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Intrinsic dimension
Lecture 5 — Geometry and Topology in Machine Learning 
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Typically, the data we work with is very high-dimensional

For instance, an image with resolution  lives in a 
262,144 dimensional space (they are represented by matrices 

with that number of parameters, and if we consider them to be 
color images, we need to multiply the dimension by 3!)

512 × 512

Goodfellow, I., Bengio, Y., Courville, A., & Bengio, Y. (2016). Deep learning (Vol. 1, No. 2, pp. 1-800). Cambridge: MIT press.

<latexit sha1_base64="qLfn6aeQUZAl3K3CrRV2B4uXqVc="></latexit>

Md → RD, dimM = d ↑ D

However, meaningful images do not live at any 
point of that ambient space

Manifold hypothesis: data lives in a lower dimensional 
manifold embedded in the high-dimensional ambient space

Here manifold will refer to a subspace that can be described with a smaller set of 
degrees of freedom in the ambient space
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•The distribution of images is highly concentrated in this ambient space: sampling random values at each pixel never yields a nice-looking 
image. Real images have very particular pixel values, where the order also matters. 

Goodfellow, I., Bengio, Y., Courville, A., & Bengio, Y. (2016). Deep learning (Vol. 1, No. 2, pp. 1-800). Cambridge: MIT press.
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Goodfellow, I., Bengio, Y., Courville, A., & Bengio, Y. (2016). Deep learning (Vol. 1, No. 2, pp. 1-800). Cambridge: MIT press.

•Meaningful examples are connected to each 
other through continuous transformations: we 
can traverse the manifold to move from one 
example to another



The manifold hypothesis
Relevant notations
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•Ambient dimension: dimension D of the ambient space, the high-dimensional space 
where data live

•Intrinsic dimension: dimension d of the data manifold, or equivalently, number of local 
coordinates needed to describe the data

•Estimated dimension: a statistic   depending on samples, noise and scale
<latexit sha1_base64="K9QyxL+cZ8spEYZvo1t6GvcSqPo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgcPBS8eK9gPaEPZbDbt0s0m7E6EEvojvHhQxKu/x5v/xm2bg1YfDDzem2FmXpBKYdB1v5zS2vrG5lZ5u7Kzu7d/UD086pgk04y3WSIT3Quo4VIo3kaBkvdSzWkcSN4NJrdzv/vItRGJesBpyv2YjpSIBKNope5gTDEPZ8Nqza27C5C/xCtIDQq0htXPQZiwLOYKmaTG9D03RT+nGgWTfFYZZIanlE3oiPctVTTmxs8X587ImVVCEiXalkKyUH9O5DQ2ZhoHtjOmODar3lz8z+tnGF37uVBphlyx5aIokwQTMv+dhEJzhnJqCWVa2FsJG1NNGdqEKjYEb/Xlv6RzUfca9cb9Za15U8RRhhM4hXPw4AqacActaAODCTzBC7w6qfPsvDnvy9aSU8wcwy84H9+TnI+6</latexit>

d̂

<latexit sha1_base64="BQdAX8yD9Rzhi+huLhTcsC4u1bA=">AAAB9XicbZDLSsNAFIZP6q3GW9Wlm8EiuCpJkepCoaALlxXsBZpYJpNpO3QyCTMTpYS+hxsXirj1Xdz5Nk7bLLT1h4GP/5zDOfMHCWdKO863VVhZXVvfKG7aW9s7u3ul/YOWilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPR9bTefqRSsVjc63FC/QgPBOszgrWxHm7QFaoiz7NDA26vVHYqzkxoGdwcypCr0St9eWFM0ogKTThWqus6ifYzLDUjnE5sL1U0wWSEB7RrUOCIKj+bXT1BJ8YJUT+W5gmNZu7viQxHSo2jwHRGWA/VYm1q/lfrprp/4WdMJKmmgswX9VOOdIymEaCQSUo0HxvARDJzKyJDLDHRJijbhOAufnkZWtWKW6vU7s7K9cs8jiIcwTGcggvnUIdbaEATCEh4hld4s56sF+vd+pi3Fqx85hD+yPr8AYvAj/I=</latexit>

D = 2

d = 1
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<latexit sha1_base64="BQdAX8yD9Rzhi+huLhTcsC4u1bA=">AAAB9XicbZDLSsNAFIZP6q3GW9Wlm8EiuCpJkepCoaALlxXsBZpYJpNpO3QyCTMTpYS+hxsXirj1Xdz5Nk7bLLT1h4GP/5zDOfMHCWdKO863VVhZXVvfKG7aW9s7u3ul/YOWilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPR9bTefqRSsVjc63FC/QgPBOszgrWxHm7QFaoiz7NDA26vVHYqzkxoGdwcypCr0St9eWFM0ogKTThWqus6ifYzLDUjnE5sL1U0wWSEB7RrUOCIKj+bXT1BJ8YJUT+W5gmNZu7viQxHSo2jwHRGWA/VYm1q/lfrprp/4WdMJKmmgswX9VOOdIymEaCQSUo0HxvARDJzKyJDLDHRJijbhOAufnkZWtWKW6vU7s7K9cs8jiIcwTGcggvnUIdbaEATCEh4hld4s56sF+vd+pi3Fqx85hD+yPr8AYvAj/I=</latexit>

D = 2

d = 1
What do we mean by manifold?

