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Recap: simplicial complexes
Definition
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Def. (Abstract) Simplicial Complex 

Given a discrete set , a simplicial complex  is a set of subsets  
closed under inclusion (if , then for all  we must have )

S = {s1, …, sn} X σ ⊂ S
σ ∈ X τ ⊆ σ τ ∈ X

We can stratify a simplicial complex by dimension:

Vertices: 0-dimensional simplices 

Edges: 1-dimensional simplices 

Triangles: 2-dimensional simplices

In general: 

• -dimensional simplex:  

• : set of -dimensional simplices 

• -skeleton ( ): all simplices with dimension 

k σ = {si0, …, sik}

Xk k

k X≤k ≤ k

k + 1 elements!



Recap: simplicial homology
Orientations
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The first thing we do is choosing an orientation for the simplices, that is, a unique 
way of representing a set σ = {si0, …, sik}

How to choose an orientation?  

• Choose an ordering of the vertices  

• Orient higher order simplices accordingly:   

• We will simply denote the simplices as: 

S = {1,…, n}

(si0, …, sik), i0 < … < ik

(si0, …, sik) ≡ (i0, …, ik)

Note that we use the same notation that we had in 
graphs to distinguish  oriented and un-oriented simplices!

•Any other ordering of the vertices is related to this one by:  

 

Where  (the simplices contain the same vertices) and  is 
the number of pairwise permutations to go from  to  

Examples:  

•   

•

(i0, …, ik) = (−1)𝔭( j0, …, jk)

{si0, …, sik} = {sj0, …, sjk} 𝔭
(sj0, …, sjk) (si0, …, sik)

(1,2) = − (2,1)

(1,2,3) = − (2,1,3) = (2,3,1) = − (3,2,1)



Recap: simplicial homology
Chain spaces
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<latexit sha1_base64="8xQh2H8PWCKtr0SOcWIQlwFUB8g="></latexit>

Ck(X) = span{(i0, . . . , ik) : i0 < · · · < ik} →= R|Xk|

Chain space: let , the k-chain space is the vector space spanned by the 
oriented simplices

k ≥ 0

<latexit sha1_base64="t+Obu7ue97v1FzZDgG4OM09n32E="></latexit>

c =
∑

ω→Xk

aω · ω, aω → R

C0(X, ℝ) = ℝ13 C1(X, ℝ) = ℝ17 C2(X, ℝ) = ℝ6 C3(X, ℝ) = ℝ

Try it: What are the chain groups of the complex on the left?



Recap: simplicial homology
Boundary operators
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<latexit sha1_base64="1pMTpIDijVocFEPQEBFMJ/2UwG0="></latexit>

ωk(i0, . . . , ik) =
k∑

j=0

(→1)j (i0, . . . , îj , . . . ik)

Boundary operator: linear map connecting chain spaces of consecutive 
dimension  defined on the basis elements as∂k : Ck(X) → Ck−1(X)

<latexit sha1_base64="t+Obu7ue97v1FzZDgG4OM09n32E="></latexit>

c =
∑

ω→Xk

aω · ω, aω → R
<latexit sha1_base64="SerjR+h/Sq6k/rB9v75HOt4hW2A="></latexit>

ωkc =
∑

ω→Xk

aω · ωkε, aω → R

Try it:
<latexit sha1_base64="oymwUvvs3qnfilGoWuObFh8AtrE="></latexit>

ω1(0, 1) = (1)→ (0)

ω2 (2, 3, 4) = (3, 4)→ (2, 4) + (2, 3)

ω3(3, 6, 7, 8) = (6, 7, 8)→ (3, 7, 8) + (3, 6, 8)→ (3, 6, 7)

And extended linearly:



Recap: simplicial homology
Boundary operators
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<latexit sha1_base64="1pMTpIDijVocFEPQEBFMJ/2UwG0="></latexit>

ωk(i0, . . . , ik) =
k∑

j=0

(→1)j (i0, . . . , îj , . . . ik)

Boundary operator: linear map connecting chain spaces of consecutive 
dimension  defined on the basis elements as∂k : Ck(X) → Ck−1(X)

<latexit sha1_base64="t+Obu7ue97v1FzZDgG4OM09n32E="></latexit>

c =
∑

ω→Xk

aω · ω, aω → R
<latexit sha1_base64="SerjR+h/Sq6k/rB9v75HOt4hW2A="></latexit>

ωkc =
∑

ω→Xk

aω · ωkε, aω → R

Try it:
<latexit sha1_base64="oymwUvvs3qnfilGoWuObFh8AtrE="></latexit>

ω1(0, 1) = (1)→ (0)

ω2 (2, 3, 4) = (3, 4)→ (2, 4) + (2, 3)

ω3(3, 6, 7, 8) = (6, 7, 8)→ (3, 7, 8) + (3, 6, 8)→ (3, 6, 7)

