGpG8oRxFRXjoLnsFTowQwFNI8ruFM/buRokipaeSbyTylWvZy8T+vn+jwykspjxNNOJ4fChMGtYB5CzCgkmDNpoYgLKnJCvEYSYS16WrhSv63FoKprGK6cZebWCWd87rbqDceLmrN66KlMjgGJ+AMuOASNMEdaIE2wCABL+AVvFnP1rv1YX3OR0tWsXMEFmB9/QJu2ZxH</latexit>

Nd = 0

Linear algebra fact:<latexit sha1_base64="yEHkAjchM9iWgE7lEgUBeaj/Sq0="></latexit>

ω2 = min
y :y→d

y↑Ly

y↑Dy

Theorem. Bound for the conductance 

For every ,  

So 

S ⊆ V
<latexit sha1_base64="NHHs7Kh5/Exc6VJnZcjGTSoyivw="></latexit>

ω2 → d(V )
|εS|

d(S)d(V ⊋ S)

<latexit sha1_base64="0dkaKjw7DUolgES1rX2Z3L9YmYI=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GITdgNEi0sAjaWEc0DsssyO7mbDJmdXWZmhbCksPFXbCwUsfUj7PwbJ49CEw9cOJxzL/feEyScKW3b31ZubX1jcyu/XdjZ3ds/KB4etVWcSgotGvNYdgOigDMBLc00h24igUQBh04wup76nQeQisXiXo8T8CIyECxklGgj+cWSmwxZ5e4MuwPAbigJzVyR+rVJVpv4xbJdtWfAq8RZkDJaoOkXv9x+TNMIhKacKNVz7ER7GZGaUQ6TgpsqSAgdkQH0DBUkAuVlsycm+NQofRzG0pTQeKb+nshIpNQ4CkxnRPRQLXtT8T+vl+rw0suYSFINgs4XhSnHOsbTRHCfSaCajw0hVDJzK6ZDYpLQJreCCcFZfnmVtGtVp16t356XG1eLOPKohE5QBTnoAjXQDWqiFqLoET2jV/RmPVkv1rv1MW/NWYuZY/QH1ucPZ3aXUQ==</latexit>

ω(S) → ε2
2

<latexit sha1_base64="oxrkSTbgmixJkBsD806WuQ3r7O8=">AAACMXicbZDLSgMxFIYzXmu9VV26CRbBVZkpUt0IBTcuK9gLtEPJpGkbmknG5IxQhj6HD+LarT5Dd+JOfAkz7YC29UDg4z/X/EEkuAHXnTpr6xubW9u5nfzu3v7BYeHouGFUrCmrUyWUbgXEMMElqwMHwVqRZiQMBGsGo9s033xi2nAlH2AcMT8kA8n7nBKwUrfgufgGd2Tc9XBHsMcZljPsKTC/qpxjuVsouiV3FngVvAyKKItat/BlJ9E4ZBKoIMa0PTcCPyEaOBVsku/EhkWEjsiAtS1KEjLjJ7OvTfC5VXq4r7R9EvBM/duRkNCYcRjYypDA0CznUvG/XDuG/rWfcBnFwCSdL+rHAoPCqU+4xzWjIMYWCNXc3orpkGhCwbq5sCWdDUoJM8lbb7xlJ1ahUS55lVLl/rJYrWYu5dApOkMXyENXqIruUA3VEUXP6BW9oXfnxZk6H87nvHTNyXpO0EI43z9IRKiS</latexit>

0 = ω1 → ω2 → · · · → ωn → 2



The spectral method and Cheeger inequalities
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The spectral method
Definition

Let  be a graph with  vertices 

•Let  be the eigenvector associated to , the first non-zero eigenvalue of  

•Let , so that    

•Sort the vertices i of G in increasing order of :  

•For each vertex, consider  and compute its conductance 

•Choose the one with minimum conductance

G = (V, E) n = |V |

u ∈ ℝn ν2 N

f = D−1/2u Lf = ν2Df

fi f1 ≤ f2 ≤ … ≤ fn
Si = {1, 2, …, i}

Example:
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Cheeger’s Inequalities
Definition

Def. Cheeger’s Inequality 

Let G be a connected graph with conductance . Let  denote the conductance of the optimal partition found from the 
spectral algorithm applied to the normalized Laplacian. Then 

ϕG γ = ϕ(S⋆)

<latexit sha1_base64="RQROvNdCM9SyC3MqW5QU0MbZA/g=">AAACInicbZDLSsNAFIYnXmu9RV26GSyCq5IEqboruNBlBXuBpoTJdNIOnZmkMxOhhDyLG1/FjQtFXQk+jNOmC239YeDjP+dw5vxhwqjSjvNlrayurW9slrbK2zu7e/v2wWFLxanEpIljFstOiBRhVJCmppqRTiIJ4iEj7XB0Pa23H4hUNBb3epKQHkcDQSOKkTZWYF/5/UginPkiDbw883KfkTH0kyENbmDBA8Q5mrGvxlJnXtEb2BWn6swEl8GdQwXM1QjsD78f45QToTFDSnVdJ9G9DElNMSN52U8VSRAeoQHpGhSIE9XLZifm8NQ4fRjF0jyh4cz9PZEhrtSEh6aTIz1Ui7Wp+V+tm+rospdRkaSaCFwsilIGdQynecE+lQRrNjGAsKTmrxAPkYlMm1TLJgR38eRlaHlVt1at3Z1X6vV5HCVwDE7AGXDBBaiDW9AATYDBI3gGr+DNerJerHfrs2hdseYzR+CPrO8fnsSkWA==</latexit>ω2
2

→ εG → ϑ →
↑
2ω2

How good is this partition?