•Local flatness: locally, a manifold is approximately a tangent plane
<latexit sha1_base64="R5IIOwI0SIcNBRFgd7/N66PvKuo=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpQcqMSHWhUHDjsoJ9QGcomTRtQzOZIbkjltI/cOOvuHGhiFu37vwb03YW2nogcO4593JzTxALrsFxvq3M0vLK6lp2PbexubW9Y+/u1XWUKMpqNBKRagZEM8ElqwEHwZqxYiQMBGsEg+uJ37hnSvNI3sEwZn5IepJ3OSVgpLZ9/FDwoM+AFPEVLng00nhWn2BPc5kWxbadd0rOFHiRuCnJoxTVtv3ldSKahEwCFUTrluvE4I+IAk4FG+e8RLOY0AHpsZahkoRM+6PpPWN8ZJQO7kbKPAl4qv6eGJFQ62EYmM6QQF/PexPxP6+VQPfCH3EZJ8AknS3qJgJDhCfh4A5XjIIYGkKo4uavmPaJIhRMhDkTgjt/8iKpn5bccql8e5avXKZxZNEBOkQF5KJzVEE3qIpqiKJH9Ixe0Zv1ZL1Y79bHrDVjpTP76A+szx9Daprs</latexit>

x(ω) = (cos ω, sin ω)

<latexit sha1_base64="Y3Nk6HsMM6TwNChqwDwO15+7j/4="></latexit>

x(ω0 + h) = x(ω0) + h(→ sin ω0, cos ω0) +O(h2)

Near a particular angle, Taylor expansion gives:

Tangent direction

Example:

<latexit sha1_base64="ZQ+GbSl/1CsPs74QYUlsUsh6vVU=">AAAB8nicbVA9SwNBEN2LXzF+RS1tFoMQm3AnEi0sAjaWEcwHXI6wt9lLluztHrtzYjjyM2wsFLH119j5b9wkV2jig4HHezPMzAsTwQ247rdTWFvf2Nwqbpd2dvf2D8qHR22jUk1ZiyqhdDckhgkuWQs4CNZNNCNxKFgnHN/O/M4j04Yr+QCThAUxGUoecUrASv5TtQcjBqTvnvfLFbfmzoFXiZeTCsrR7Je/egNF05hJoIIY43tuAkFGNHAq2LTUSw1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiK6DjMskBSbpYlGUCgwKz/7HA64ZBTGxhFDN7a2YjogmFGxKJRuCt/zyKmlf1Lx6rX5/WWnc5HEU0Qk6RVXkoSvUQHeoiVqIIoWe0St6c8B5cd6dj0VrwclnjtEfOJ8/dl6Qtw==</latexit>

x(ω0)

<latexit sha1_base64="Z8mb/WlPiwy8AjATapkDwRCtP8A=">AAACCXicbVDLSgMxFM3UV62vUZdugkWooGVGpLpwUXDjsoJ9QKeUTJq2oZlkSO4IpXTrxl9x40IRt/6BO//GtB1EWw9cODnnXnLvCWPBDXjel5NZWl5ZXcuu5zY2t7Z33N29mlGJpqxKlVC6ERLDBJesChwEa8SakSgUrB4Orid+/Z5pw5W8g2HMWhHpSd7llICV2i7uF04DwyUOoM+AtL0THFBlfp7HbTfvFb0p8CLxU5JHKSpt9zPoKJpETAIVxJim78XQGhENnAo2zgWJYTGhA9JjTUsliZhpjaaXjPGRVTq4q7QtCXiq/p4YkciYYRTazohA38x7E/E/r5lA97I14jJOgEk6+6ibCAwKT2LBHa4ZBTG0hFDN7a6Y9okmFGx4ORuCP3/yIqmdFf1SsXR7ni9fpXFk0QE6RAXkowtURjeogqqIogf0hF7Qq/PoPDtvzvusNeOkM/voD5yPbxKRmKs=</latexit>

h(→ sin ω0, cos ω0)
<latexit sha1_base64="NxeNyua8cNbsGVn1KajgRo0NRgM=">AAAB+HicbVBNS8NAEN34WetHox69LBahIpREpHrwUPDisYL9gDaEzXbTLt1swu5ErKG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAsSwTU4zre1srq2vrFZ2Cpu7+zulez9g5aOU0VZk8YiVp2AaCa4ZE3gIFgnUYxEgWDtYHQz9dsPTGkey3sYJ8yLyEDykFMCRvLt0mOlB0MGxHfwGR6e+nbZqToz4GXi5qSMcjR8+6vXj2kaMQlUEK27rpOAlxEFnAo2KfZSzRJCR2TAuoZKEjHtZbPDJ/jEKH0cxsqUBDxTf09kJNJ6HAWmMyIw1IveVPzP66YQXnkZl0kKTNL5ojAVGGI8TQH3uWIUxNgQQhU3t2I6JIpQMFkVTQju4svLpHVedWvV2t1FuX6dx1FAR+gYVZCLLlEd3aIGaiKKUvSMXtGb9WS9WO/Wx7x1xcpnDtEfWJ8/0haR4w==</latexit>

x(ω0 + h)

Near a point          
<latexit sha1_base64="OJWko7h0Ue+8Ec1b6ayjIgfF+uw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1YWLghs3QgX7gCaUyXTSDp1MwsykWEL/xI0LRdz6J+78GydtFtp6YOBwzr3cMydIOFPacb6t0tr6xuZWebuys7u3f2AfHrVVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4xvc78zoVKxWDzqaUL9CA8FCxnB2kh9235CHhPIi7AeEczRfd+uOjVnDrRK3IJUoUCzb395g5ikERWacKxUz3US7WdYakY4nVW8VNEEkzEe0p6hAkdU+dk8+QydGWWAwliaJzSaq783MhwpNY0CM5knVMteLv7n9VIdXvsZE0mqqSCLQ2HKkY5RXgMaMEmJ5lNDMJHMZEVkhCUm2pRVMSW4y19eJe2Lmluv1R8uq42boo4ynMApnIMLV9CAO2hCCwhM4Ble4c3KrBfr3fpYjJasYucY/sD6/AFqCJLe</latexit>

x → M
<latexit sha1_base64="fZCHzgZLx7a+cOsFpF+E+9OnyZs="></latexit>

ω(u) = x+Au+O(→u→2), u ↑ Rd

<latexit sha1_base64="PrllgdPjrD+nQR1cAPejzeuXouY="></latexit>

A → RD→d, rankA = d
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What do we mean by manifold?

•Local growth of volume balls: in  the volume of a ball grows like ℝd

<latexit sha1_base64="wDCflUQwJETH9WnjwxV8IzL774o="></latexit>

vol(Bd(x, r)) = vdr
d, vd = vol(B(0, 1))

Because a manifold is locally like , we also have that for small radius:ℝd

<latexit sha1_base64="gebkPErFVBQw+CgqJu6Hj/gepWs="></latexit>

vol(M →BD(x, r)) ↑ vol(Bd(x, r)) = vdr
d

If we assume that we sample points from the uniform distribution over the manifold

<latexit sha1_base64="rPyFV3BTlZE/QKx9Ofr/6paPjY0="></latexit>

Pr(X → M ↑BD(x, r)) ↓ p(x)vol(M ↑BD(x, r)) ↓ p(x)vdr
d

Proportion of sampled 
points in the ball

<latexit sha1_base64="uw8Yn7RYNrRKzH14bgT6Y9vZjz4="></latexit>

Nx(2r)

Nx(r)
→ p(x)vd(2r)d

p(x)vdrd
= 2d =↑ d → logNx(2r)↓ logNx(r)

log 2
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•How to measure intrinsic dimension 

•Local PCA 

•TwoNN 

•MLE 

•Applications of intrinsic dimension measures in deep learning

8



Local PCA
Lecture 5 — Intrinsic dimension 
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<latexit sha1_base64="bdYN6ymwrkZ5+9SA4MF0Pvcq7jM="></latexit>

!→ =

[
m∑

i=1

(xi → x)(xi → x)→
]→

=
m∑

i=1

[
(xi → x)(xi → x)→

]→
=

m∑

i=1

(xi → x)(xi → x)→ = !

<latexit sha1_base64="Q39E2oeUGtODjmsQ5LH+SyoCkrg="></latexit>

! =
m∑

i=1

(xi → x)(xi → x)→ ↑ RD↑D

<latexit sha1_base64="qhEgzXIc59J5Ihl/KgkNKwp1BIs="></latexit>

!vi = ωivi, 0 → ωD → ωD→1 → · · · → ω1

•Given m points 

•Take the mean: 

•Center all points and compute the covariance matrix:  

•This matrix is symmetric and positive semidefinite: 

•So we can diagonalize it (i.e., find D eigenvalues and eigenvectors):

<latexit sha1_base64="m24dElblMJYou4TrKYzyiwf9pYk=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiJSXVgouHFZwT6giWEynbRDZ5IwM5GWkE9w46+4caGIW5fu/BsnbRbaemDgcM493LnHjxmVyrK+jaXlldW19dJGeXNre2fX3NtvyygRmLRwxCLR9ZEkjIakpahipBsLgrjPSMcfXed+54EISaPwTk1i4nI0CGlAMVJa8swTJ9J2nk7HGaxDJxAI2xw6MuFeSut2ds/h2KOeWbGq1hRwkdgFqYACTc/8cvoRTjgJFWZIyp5txcpNkVAUM5KVnUSSGOERGpCepiHiRLrp9KAMHmulD4NI6BcqOFV/J1LEpZxwX09ypIZy3svF/7xeooJLN6VhnCgS4tmiIGFQRTBvB/apIFixiSYIC6r/CvEQ6UqU7rCsS7DnT14k7bOqXavWbs8rjauijhI4BEfgFNjgAjTADWiCFsDgETyDV/BmPBkvxrvxMRtdMorMAfgD4/MHI4+cow==</latexit>

x =
1

m

m∑

i=1

xi

<latexit sha1_base64="DP4mYKQeGVZ0CgXgCJivQJHL3Us="></latexit>

x =
{
x1, . . . , xm

}
→ RD

<latexit sha1_base64="l22uAHcV9G+J6KKa3qoGoU6CDP0="></latexit>

v→!v =
m∑

i=1

v→(xi → x)(xi → x)→v =
m∑

i=1

[
(xi → x)→v

]→
(xi → x)→v =

m∑

i=1

↑(xi → x)→v↑2 ↓ 0

The eigenvectors (also called principal components) capture the directions in which the data changes the most