Fiedler’s value (for the normalized Laplacian) gives us a bound on “how disconnected” our graph can be (the minimal 
conductance that the graph can achieve) 

Recall the interpretation that we saw of Fiedler’s value on the second lecture, this explains that initial intuition
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Bottlenecks
Definition

When we have a graph with two communities (subsets of nodes tightly 
interconnected) connected by few edges, we say that we have a bottleneck 

As we have seen, this can be characterized by low graph conductance



Over-squashing
Session 3 — Learning on Topological Data 
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Over-squashing
The problem of bottlenecks in message-passing

Alon, Uri, and Eran Yahav. “On the Bottleneck of Graph Neural Networks and Its Practical Implications.” International Conference on Learning Representations (2020).  

•At layer , each node receives messages from at most 

•When we have a bottleneck between two communities, to 
communicate between them, all the information is compressed in a 
single message of fixed size across the edge of the bottleneck 

t

<latexit sha1_base64="dUysU/Y+n6HV7GiIEC7dFtDkQBM=">AAAB/3icbVC7TgJBFJ3FF+ILtbSZSEysyK4xaEliYwmJgAlsyOxwFybM7mxm7poQQmFtq99gZ2z9FD/Bv3AWthDwJJOcnHNfc4JECoOu++0UNja3tneKu6W9/YPDo/LxSduoVHNocSWVfgyYASliaKFACY+JBhYFEjrB+C7zO0+gjVDxA04S8CM2jEUoOEMrNdN+ueJW3TnoOvFyUiE5Gv3yT2+geBpBjFwyY7qem6A/ZRoFlzAr9VIDCeNjNoSupTGLwPjT+aEzemGVAQ2Vti9GOlf/dkxZZMwkCmxlxHBkVr1M/M/rphje+lMRJylCzBeLwlRSVDT7NR0IDRzlxBLGtbC3Uj5imnG02SxtyWajUtLMSjYbbzWJddK+qnq1aq15XanX85SK5Iyck0vikRtSJ/ekQVqEEyAv5JW8Oc/Ou/PhfC5KC07ec0qW4Hz9Aj/0lt4=</latexit>u <latexit sha1_base64="77gzyEythb18QbS2CrICXlb+PV4=">AAAB/3icbVDLSgMxFM3UV62vqks3wSK4KjMi1WXBjcsW7APaoWTSO21oJhmSTKEMXbh2q9/gTtz6KX6Cf2GmnYVtPRA4nHNfOUHMmTau++0UtrZ3dveK+6WDw6Pjk/LpWVvLRFFoUcml6gZEA2cCWoYZDt1YAYkCDp1g8pD5nSkozaR4MrMY/IiMBAsZJcZKzemgXHGr7gJ4k3g5qaAcjUH5pz+UNIlAGMqJ1j3PjY2fEmUY5TAv9RMNMaETMoKepYJEoP10cegcX1lliEOp7BMGL9S/HSmJtJ5Fga2MiBnrdS8T//N6iQnv/ZSJODEg6HJRmHBsJM5+jYdMATV8ZgmhitlbMR0TRaix2axsyWYbKbmel2w23noSm6R9U/Vq1VrztlKv5ykV0QW6RNfIQ3eojh5RA7UQRYBe0Ct6c56dd+fD+VyWFpy85xytwPn6BUGPlt8=</latexit>v

Message-passing:

As a result, the messages from the nodes in one community are condensed into a single message, potentially 
losing information

<latexit sha1_base64="9X/JjkgOu728APLEaz424g4gKXQ=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBCSS9iVED0oBLx40gjmAdkYZieTZMjsg5leMWz2R7z4K148KOLBi/g3ziZBNLGgoajqprvLCQRXYJpfxsLi0vLKamotvb6xubWd2dmtKT+UlFWpL3zZcIhignusChwEawSSEdcRrO4MzhO/fsek4r53A8OAtVzS83iXUwJaameKtsN7YmS7BPqUiOgyboe3EcSJLEf4DP84V3HOZvdBDvL5diZrFswx8DyxpiSLpqi0Mx92x6ehyzyggijVtMwAWhGRwKlgcdoOFQsIHZAea2rqEZepVjT+LsaHWungri91eYDH6u+JiLhKDV1Hdya3qlkvEf/zmiF0T1oR94IQmEcni7qhwODjJCrc4ZJREENNCJVc34ppn0hCQQea1iFYsy/Pk9pRwSoVStfFbPl0GkcK7aMDlEMWOkZldIEqqIooekBP6AW9Go/Gs/FmvE9aF4zpzB76A+PzGxoaon0=</latexit>∣∣N t
u

∣∣ = O(exp(t))

<latexit sha1_base64="jpH3oig+Gx15IgThJkM5h5cTvnw="></latexit>

ht
i = ωt



ht→1
i ,

⊕

j↑Ni

εt(h
t→1
i , ht→1

j )





<latexit sha1_base64="B/vU4ZHKUqMwU6RpcZedjo48aCA="></latexit>

ωt

(
ht→1
u , ht→1

v

)
→ Rm
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Over-squashing
Example

Alon, Uri, and Eran Yahav. “On the Bottleneck of Graph Neural Networks and Its Practical Implications.” International Conference on Learning Representations (2020).  

NeighborsMatch problem: imagine you want to predict a property for u that depends on the nodes in red, for instance, a label 
depending on the number of neighbors
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Over-squashing
Example

Alon, Uri, and Eran Yahav. “On the Bottleneck of Graph Neural Networks and Its Practical Implications.” International Conference on Learning Representations (2020).  