<latexit sha1_base64="jel1a1RQbmFXlbciV8F7EvjWROc="></latexit>

ω1 + ω2 + · · ·+ ωk∑D
j=1 ωj

The first k principal components capture the following fraction of 
the total variation:
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If our point cloud lies exactly on a d-dimensional affine plane, 
we can express our sample as

<latexit sha1_base64="fld1DmOKabIxIaAJO/MkHDcWvM4="></latexit>

xi = a+ Uzi, U → RD→d, rank(U) = d and zi → Rd

<latexit sha1_base64="C6kUFatANOilmqXciItS4f5O6i4="></latexit>

xi → x = Uzi → U

[
1

m

m∑

i=1

zi

]
= U(zi → z)

Centering the points, we get:

<latexit sha1_base64="uWgA3OC6AWOXOCOJ+KKy7ECU160="></latexit>

!x = U!zU
→ =→ rank(!x) = d

If the  range , we conclude:zi ℝd

Or in other words, the covariance matrix of the PCA will 
have exactly d non-zero eigenvalues, expressing these 

independent directions of variation
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Approximating the dimension of the manifold
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So if our points lie on a manifold, which locally is like its tangent plane, then we can 
estimate the dimension around a point in our sample by applying PCA to a 

neighborhood around the point

If we stay in a small neighborhood, we will find that a few eigenvalues 
explain most of the variation, corresponding to the linear directions of the 

tangent space around the points

Setting a threshold (e.g. 95% of the variation), we can estimate the 
dimension around x as the number of eigenvalues needed to explain at 

least that amount of variation

•Pick a point in your sample x 

•Select the k nearest neighbors (k is a parameter of the method) 

•Apply PCA to the point cloud formed by x and the neighbors

Lim, U., Oberhauser, H., and Nanda, V. (2024). Tangent space and dimension estimation with the Wasserstein distance. SIAM Journal on Applied Algebra and Geometry, 8(3), 650-685.
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Approximating the dimension of the manifold
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Facco, E., d’Errico, M., Rodriguez, A., and Laio, A. Estimating the Intrinsic Dimension of Datasets by a Minimal Neighborhood Information. Scientific Reports 7, no. 1 (2017): 12140. 

Let  and  be the distances to the two nearest neighbors of a given point in the dataset, 
and define:

r1 r2

<latexit sha1_base64="8Rw5/S3NTXKTusS7W7d70z8xqww="></latexit>

µ =
r2
r1

→ 1

With some assumptions on the probability distribution of this sample, we can prove that this 
variable follows a Pareto distribution, that depends directly on the intrinsic dimension: 

<latexit sha1_base64="YDWVpV2Ql6YHOVZmcioiuLBxNCs="></latexit>

Pr(µ → t) = Fµ(t) =

{
0, t < 1

1↑ t→d, t ↓ 1

<latexit sha1_base64="IFWOnz8gfIcFt69VInU40u739M4="></latexit>

t→d = 1→ Fµ(t) =↑ d log t = → log(1→ Fµ(t))

So we get the following relation between the cumulative distribution function (CDF) and 
the dimension:

Cumulative 
distribution function
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Facco, E., d’Errico, M., Rodriguez, A., and Laio, A. Estimating the Intrinsic Dimension of Datasets by a Minimal Neighborhood Information. Scientific Reports 7, no. 1 (2017): 12140. 

1. Collect the ratios for the points in your point cloud:
<latexit sha1_base64="CfeB1M+ca5QsGEOyQ0YNSHUShjU="></latexit>

µ1, . . . , µn, µi =
ri,2
ri,1

2. Estimate the empirical CDF:

<latexit sha1_base64="yPifEdySbZdmRO+yma6PwpMbWEU="></latexit>

Fµ(t) = Pr(µ → t)

<latexit sha1_base64="pb+LnLUM6kX+ynrh+9ixMhxLyKY="></latexit>

F̂n(t) =
1

n

n∑

i=1

1µi→t

<latexit sha1_base64="9ZWnvIymPVZnsy+r9URGmM05eb8="></latexit>

1µi→t =

{
1, µi → t,

0, otherwise.

Initial point cloud: sample over the 2-dimensional sphere
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Facco, E., d’Errico, M., Rodriguez, A., and Laio, A. Estimating the Intrinsic Dimension of Datasets by a Minimal Neighborhood Information. Scientific Reports 7, no. 1 (2017): 12140. 

1. Collect the ratios for the points in your point cloud:
<latexit sha1_base64="CfeB1M+ca5QsGEOyQ0YNSHUShjU="></latexit>

µ1, . . . , µn, µi =
ri,2
ri,1

2. Estimate the empirical CDF:

<latexit sha1_base64="yPifEdySbZdmRO+yma6PwpMbWEU="></latexit>

Fµ(t) = Pr(µ → t)

<latexit sha1_base64="pb+LnLUM6kX+ynrh+9ixMhxLyKY="></latexit>

F̂n(t) =
1

n

n∑

i=1

1µi→t

<latexit sha1_base64="9ZWnvIymPVZnsy+r9URGmM05eb8="></latexit>

1µi→t =

{
1, µi → t,

0, otherwise.