As a result of the bottleneck connecting the rest of the tree with u, GNNs fail to propagate messages 
originating from the source set, and perform poorly

This happens in general for tasks depending on long range interactions in graphs with bottlenecks



<latexit sha1_base64="qRdMnj/Mb/hIsviBMZGv1wf1oY4=">AAACMHicbVDLSgMxFM34tr6qLt0Ei1BByoxIdaEguNBlFauFzjhk0owNzWSG5I5Yhn6SGz9FNwqKuPUrTNvBR/VAyOGce5N7T5AIrsG2n62x8YnJqemZ2cLc/MLiUnF55ULHqaKsTmMRq0ZANBNcsjpwEKyRKEaiQLDLoHPU9y9vmNI8lufQTZgXkWvJQ04JGMkvHrd9fpWVYbOHD/A3L7sRgXYQ4lvf2cJuKwZtri9NbmKXy1wI8NlV5BdLdsUeAP8lTk5KKEfNLz6YV2kaMQlUEK2bjp2AlxEFnArWK7ipZgmhHXLNmoZKEjHtZYOFe3jDKC0cxsocCXig/uzISKR1NwpMZX9EPer1xf+8ZgrhnpdxmaTAJB1+FKYCQ4z76eEWV4yC6BpCqOJmVkzbRBEKJuOCCcEZXfkvudiuONVK9XSndLifxzGD1tA6KiMH7aJDdIJqqI4oukOP6AW9WvfWk/VmvQ9Lx6y8ZxX9gvXxCTa/p0s=</latexit>

h(t)
i = h(t)

i (x1, . . . ,xn) → RmThe features of a node at a certain layer depend on the initial features                                      , as a differentiable function as long as the 
update     and the message-passing     functions are differentiable 

<latexit sha1_base64="qUxaeH0yHaoYE1CPLEW0NcdzdEY="></latexit>

h(t)
i : Rn→k → Rm,




x↑
1
...

x↑
n



 ↑→ h(t)
i =

(
(h(t)

i )1, . . . , (h(t)
i )m

)
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Over-squashing
The Jacobian as a proxy for oversquashing

<latexit sha1_base64="jWp9IxYGvngxovePpfWfMzh8kCU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA5Ah7m71kyd7euTsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YCThPsRHSoRCkbRSp1eMhL9DKf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5vdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2PBkIzRnKiSWUaWFvJWxENWVoIyrZELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBhKe4RXenEfnxXl3PhatBSefOYY/cD5/AGnUkDc=</latexit>

ωt
<latexit sha1_base64="MoDWEpXAuoFOTYGXHRw+l/PFz70=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA5Ah7m71kyd7euTsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YCThPsRHSoRCkbRSp1eYkQ/w2m/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+b1TcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZk9TwZCc4ZyYgllWthbCRtRTRnaiEo2BG/55VXSuqh6tWrt/rJSv8njKMIJnMI5eHAFdbiDBjSBgYRneIU359F5cd6dj0VrwclnjuEPnM8fereQQg==</latexit>

ωt

<latexit sha1_base64="nMnDvLlcwt7MzkFyZJ667v4zcWY="></latexit>

ωh(r)
i

ωxj
=





ω
(
h(r)
i

)1

ωx1
j

ω
(
h(r)
i

)1

ωx2
j

. . .
ω
(
h(r)
i

)1

ωxk
j

ω
(
h(r)
i

)2

ωx1
j

ω
(
h(r)
i

)2

ωx2
j

. . .
ω
(
h(r)
i

)2

ωxk
j

...
...

. . .
...

ω
(
h(r)
i

)m

ωx1
j

ω
(
h(r)
i

)m

ωx2
j

. . .
ω
(
h(r)
i

)m

ωxk
j





→ Rm→k

Over-squashing can be understood as the representation of i failing to be affected by the features of node j at distance r, and this is captured by 
the Jacobian matrix:

<latexit sha1_base64="xDrEuJhVkt5xU4YkGqwowcaN7Po="></latexit>

xj =
(
x1
j , . . . ,x

k
j

)
→ Rk

<latexit sha1_base64="hY1NEv9Lz/QIDyDl3g7dRqoUGnE="></latexit>

h(r)
i =

(
(h(r)

i )1, . . . , (h(r)
i )m

)
→ Rm

Topping, Jake, Francesco Di Giovanni, Benjamin Paul Chamberlain, Xiaowen Dong, and Michael M. Bronstein. Understanding Over-Squashing and Bottlenecks on Graphs via Curvature. 
International Conference on Learning Representations (2021).
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Rewiring
A mitigation for over-squashing

Try to identify the presence of bottlenecks between communities in your graphs  

Add edges between the communities that are strained to increase the communication between them

Topping, J., Giovanni, F. D., Chamberlain, B. P., Dong, X., & Bronstein, M. M. (2021). Understanding over-squashing and bottlenecks on 
graphs via curvature. International Conference on Learning Representations. 

Black, M., Wan, Z., Nayyeri, A., & Wang, Y. (2023). Understanding Oversquashing in GNNs through the Lens of Effective Resistance. 
Proceedings of the 40th International Conference on Machine Learning, 2528–2547.  
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Over-smoothing
GCNNs revisited Update rule of GCN1:

1Kipf, Thomas N., and Max Welling. “Semi-Supervised Classification with Graph Convolutional Networks.” International Conference on Learning Representations (2017). 

<latexit sha1_base64="ioh5BUDwV+qGBPrQEI/a8J7ZVvg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQiVQSh4EZ3FewDmlAmk0k7dGYSZiZCCPVX3LhQxK0f4s6/cdJmodUDA4dz7uWeOUHCqNKO82VVVlbX1jeqm7Wt7Z3dPXv/oKfiVGLSxTGL5SBAijAqSFdTzcggkQTxgJF+ML0u/P4DkYrG4l5nCfE5GgsaUYy0kUZ2HXrJhMIr6HGkJ5Lnt+FsZDecpjMH/EvckjRAic7I/vTCGKecCI0ZUmroOon2cyQ1xYzMal6qSILwFI3J0FCBOFF+Pg8/g8dGCWEUS/OEhnP150aOuFIZD8xkEVEte4X4nzdMdXTh51QkqSYCLw5FKYM6hkUTMKSSYM0yQxCW1GSFeIIkwtr0VTMluMtf/kt6p0231WzdnTXal2UdVXAIjsAJcME5aIMb0AFdgEEGnsALeLUerWfrzXpfjFascqcOfsH6+Aa8NZQw</latexit>

ω = Id
<latexit sha1_base64="sHc5G3zHuB0236sFcjIxv4D6p/w=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARKtWaFKkiCAU3LivYC7QxTCbTdtrJhZmJUEIewo2v4saFIm5duPNtnLZZ1NYfBn6+cw5nzu+EjAppGD9aZml5ZXUtu57b2Nza3tF39xoiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6QxvxvXmI+GCBv69HIXE8lDPp12KkVTI1ovYjukggdew4NoUFqF5/BCfmmflpHOiyGCW2HreKBkTwUVjpiYPUtVs/bvjBjjyiC8xQ0K0TSOUVoy4pJiRJNeJBAkRHqIeaSvrI48IK54clcAjRVzYDbh6voQTOjsRI0+IkeeoTg/JvpivjeF/tXYku5dWTP0wksTH00XdiEEZwHFC0KWcYMlGyiDMqforxH3EEZYqx5wKwZw/edE0yiWzUqrcneerV2kcWXAADkEBmOACVMEtqIE6wOAJvIA38K49a6/ah/Y5bc1o6cw++CPt6xff0ZpL</latexit>

cij = (di + 1)→1/2 (dj + 1)→1/2
<latexit sha1_base64="5XjUFxAEe/+e6PdV34zHLc7+7UE=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmRKIIQ8OIxglkgM4SeTidp0svQixLGfIoXD4p49Uu8+Td2kjlo4oOCx3tVVNVLUka1CYJvb2V1bX1js7BV3N7Z3dv3SwdNLa3CpIElk6qdIE0YFaRhqGGknSqCeMJIKxndTP3WA1GaSnFvximJORoI2qcYGSd1/VKU0IFMmdXwGkbactj1y0ElmAEukzAnZZCj3vW/op7ElhNhMENad8IgNXGGlKGYkUkxspqkCI/QgHQcFYgTHWez0yfwxCk92JfKlTBwpv6eyBDXeswT18mRGepFbyr+53Ws6V/GGRWpNUTg+aK+ZdBIOM0B9qgi2LCxIwgr6m6FeIgUwsalVXQhhIsvL5PmWSWsVqp35+XaVR5HARyBY3AKQnABauAW1EEDYPAInsErePOevBfv3fuYt654+cwh+APv8wdbjJNn</latexit>⊕

=
∑

<latexit sha1_base64="zryL05F3JO1Sa3SlUjpbB+bcvi0="></latexit>

ht+1
i = ω



ht
i,
⊕

j→Ni

cij ε(h
t
j)



 =
∑

j→Ni↑{i}

(di + 1)↓1/2 (dj + 1)↓1/2 W (t)ht
j

<latexit sha1_base64="SxUIsP1yyo+qRGAEITFyHaMUywM=">AAACA3icbVDLSgMxFM34rPU16k43wSK0mzIjUkUQCm5cVrAPaKdDJk3b2MyD5I5QhoIbf8WNC0Xc+hPu/BvT6Sy09cCFk3PuJfceLxJcgWV9G0vLK6tr67mN/ObW9s6uubffUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXU/95gOTiofBHYwj5vhkEPA+pwS05JqHnUjx4tC970IJX+FmNylCaZK+XbNgla0UeJHYGSmgDDXX/Or0Qhr7LAAqiFJt24rASYgETgWb5DuxYhGhIzJgbU0D4jPlJOkNE3yilR7uh1JXADhVf08kxFdq7Hu60ycwVPPeVPzPa8fQv3ASHkQxsIDOPurHAkOIp4HgHpeMghhrQqjkeldMh0QSCjq2vA7Bnj95kTROy3alXLk9K1Qvszhy6AgdoyKy0TmqohtUQ3VE0SN6Rq/ozXgyXox342PWumRkMwfoD4zPHz9rlqA=</latexit>

ω(ht
j) = W (t)ht

j

In matrix form:

<latexit sha1_base64="TSubG7prl2D1vkN46JUgYsRGrQ8="></latexit>

H
t+1 = (D + I)→1/2 (A+ I) (D + I)→1/2

H
t
W

(t) = D̃
→1/2

ÃD̃
→1/2

H
t
W

(t)

Augmented adjacency and degree matrices: adding self loops in all the 
nodes, so that they can send messages to themselves

<latexit sha1_base64="wWN83tMTlOY96RJY7DHTOYn1fMQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiUj0oVLzorYL9gDaUzWbTLt1swu6mUEL/iRcPinj1n3jz37htc9DWBwOP92aYmecnnCntON9WYWV1bX2juFna2t7Z3bP3D5oqTiWhDRLzWLZ9rChngjY005y2E0lx5HPa8od3U781olKxWDzpcUK9CPcFCxnB2kg92+5qxgOKbtGNqTP00LPLTsWZAS0TNydlyFHv2V/dICZpRIUmHCvVcZ1EexmWmhFOJ6VuqmiCyRD3acdQgSOqvGx2+QSdGCVAYSxNCY1m6u+JDEdKjSPfdEZYD9SiNxX/8zqpDq+8jIkk1VSQ+aIw5UjHaBoDCpikRPOxIZhIZm5FZIAlJtqEVTIhuIsvL5PmecWtVqqPF+XadR5HEY7gGE7BhUuowT3UoQEERvAMr/BmZdaL9W59zFsLVj5zCH9gff4AbXmRkQ==</latexit>