Initial point cloud: sample over the 2-dimensional sphere

3. Order the ratios so that:  

4. Fit a line to the points:

The slope of the line should give you an estimate of the intrinsic dimension!

<latexit sha1_base64="FEaPMKY8dIjHc+wUyxH5TbLj3MI="></latexit>

ti = µ(i) (the smallest i-th ratio)

<latexit sha1_base64="oLPRwTO0BMXfI5JuZqRvPFq4hSQ="></latexit>

d log t = → log(1→ Fµ(t))

<latexit sha1_base64="y3LJNiMttebMwv847ZdnNCBsaMk="></latexit>(
log ti, → log

(
1→ F̂n(ti)

))

Watch out for the extreme values that make 
the logarithm explode!



Maximum Likelihood Estimation (MLE)
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MLE
Approximating the dimension of the manifold
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Levina, E., and Bickel, P. (2004). Maximum likelihood estimation of intrinsic dimension. Advances in neural information processing systems, 17.

What if we use the whole pattern of distances to the first k neighbors?

<latexit sha1_base64="tpBNypb6XVqNk9i0dJ+f/f3kZss="></latexit>

r1 → r2 → · · · → rk = R
<latexit sha1_base64="SamDfxIoLSy0t0mDJvMO4x9DqAQ=">AAACKXicbZBLSwMxFIUz9VXrq1U30k2wCK7KjIvqQqHgxmUr9gHtMGTSTBuaSYYkI9Rh/otb9b8I7rRb/4eYPha29UDgcO69cPL5EaNK2/aXlVlb39jcym7ndnb39g/yhcOmErHEpIEFE7LtI0UY5aShqWakHUmCQp+Rlj+8ncxbj0QqKviDHkXEDVGf04BipE3k5Y9jj8Ib2O0FEuFEejRN7lMvX7LL9lRw1ThzU6oWusVx/eS95uV/uj2B45BwjRlSquPYkXYTJDXFjKS5bqxIhPAQ9UnHWI5Cotxk2j6FZybpwUBI87iG0/TvRYJCpUahbzZDpAdqeTYJ/51NEi0EUwsFkmgwUhSrpVY6uHITyqNYE45npYKYQS3gBBvsUUmwZiNjEJbU/AviATLMtIGbM8CcZTyrpnlRdirlSt2QuwYzZUERnIJz4IBLUAV3oAYaAIMn8AxewKv1Zn1Yn9Z4tpqx5jdHYEHW9y8AHqq0</latexit>

ui =
ri
R

Intuition: in higher dimensions, neighbors tend to be more concentrated near the boundary of the ball with the highest radius

<latexit sha1_base64="Ul7GAcMRWWdM6XLg+S8lppYQS0s="></latexit>

Pr(U → t) =
vd(tR)d

vdRd
= td, 0 → t → 1

Probability of finding a point 
with normalized radius

We had seen that the probability of finding a point in a ball or radius r was                                         so
<latexit sha1_base64="FJq7Op33UlY3Al0znE+fTkAOQNQ="></latexit>

Pr(X → Bd(x, r)) ↑ p(X)vdr
d

<latexit sha1_base64="pkVsPdHP5jZrYCb/g38mnDU0teQ="></latexit>

U =
r

R
→ t ↑↓ r → tR

Example: the probability of finding a point in the inner half radius 
ball is , so it decreases with dimension2−d
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Levina, E., and Bickel, P. (2004). Maximum likelihood estimation of intrinsic dimension. Advances in neural information processing systems, 17.

Maximum Likelihood Estimation: given a set of observations from a distribution with unknown parameters, what are the parameters 
that maximize the probability (likelihood) of having observed those observations? 

Assuming all these observations are independent, the likelihood is: 
<latexit sha1_base64="n4m3Q7/4sjgFfEImkqSf9JF6BG8="></latexit>

L(d) →
k→1∏

j=1

dud→1
j

Taking the derivative of the CDF before: 
<latexit sha1_base64="T5tvXz1bPGDdkJHIHf0EpfJ2ayw="></latexit>

fU (u | d) = dtd→1

So the estimator that maximizes the log-likelihood: 

<latexit sha1_base64="abD4emE+hgztha9YykvfQ40isw8="></latexit>

ω(d) = logL(d) = (k → 1) log d+ (d→ 1)
k→1∑

j=1

log uj + constant

<latexit sha1_base64="YCFcOuHVLTfCviKSowUFUxee2Ng="></latexit>

d̂k(x) =
k → 1

∑k→1
j=1 log

(
rk
rj

)



MLE
An example

20

Levina, E., and Bickel, P. (2004). Maximum likelihood estimation of intrinsic dimension. Advances in neural information processing systems, 17.



The manifold hypothesis in practice:  
Intrinsic dimension of image data
Lecture 5 — Intrinsic dimension 



Intrinsic dimension of images
A case study

22

Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

Let’s go back to the initial example of the lecture:  

What is the intrinsic dimension of image data? How does it affect deep learning methods?

Main questions of the paper: 

•Are MLE method accurate in estimating the intrinsic dimension of image data, where the ambient dimension is way higher than the 
intrinsic dimension? 

•What are the estimated dimensions of common image datasets?  