Ã = A+ I
<latexit sha1_base64="wmm/617KJ7B7Rm8wxRc6yC/GRzs=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEoiUj0oFPSgtwr2A9pQNptNu3SzCbubQgn9J148KOLVf+LNf+O2zUFbHww83pthZp6fcKa043xbhZXVtfWN4mZpa3tnd8/eP2iqOJWENkjMY9n2saKcCdrQTHPaTiTFkc9pyx/eTv3WiErFYvGkxwn1ItwXLGQEayP1bLurGQ8oukM3ps7QQ88uOxVnBrRM3JyUIUe9Z391g5ikERWacKxUx3US7WVYakY4nZS6qaIJJkPcpx1DBY6o8rLZ5RN0YpQAhbE0JTSaqb8nMhwpNY580xlhPVCL3lT8z+ukOrzyMiaSVFNB5ovClCMdo2kMKGCSEs3HhmAimbkVkQGWmGgTVsmE4C6+vEya5xW3Wqk+XpRr13kcRTiCYzgFFy6hBvdQhwYQGMEzvMKblVkv1rv1MW8tWPnMIfyB9fkDdrWRlw==</latexit>

D̃ = D + I

<latexit sha1_base64="Hn1izSiWwbmlNlcGlXrs7NFlRgQ=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYygvmA5Ah7m7lkyd7eubsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdPjkd2Cul+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfja/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMnueDLhCZsTEEsoUt7cSNqKKMmMjKtkQvOWXV0nrourVqrX7y0r9Jo+jCCdwCufgwRXU4Q4a0AQGAp7hFd6cR+fFeXc+Fq0FJ585hj9wPn8AQ++QHg==</latexit>=→
<latexit sha1_base64="DGAwmS7xadJqxcPk8u9oDYUufWE=">AAACIXicbZDLSgMxFIYzXmu9jbp0EyxCRVpmRGoXFlrsQqGLCvYC7VAymbQNzVxIMkIZ+ipufBU3LhTpTnwZM+0I2nog5OP/zyE5vx0wKqRhfGorq2vrG5uprfT2zu7evn5w2BR+yDFpYJ/5vG0jQRj1SENSyUg74AS5NiMte3QT+61HwgX1vQc5DojlooFH+xQjqaSeXuxKyhwCa7AEE6zC3A9WlJqtnt+dKSlbie8SrOZitdbTM0bemBVcBjOBDEiq3tOnXcfHoUs8iRkSomMagbQixCXFjEzS3VCQAOERGpCOQg+5RFjRbMMJPFWKA/s+V8eTcKb+noiQK8TYtVWni+RQLHqx+J/XCWW/aEXUC0JJPDx/qB8yKH0YxwUdygmWbKwAYU7VXyEeIo6wVKGmVQjm4srL0LzIm4V84f4yU75O4kiBY3ACssAEV6AMbkEdNAAGT+AFvIF37Vl71T606bx1RUtmjsCf0r6+ASAznTY=</latexit>

L̃ = D̃ → Ã = (D + I)→ (A+ I) = D →A = L

This leaves the Laplacian unchanged

<latexit sha1_base64="DBybAy8Dfdec11Fz0xIczlYLjOk=">AAACRHicbZDLSgMxFIYzXmu9jbp0EyyCm9aZItWFhYouFEQq2AtMx5LJZNrQzIUkI5ShD+fGB3DnE7hxoYhbMW1noR0PBP58/zmc5HciRoU0jBdtbn5hcWk5t5JfXVvf2NS3tpsijDkmDRyykLcdJAijAWlIKhlpR5wg32Gk5QzOx37rgXBBw+BODiNi+6gXUI9iJBXq6lZHUuYSeAOrMJUX90nRPCyP4HWGVOEVLGZoej+bNbp6wSgZk4JZYaaiANKqd/Xnjhvi2CeBxAwJYZlGJO0EcUkxI6N8JxYkQniAesRSMkA+EXYyCWEE9xVxoRdydQIJJ/T3RIJ8IYa+ozp9JPti1hvD/zwrlt6JndAgiiUJ8HSRFzMoQzhOFLqUEyzZUAmEOVVvhbiPOMJS5Z5XIZizX86KZrlkVkqV26NC7TSNIwd2wR44ACY4BjVwCeqgATB4BK/gHXxoT9qb9ql9TVvntHRmB/wp7fsHyResAQ==</latexit>

Ñ = D̃→1/2LD̃→1/2 = I → D̃→1/2ÃD̃→1/2However the normalized Laplacian does change!

<latexit sha1_base64="5CQfiAIfMDxXUEGRUny67AnhpQQ=">AAACC3icbVDJSgNBEO2JW4zbqEcvTYKQIIYZkehBIeAlXiSCWSCZhJ6eTtKkZ6G7RghD7l78FS8eFPHqD3jzb+wsB40+KHi8V0VVPTcSXIFlfRmppeWV1bX0emZjc2t7x9zdq6swlpTVaChC2XSJYoIHrAYcBGtGkhHfFazhDq8mfuOeScXD4A5GEXN80g94j1MCWuqa2UongSN7jC9x/hof4zZw4TF8U6h0oNFJ8lAYd82cVbSmwH+JPSc5NEe1a362vZDGPguACqJUy7YicBIigVPBxpl2rFhE6JD0WUvTgPhMOcn0lzE+1IqHe6HUFQCeqj8nEuIrNfJd3ekTGKhFbyL+57Vi6J07CQ+iGFhAZ4t6scAQ4kkw2OOSURAjTQiVXN+K6YBIQkHHl9Eh2Isv/yX1k6JdKpZuT3Pli3kcaXSAsiiPbHSGyqiCqqiGKHpAT+gFvRqPxrPxZrzPWlPGfGYf/YLx8Q3G4phe</latexit>