•Does the intrinsic dimension affect generalization properties? And the ambient dimension?



MLE methods for image data
Is the estimated dimension close to the expected dimension?

23

Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

•Use a Generative Adversarial Network (GAN) trained on ImageNet to produce images from the class basenji  

•In this model we can choose to fix most entries of the latent vectors to be 0, except for  entries which are chosen at random 

•We expect that, as we increase , the intrinsic dimension of the generated data increases, keeping  as an upper bound

d̄

d̄ d̄



MLE methods for image data
Is the estimated dimension close to the expected dimension?

24

Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

Basenji class

Soap-bubbles class

Fix , and generate an increasing number 
of examples for a given ImageNet class 

Compute the intrinsic dimension using MLE with 
increasing number of neighbors (k)

d̄ = 10

Note that, a priori, we do not know if these images are in the 
mathematical hypothesis of the estimators

As we increase the number of neighbors, the variance of the 
estimator decreases but the bias (difference between the 

average empirical estimated parameter and the true 
parameter) increases



Estimated dimension for popular datasets
What is the estimated dimension of popular image datasets?
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Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

Much smaller than the ambient dimension

Dataset / representation Image dimensions Ambient dimension
MNIST, standard grayscale 28 x 28 x 1 784

SVHN, CIFAR-10, CIFAR-100 32 x 32 x 3 3,072
ImageNet representation stated in the paper 224 x 224 x 3 150,528



Intrinsic dimension and generalization
Does the intrinsic dimension of a dataset correlate with the generalization properties of a network trained on such data?

26

Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

•Use the GAN to create 4 datasets of increasing intrinsic dimension: 16, 32, 64, 128 

•These have fixed extrinsic dimension: all images have resolution  

•Create images from two clases: basenji and beagle 

•Fix test size of 1,700 images, and train a ResNet-18 until 100% training accuracy, with increasing number of training samples 

•Measure test accuracy

32 × 32 × 3



Intrinsic dimension and generalization
Does the intrinsic dimension of a dataset correlate with the generalization properties of a network trained on such data?

27

Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

The lower the intrinsic dimension of the dataset that we are trying to learn, the easier it is for the network to learn the task 

With higher dimensionalities, the network needs more training data to achieve good generalization properties



Extrinsic dimension and generalization
Does the extrinsic dimension of a dataset correlate with the generalization properties of a network trained on such data?
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Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

•Use nearest-neighbor interpolation to create 6 datasets of increasing extrinsic dimension: 3 channel images of resolution 16, 32, 64, 128, 256 

•These have fixed intrinsic dimension of 128 

•Create images from two clases: basenji and beagle 

•Fix test size of 1,700 images, and train a ResNet-18 until 100% training accuracy, with increasing number of training samples 

•Measure test accuracy



Extrinsic dimension and generalization
Does the extrinsic dimension of a dataset correlate with the generalization properties of a network trained on such data?
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Pope, P., Zhu, C., Abdelkader, A., Goldblum, M., and Goldstein, T. (2020). The Intrinsic Dimension of Images and Its Impact on Learning. International Conference on Learning Representations. 

The lower the extrinsic dimension of the dataset does not have a strong influence on the generalization properties: all conditions arrive to near perfect 
generalization properties when we reach 2000 training samples



Intrinsic dimension of internal representations
Lecture 5 — Intrinsic dimension 



Intrinsic dimension of internal representations in CNNs
How does the intrinsic dimension of latent representations behave?

31

Ansuini, A., Laio, A., H. Macke, J., and Zoccolan, D. “Intrinsic Dimension of Data Representations in Deep Neural Networks.” Advances in Neural Information Processing Systems 32 (2019).  

•Train different types of CNNs on ImageNet 

•Take 500 images per category of the 7 biggest categories 

•Compute embeddings at each layer: this gives 7 point clouds of 500 points after each layer  

•Estimate the intrinsic dimension of the resulting point clouds using TwoNN 

•Compute the average intrinsic dimension and standard deviations among classes, per layer
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fω : Rm → Rk

Input layer
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x → Rm

Output layer
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ŷ → Rk

Hidden layers

…<latexit sha1_base64="KdlkJRZRwLgPsSX51+T6ATUfOk0=">AAACCnicbVA9SwNBEJ3zM8avqKXNahBiE+5EomVAC8so5gNySdjb7CVL9vaO3T0hHFfb+FdsLBSx9RfY+W/cJFdo4oOBx3szzMzzIs6Utu1va2l5ZXVtPbeR39za3tkt7O03VBhLQusk5KFseVhRzgSta6Y5bUWS4sDjtOmNriZ+84FKxUJxr8cR7QR4IJjPCNZG6hWO3ADroecnw7SblJzTFLlMoJnoJXdp97pXKNplewq0SJyMFCFDrVf4cvshiQMqNOFYqbZjR7qTYKkZ4TTNu7GiESYjPKBtQwUOqOok01dSdGKUPvJDaUpoNFV/TyQ4UGoceKZzcqOa9ybif1471v5lJ2EiijUVZLbIjznSIZrkgvpMUqL52BBMJDO3IjLEEhNt0subEJz5lxdJ46zsVMqV2/NitZrFkYNDOIYSOHABVbiBGtSBwCM8wyu8WU/Wi/Vufcxal6xs5gD+wPr8AYtZmi0=</latexit>

h(1) → RD
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h(2) → RD
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h(L) → RD

Main question: how does the intrinsic dimension of the internal representations change?



The hunchback pattern
How does the intrinsic dimension of latent representations behave?

32

Ansuini, A., Laio, A., H. Macke, J., and Zoccolan, D. “Intrinsic Dimension of Data Representations in Deep Neural Networks.” Advances in Neural Information Processing Systems 32 (2019).  

•Observed the appearance of a hunchback pattern: 
dimensionality goes up then it goes down 

•In general, intrinsic dimension is way smaller than 
the hidden dimension of the models (ambient 
dimension in this case) 

•The pattern is consistent across model families if 
we look at the relative depth: 

current layer
total number of layers

In the last layer all models converge to a dimension of around 10  

This is due to the fact that the representations in the last layer must are optimal for the classification task 

For  classes, the intrinsic dimension of a representation is bounded by , meaning that each class is associated with a binary representation 

For the 1000 classes of ImageNet, this bound becomes 

Nc Nc ≤ 2dimension

dimension ≳ 10



The intrinsic dimension in the last layer correlates with classification performance
How does the intrinsic dimension of latent representations behave?

33

Ansuini, A., Laio, A., H. Macke, J., and Zoccolan, D. “Intrinsic Dimension of Data Representations in Deep Neural Networks.” Advances in Neural Information Processing Systems 32 (2019).  
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r = 0.94
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r = 0.99

•Compute the dimension of the representations in the last layer of 2,000 images, sampled 
from all classes in ImageNet 

•Dimensions range from around 12 (ResNet152) to around 25 (AlexNet) 

•Record the top-5-error of the networks (percentage of images whose correct class is 
absent from the model’s five highest-scoring predictions)

The authors found strong correlation between the top-5-error and the intrinsic dimension: lower 
dimensionality means that the model is better at classifying the images 

The correlation is particularly strong among networks of the same family



Intrinsic dimension of internal representation in transformers
How does the intrinsic dimension of latent representations behave?
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Valeriani, L., Doimo, D., Cuturello, F., Laio, A., Ansuini, A., and Cazzaniga, A. “The Geometry of Hidden Representations of Large Transformer Models.”  
Paper presented at Thirty-seventh Conference on Neural Information Processing Systems. (2023) 

•Two transformer architectures: one for proteins, one for images 

•Embed each dataset and add a positional encoding: obtain  embeddings (one embedding per token) 

•Vocabulary of 20 amino acids for proteins, and 512 colors for iGPTs 

•Blocks: self-attention map followed by a MLP, output of size  

•Extract representations after the first normalization layer of each block and then average pool along the 
sequence dimension to reduce a sequence into a data point embedded in  

•Compute intrinsic dimension using TwoNN estimator

ℝT×D

ℝT×D

ℝD



The hunchback pattern reappears 
How does the intrinsic dimension of latent representations behave?

35

Valeriani, L., Doimo, D., Cuturello, F., Laio, A., Ansuini, A., and Cazzaniga, A. “The Geometry of Hidden Representations of Large Transformer Models.”  
Paper presented at Thirty-seventh Conference on Neural Information Processing Systems. (2023) 

•For proteins: there is a peak that depends on the 
number of parameters of the model, then a plateau 
at around 5 for all models, then an increase to the 
initial ID of the model 
A previous study of the dimensionality of this protein 
dataset had also estimated it around 5! 

•For images: there is a second hunchback, and it also 
happens that the input and output dimensions 
coincide. The peak increases with model size, but all 
models coincide at the local minimum



Intrinsic dimension across training
How does the intrinsic dimension of latent representations behave?
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Valeriani, L., Doimo, D., Cuturello, F., Laio, A., Ansuini, A., and Cazzaniga, A. “The Geometry of Hidden Representations of Large Transformer Models.”  
Paper presented at Thirty-seventh Conference on Neural Information Processing Systems. (2023) 

It seems that there are two stages in the training: 

1. First, early on, all models form a peak in the early layers, while the rest of the layer remain as in the untrained model 

2. Later on, the plateau (or second hunchback) develops to its final value



The union of manifolds hypothesis
Lecture 5 — Intrinsic dimension 



The union of manifolds hypothesis
An extension of the manifold hypothesis

38

Brown, B. C., Caterini, A. L., Ross, B. L., Cresswell, J. C., and Loaiza-Ganem, G. (2022, September 29). “Verifying the Union of Manifolds Hypothesis for Image Data”.  
The Eleventh International Conference on Learning Representations. 

It might be a bit naive to suppose that all image lie on the same manifold, with the same intrinsic dimension 

For example: if we understand the intrinsic dimension as the number of degrees of freedom in the data, this cannot be the same in 
the images of 2 and the images of 8 in the MNIST data  

In addition, if we want to continuously transform an image of a 2 into an image of an 8 moving along the manifold, we might end in 
images that are neither are 2 nor an 8, leaving the dataset 

Thus, it might be more accurate to describe the data as living in a union of manifolds, where each manifold has its own intrinsic 
dimension  

This is known as the union of manifolds hypothesis



The union of manifolds hypothesis in practice
An extension of the manifold hypothesis
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Brown, B. C., Caterini, A. L., Ross, B. L., Cresswell, J. C., and Loaiza-Ganem, G. (2022, September 29). “Verifying the Union of Manifolds Hypothesis for Image Data”.  
The Eleventh International Conference on Learning Representations. 