H
t+1 = (I → Ñ)Ht

W
(t)
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Over-smoothing
GCNNs revisited

Recall from Lecture 2 that a signal over the vertices could be expressed as 

<latexit sha1_base64="bGHEpRGXiFlM10PGpoLnua4CfAA=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoUGoiUt0IBTcuq9gHNDFMppN26GQSZiZCCfkMN/6KGxeKuO3Ov3HSZqGtBwYO59x7597jRYxKZZrfRmFldW19o7hZ2tre2d0r7x90ZBgLTNo4ZKHoeUgSRjlpK6oY6UWCoMBjpOuNbzK/+0SEpCF/UJOIOAEacupTjJSW3PKZHSA18vzET+E1rPquVYP2IFSyBn2Xn0Kbcjgv8ZL79FF3VMy6OQNcJlZOKiBHyy1P9TgcB4QrzJCUfcuMlJMgoShmJC3ZsSQRwmM0JH1NOQqIdJLZYSk80coA+qHQjys4U393JCiQchJ4ujLbUS56mfif14+Vf+UklEexIhzPP/JjBlUIs5TggAqCFZtogrCgeleIR0ggrHSWJR2CtXjyMumc161GvXF3UWk28ziK4AgcgyqwwCVoglvQAm2AwTN4Be/gw3gx3oxP42teWjDynkPwB8b0Bzwznq4=</latexit>

f = (f1, . . . , fn) → Rn <latexit sha1_base64="mLtQ7C3sxUnUAqW5EwrvJhzzG/k=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQi1Y1QcOOygn1AE8JkOmmHTiZh5kYsoTs3/oobF4q49Rfc+TemaRbaelaHc+7lnnv8WHANlvVtLC2vrK6tlzbKm1vbO7vm3n5bR4mirEUjEamuTzQTXLIWcBCsGytGQl+wjj+6nvqde6Y0j+QdjGPmhmQgecApgUzyzKPA4/gKB1V+6gB7gBQHkcITzLHDJW57ZsWqWTnwIrELUkEFmp755fQjmoRMAhVE655txeCmRAGngk3KTqJZTOiIDFgvo5KETLtp/scEn2RKPw8QRBJwrv7eSEmo9Tj0s8mQwFDPe1PxP6+XQHDpplzGCTBJZ4eCRGCI8LQU3OeKURDjjBCqeJYV0yFRhEJWXTkrwZ5/eZG0z2p2vVa/Pa80GkUdJXSIjlEV2egCNdANaqIWougRPaNX9GY8GS/Gu/ExG10yip0D9AfG5w8uGZed</latexit>

fi = f(i) for i → V

And that the Laplacian could be seen as an operator over this space 

We can see scalar features as signals, so that a GNN is trying to learn a signal over the vertices
<latexit sha1_base64="i5goXF0DLeNOAkEgBnKGGLm3luY="></latexit>

xi = xi → R, X =




x1
...
xn



 → Rn→1

<latexit sha1_base64="9UU8X587XoTVRZkuS3HO09UZ5j0=">AAACO3icbVBNSwMxFMz6bf2qevQSLIKnslukeqggePFYxVahXZZs9rUGs9k1eauUpf/Li3/CmxcvHhTx6t20VtDWgcAwMy/JmzCVwqDrPjlT0zOzc/MLi4Wl5ZXVteL6RtMkmebQ4IlM9GXIDEihoIECJVymGlgcSrgIr48H/sUtaCMSdY69FPyYdZXoCM7QSkHxzKWHtH0nIkAhI8jbKgu8Pm1LuBmXKz9ylKD5N6H6tEYrQbHklt0h6CTxRqRERqgHxUd7Jc9iUMglM6bluSn6OdMouIR+oZ0ZSBm/Zl1oWapYDMbPh7v36Y5VItpJtD0K6VD9PZGz2JheHNpkzPDKjHsD8T+vlWHnwM+FSjMExb8f6mSSYkIHRdJIaOAoe5YwroX9K+VXTDOOtu6CLcEbX3mSNCtlr1qunu6VjmqjOhbIFtkmu8Qj++SInJA6aRBO7skzeSVvzoPz4rw7H9/RKWc0s0n+wPn8An1Lrcc=</latexit>

0 = ω̃1 → ω̃2 → · · · → ω̃n < 2
<latexit sha1_base64="qtVmQvvPrhRFx4hZGa4Zxk5cyNc=">AAACE3icbVBNS8NAEN34WetX1aOXxSKIh5KIVA8KBS+epIL9gKaEzWbaLt1swu5GKaH/wYt/xYsHRbx68ea/cZvmoK0PBh7vzTAzz485U9q2v62FxaXlldXCWnF9Y3Nru7Sz21RRIik0aMQj2faJAs4ENDTTHNqxBBL6HFr+8Grit+5BKhaJOz2KoRuSvmA9Rok2klc6djXjAeAb7NYHzGP4ErsPLIBMTV2ReGycW16pbFfsDHieODkpoxx1r/TlBhFNQhCacqJUx7Fj3U2J1IxyGBfdREFM6JD0oWOoICGobpr9NMaHRglwL5KmhMaZ+nsiJaFSo9A3nSHRAzXrTcT/vE6ie+fdlIk40SDodFEv4VhHeBIQDpgEqvnIEEIlM7diOiCSUG1iLJoQnNmX50nzpOJUK9Xb03LtIo+jgPbRATpCDjpDNXSN6qiBKHpEz+gVvVlP1ov1bn1MWxesfGYP/YH1+QPfSJ2N</latexit>

Ñ!i = ω̃i!i

Express the node signal over in the eigenbasis of the normalized Laplacian:

is symmetric and positive semi-definite, so we can find a basis of orthonormal eigenvectors 
<latexit sha1_base64="DBybAy8Dfdec11Fz0xIczlYLjOk=">AAACRHicbZDLSgMxFIYzXmu9jbp0EyyCm9aZItWFhYouFEQq2AtMx5LJZNrQzIUkI5ShD+fGB3DnE7hxoYhbMW1noR0PBP58/zmc5HciRoU0jBdtbn5hcWk5t5JfXVvf2NS3tpsijDkmDRyykLcdJAijAWlIKhlpR5wg32Gk5QzOx37rgXBBw+BODiNi+6gXUI9iJBXq6lZHUuYSeAOrMJUX90nRPCyP4HWGVOEVLGZoej+bNbp6wSgZk4JZYaaiANKqd/Xnjhvi2CeBxAwJYZlGJO0EcUkxI6N8JxYkQniAesRSMkA+EXYyCWEE9xVxoRdydQIJJ/T3RIJ8IYa+ozp9JPti1hvD/zwrlt6JndAgiiUJ8HSRFzMoQzhOFLqUEyzZUAmEOVVvhbiPOMJS5Z5XIZizX86KZrlkVkqV26NC7TSNIwd2wR44ACY4BjVwCeqgATB4BK/gHXxoT9qb9ql9TVvntHRmB/wp7fsHyResAQ==</latexit>

Ñ = D̃→1/2LD̃→1/2 = I → D̃→1/2ÃD̃→1/2

<latexit sha1_base64="y2G/ZjGp1kbYYXVBYsBTIL6eNuc=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIVBEPBS8eK9gPaELYbLft0s0m7G6EEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz88KEM6Ud59sqra1vbG6Vtys7u3v7B/bhUUfFqSS0TWIey16IFeVM0LZmmtNeIimOQk674eR25ncfqVQsFg86S6gf4ZFgQ0awNlJgV73ca41ZwK4RQx4TqONNA7vm1J050CpxC1KDAq3A/vIGMUkjKjThWKm+6yTaz7HUjHA6rXipogkmEzyifUMFjqjy8/nxU3RqlAEaxtKU0Giu/p7IcaRUFoWmM8J6rJa9mfif10/18MrPmUhSTQVZLBqmHOkYzZJAAyYp0TwzBBPJzK2IjLHERJu8KiYEd/nlVdI5r7uNeuP+ota8KeIowzGcwBm4cAlNuIMWtIFABs/wCm/Wk/VivVsfi9aSVcxU4Q+szx9bv5Pv</latexit>

{!i : i → V }

We can write the input node signal in this basis (recall the Graph Fourier Transform)

<latexit sha1_base64="T9RehuDgrKTbuPiY28wyNuz03lo=">AAACGHicbZDLSgMxFIYz9VbrbdSlm2ARXEidEaluCgU3LqvYC3TGIZNm2tAkMyQZoQx9DDe+ihsXirjtzrcx03ahrQcCH/9/DjnnDxNGlXacb6uwsrq2vlHcLG1t7+zu2fsHLRWnEpMmjlksOyFShFFBmppqRjqJJIiHjLTD4U3ut5+IVDQWD3qUEJ+jvqARxUgbKbDPO7AGPZXyIKM1d/woIAoo9M6g1xjQnKiAHkd6EIbZvbEDu+xUnGnBZXDnUAbzagT2xOvFOOVEaMyQUl3XSbSfIakpZmRc8lJFEoSHqE+6BgXiRPnZ9LAxPDFKD0axNE9oOFV/T2SIKzXioenMd1SLXi7+53VTHV37GRVJqonAs4+ilEEdwzwl2KOSYM1GBhCW1OwK8QBJhLXJsmRCcBdPXobWRcWtVqp3l+V6fR5HERyBY3AKXHAF6uAWNEATYPAMXsE7+LBerDfr0/qatRas+cwh+FPW5Ac6n56z</latexit>

X =
n∑

i=1

ai !i → Rn
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Over-smoothing
GCNNs revisited

Apply the update rule:
<latexit sha1_base64="9RRRkecLdgYpvhwytLBmsKyldl4=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2VGpLoRCm50V8E+oB1LJpNpQ5PMkGSEMgz4K25cKOLW73Dn35hpZ6GtBwKHc+7lnhw/ZlRpx/m2lpZXVtfWSxvlza3tnV17b7+tokRi0sIRi2TXR4owKkhLU81IN5YEcZ+Rjj++zv3OI5GKRuJeT2LicTQUNKQYaSMN7MPOQ1rVpxm8gn2O9Ejy9DbIBnbFqTlTwEXiFqQCCjQH9lc/iHDCidCYIaV6rhNrL0VSU8xIVu4nisQIj9GQ9AwViBPlpdP4GTwxSgDDSJonNJyqvzdSxJWacN9M5hHVvJeL/3m9RIeXXkpFnGgi8OxQmDCoI5h3AQMqCdZsYgjCkpqsEI+QRFibxsqmBHf+y4ukfVZz67X63Xml0SjqKIEjcAyqwAUXoAFuQBO0AAYpeAav4M16sl6sd+tjNrpkFTsH4A+szx8pJJT/</latexit>

W (t) = Id
<latexit sha1_base64="rXb2WYZUAApuaMEc8vai61kHTzk=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQEcOMSPSgEPASLxLBLJCNnp6epEnPQneNEIYcvPgrXjwo4tWP8Obf2FkOmvig4PFeFVX1nEhwBZb1baSWlldW19LrmY3Nre0dc3evpsJYUlaloQhlwyGKCR6wKnAQrBFJRnxHsLozuB779QcmFQ+DexhGrO2TXsA9TgloqWtmy50Eju0RvsL5G3yCW8CFy/DtUbkDXTNnFawJ8CKxZySHZqh0za+WG9LYZwFQQZRq2lYE7YRI4FSwUaYVKxYROiA91tQ0ID5T7WTyxAgfasXFXih1BYAn6u+JhPhKDX1Hd/oE+mreG4v/ec0YvIt2woMoBhbQ6SIvFhhCPE4Eu1wyCmKoCaGS61sx7RNJKOjcMjoEe/7lRVI7LdjFQvHuLFe6nMWRRll0gPLIRueohMqogqqIokf0jF7Rm/FkvBjvxse0NWXMZvbRHxifP853laY=</latexit>