To test whether the manifold hypothesis is satisfied in practice, we can start checking, for image data: 

•Is the support of the data disconnected? 

•Is there a lot of variability in the estimated dimensions (each connected component should have its own dimension)



Testing disconnectedness
The union of manifolds hypothesis
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Brown, B. C., Caterini, A. L., Ross, B. L., Cresswell, J. C., and Loaiza-Ganem, G. (2022, September 29). “Verifying the Union of Manifolds Hypothesis for Image Data”.  
The Eleventh International Conference on Learning Representations. 

The authors train a Wasserstein Autoencoder (WAE), which is unable to model datasets with disconnected supports, and introduce 
disconnected WAEs (D-WAE), as an alternative, where first cluster the data and then apply the model to each cluster 

These are generative models, which they train in several popular image datasets 

They report Fréchet Inception distance (FID, lower is better) across 3 runs, and observe that the best performing models are the 
disconnected ones



Testing variability of dimension
The union of manifolds hypothesis
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Brown, B. C., Caterini, A. L., Ross, B. L., Cresswell, J. C., and Loaiza-Ganem, G. (2022, September 29). “Verifying the Union of Manifolds Hypothesis for Image Data”.  
The Eleventh International Conference on Learning Representations. 

•Compute intrinsic dimension using MLE methods separately on the 
different point clouds given by the clusters of the classes  

•Obtaining similar estimates across clusters supports the manifold 
hypothesis (constant dimension across the manifold), whereas a high 
variability in the estimates supports the union of manifolds hypothesis 

•Except for SVHN, the box plots of this parameter support the latter

̂d c
k



Local Intrinsic Dimension in LLMs
Lecture 5 — Intrinsic dimension 



Local vs. global measures of intrinsic dimension
A small recap

43

Local Global

? ?

?

The estimators that we have seen here can be: 

•Global, i.e., providing a single estimated dimension for the whole point cloud  

•Local, i.e., computing an estimated dimension at each point by looking at the dimension at a local neighborhood, 
typically given by the k-nearest neighbors of the point 

̂d

̂d k(x)



Local Global

Local PCA TwoNN

MLE estimators

Local vs. global measures of intrinsic dimension
A small recap

44

The estimators that we have seen here can be: 

•Global, i.e., providing a single estimated dimension for the whole point cloud  

•Local, i.e., computing an estimated dimension at each point by looking at the dimension at a local neighborhood, 
typically given by the k-nearest neighbors of the point 

̂d

̂d k(x)

We can apply a similar idea to the TwoNN estimator to make it local: 

•For each point x in the point cloud, take its k-nearest neighbors 

•Compute the dimension of the neighborhood around x using the TwoNN estimator

Ruppik, B. M., von Rohrscheidt, J., van Niekerk, C., Heck, M., Vukovic, R., Feng, S., Lin, H., Lubis, N., Rieck, B., Zibrowius, M., and Gasic, M. (2026). Less is More: Local Intrinsic 
Dimensions of Contextual Language Models. Advances in Neural Information Processing Systems, 38, 67795–67828. 



Local TwoNN estimator of embeddings during LLM training
How does fine-tuning affect the local dimension of latent representations?
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Ruppik, B. M., von Rohrscheidt, J., van Niekerk, C., Heck, M., Vukovic, R., Feng, S., Lin, H., Lubis, N., Rieck, B., Zibrowius, M., and Gasic, M. (2026). Less is More: Local Intrinsic 
Dimensions of Contextual Language Models. Advances in Neural Information Processing Systems, 38, 67795–67828. 

•Fine-tune a RoBERTa-base model using masked language modeling 

•Each model is trained for 5 epochs on 10,000 training examples 

•The base model is pre-trained on Wikipedia 

•Fine-tuning is performed on a variety of datasets: 

•MultiWOZ2.1: Human-human multi-domain dialogues 

•Schema-Guided Dialogue SGD: Human–virtual assistant dialogues 

•The authors embed a subset of the validation split of each dataset using both the base and 
fine-tuned model, and compute local TwoNN dimension estimates for each point 

•For evaluation, the following datasets are also used: 

•Reddit: Reddit comments from the year 2022 mentioning Tesla, Inc. 

•ICLR 2024 Submissions: Titles and abstracts of ICLR 2024 papers

Main conclusion: only the intrinsic dimension of the datasets used in 
fine-tuning seems to change in this experiment



To sum up
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Today, we have learnt about: 

•The manifold hypothesis, key to understand the power of current deep learning methods and the starting point of many geometric and 
topological methods in data 

•How to measure the intrinsic dimension of point cloud data via 3 different methods: 

•Local PCA 

•TwoNN 

•MLE estimators 

•How to apply this tools in deep learning to: 

•Explore the manifold hypothesis of image data and link it to network properties 

•Explore the dimensionality of internal representations in deep learning models 

•Finally, we have seen how to extend this hypothesis to accommodate the possibility of varying dimension in the manifold, and we have 
covered an example that seems to support this in LLM training



Thank you for your attention!

Session 5 — Intrinsic dimension