H
t+1 = (I → Ñ)Ht

<latexit sha1_base64="DCACFKXiT3qTMtAvb/OCsphe8Qo="></latexit>

H
1 = (I → Ñ)X =

n∑

i=1

ai(I → Ñ)!i =
n∑

i=1

ai(1→ ω̃i)!iFirst layer:

<latexit sha1_base64="IM7sOlcYyZYvbjRqLPlT8CctI9Q="></latexit>

H
t = (I → Ñ)Ht→1 = (I → Ñ)tX =

n∑

i=1

ai(1→ ω̃i)
t !iLayer t:

<latexit sha1_base64="C7eEdHn8jmRSrOtp9bQtbagxj/I="></latexit>

ω̃1 = 0, 0 < ω̃i < 2, 1 → i → n ↑↓ 1↔ ω̃1 = 1, ↔1 < 1↔ ω̃i < 1, 1 → i → n

Since the eigenvalues are all positive and strictly less than 2, we have: 

<latexit sha1_base64="AxQOfymWH/TxNz9qc3LTWpD1vU0="></latexit>

H
t →→→↑

t→↑
a1!1 = !1!

↓
1 X, !1 =

D̃
1/21√∑
i(di + 1)

<latexit sha1_base64="O+6G6AtJT8o+oXceLhJv+1tYsAg=">AAACH3icbVDLSgMxFM34tr6qLt0Ei6ALy4xIdeFCcONSwdpCZyyZzJ02mMkMyR21DP0TN/6KGxeKiDv/xvSxUOuBwMk595KcE2ZSGHTdL2dqemZ2bn5hsbS0vLK6Vl7fuDZprjnUeSpT3QyZASkU1FGghGamgSWhhEZ4ezbwG3egjUjVFfYyCBLWUSIWnKGV2uXarrfv34sIUMgICl/lbdHfu0HqP2jR6SLTOr1v2Sum1Bcqxl5Q9KnbLlfcqjsEnSTemFTIGBft8qcfpTxPQCGXzJiW52YYFEyj4BL6JT83kDF+yzrQslSxBExQDPP16Y5VIhqn2h6FdKj+3ChYYkwvCe1kwrBr/noD8T+vlWN8HBRCZTmC4qOH4lxSG3ZQFo2EBo6yZwnjWti/Ut5lmnG0lZZsCd7fyJPk+qDq1aq1y8PK6cm4jgWyRbbJLvHIETkl5+SC1Aknj+SZvJI358l5cd6dj9HolDPe2SS/4Hx9Azl2oxk=</latexit>

(1→ ω̃i)
t →→→↑

t→↑
0And, as we apply layers in our model:

In other words, the learned representations converge to a constant shared value over all the nodes in the graph, which is 
completely uninformative and will not be useful for learning tasks!
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Over-smoothing
Representation collapse

This phenomenon happens in general in GNNs, and it is known as over-smoothing

However, the smoothing can actually be useful before it becomes harmful

Example:
<latexit sha1_base64="do0Ln9nb9L+5DBFHMVqL7XEZVBs="></latexit>

xi = y1 + ωi, yi → {1,↑1}, ωi ↓ N(0,ε)

Smoothing helps when nearby nodes should have similar representations; over-smoothing removes differences that the task needs
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Over-smoothing
A possible solution

Repeatedly inject the initial features at each layer as residual connections:
<latexit sha1_base64="LmUOyBNJ+L6IHzSfy7jdzE0f964="></latexit>

H
t+1 = (1→ ω)(I → Ñ)Ht + ωX, ω ↑ (0, 1)
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The tension between over-smoothing and over-squashing

We need many layers for information propagation (even if it is imperfect and subject to bottlenecks) 

But too many layers make our representations collapse 

How do we strike a balance? 

 Not a clear solution to these limitations in the literature…



Further thoughts on message-passing
Session 3 — Learning on Topological Data 
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Are GNNs learning the right things?

While GNNs have the ability to ignore the graph-structure in such cases, it is not clear that they will. In this 
work, we show that GNNs actually tend to overfit the graph-structure in the sense that they use it even 
when a better solution can be obtained by ignoring it

M. Bechler-Speicher, I. Amos, R. Gilad-Bachrach and A. Globerson, “Graph Neural Networks Use Graphs When They 
Shouldn’t”, Proceedings of the 41st International Conference on Machine Learning (2024).
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Are the pairwise interactions even relevant?

More recently, there is a trend to decouple the input graph from the graph used for information 
propagation.

J. Topping, F. Di Giovanni, B. P. Chamberlain, X. Dong and M. M. Bronstein, "Understanding over-squashing and 
bottlenecks on graphs via curvature”, International Conference on Learning Representations, (2022)
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Are our datasets representative?

Our first finding is that standard benchmark graphs […] cover only a small region of this graph space that 
GraphWorld is able to cover via synthetic graph generation.

J. Palowitch, A. Tsitsulin, B. Mayer and B. Perozzi, “GraphWorld: Fake Graphs Bring Real Insights for GNNs”, Proceedings 
of the 28th ACM SIGKDD Conference on Knowledge Discovery & Data Mining (KDD), 2022, pp. 3691–3701



Thank you for your attention!

Session 4 — Learning on topological domains