<latexit sha1_base64="xb9KkpTmju365o5wSoNhUVS2P8c="></latexit>

ωk ωk+1 = 0 =→ ker ωk ↑ im ωk+1

Important property:

And extended linearly:



Homology groups
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c

c + b

Recap: simplicial homology

<latexit sha1_base64="FVhg4ScUSxWagiK51jcqo9in03s="></latexit>

Hk(X) =
ker ωk
im ωk+1

Cycles

Boundaries

Def. Homology group

Example: What are the elements of the homology group?

c = (0,1) + (1,2) + (2,3) − (0,3) ∈ ker ∂1

∂1 (c) = (1) − (0) + (2) − (1) + (3) − (2) − (3) + (0) = 0

b = − (2,3) − (3,4) + (2,4) = ∂2[ − (2,3,4)] ∈ im ∂2

c + b = (0,1) + (1,2) + (2,4) − (3,4) − (0,3)

First, we find a cycle:

For instance, an element of this subset is:

An element of  is given by the whole subset:H1(X)

If I can move through filled in triangles, I stay inside of 
the homology class

[c] := c + im ∂2 = {c + ∂2β : β ∈ C2(X)}

We call homology representatives to the elements of the homology class

Homology class



Betti numbers
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Def. Betti number

βk(X) = dim Hk(X)

“Number of -dimensional holes in ”k X

Recap: simplicial homology

• : number of connected components 

• : number of loops  

• : number of cavities or bubles

k = 0

k = 1

k = 2

<latexit sha1_base64="JPzXqlOHaVq5GQ7Cnyq2VAkivZs=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3SPQiBLx4jGAekKxhdtKbDJl9MNOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cVSaLTtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFIcmj2SkOh7TIEUITRQooRMrYIEnoe2Nb2Z++xGUFlF4j5MY3IANQ+ELztBIDz0PkPWr5c45vaZOv1iyK/YcdJU4GSmRDI1+8as3iHgSQIhcMq27jh2jmzKFgkuYFnqJhpjxMRtC19CQBaDddH71lJ4ZZUD9SJkKkc7V3xMpC7SeBJ7pDBiO9LI3E//zugn6V24qwjhBCPlikZ9IihGdRUAHQgFHOTGEcSXMrZSPmGIcTVAFE4Kz/PIqaVUrTq1Su7so1etZHHlyQk5JmTjkktTJLWmQJuFEkWfySt6sJ+vFerc+Fq05K5s5Jn9gff4AEaGQ7w==</latexit>

ω2(X) = 1

<latexit sha1_base64="TlMlT6iAPBfuxNKDa/wvax9LZDQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3SPQiBLx4jGAekKxhdjKbDJl9MNOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cVSaLTtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFONNFslIdTyquRQhb6JAyTux4jTwJG9745uZ337kSosovMdJzN2ADkPhC0bRSA89jyPt2+XOObkm1X6xZFfsOcgqcTJSggyNfvGrN4hYEvAQmaRadx07RjelCgWTfFroJZrHlI3pkHcNDWnAtZvOr56SM6MMiB8pUyGSufp7IqWB1pPAM50BxZFe9mbif143Qf/KTUUYJ8hDtljkJ5JgRGYRkIFQnKGcGEKZEuZWwkZUUYYmqIIJwVl+eZW0qhWnVqndXZTq9SyOPJzAKZTBgUuowy00oAkMFDzDK7xZT9aL9W59LFpzVjZzDH9gff4AEA+Q7g==</latexit>

ω0(X) = 2
<latexit sha1_base64="fvWIxdiHolBbF0aEnTqzWrgPnEk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3SPQiBLx4jGAekKxhdtKbDJl9MNOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPd5cVSaLTtbyu3tr6xuZXfLuzs7u0fFA+PWjpKFIcmj2SkOh7TIEUITRQooRMrYIEnoe2Nb2Z++xGUFlF4j5MY3IANQ+ELztBIDz0PkPWdcuecXtNqv1iyK/YcdJU4GSmRDI1+8as3iHgSQIhcMq27jh2jmzKFgkuYFnqJhpjxMRtC19CQBaDddH71lJ4ZZUD9SJkKkc7V3xMpC7SeBJ7pDBiO9LI3E//zugn6V24qwjhBCPlikZ9IihGdRUAHQgFHOTGEcSXMrZSPmGIcTVAFE4Kz/PIqaVUrTq1Su7so1etZHHlyQk5JmTjkktTJLWmQJuFEkWfySt6sJ+vFerc+Fq05K5s5Jn9gff4AEZqQ7w==</latexit>

ω1(X) = 2

<latexit sha1_base64="MVRa1ZqzQyB7ij4ZNaOGKXuBxOA=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREpboRCm5cVrAPaEKYTG/aoZOHMxOhhIIbf8WNC0Xc+hPu/BunbRZaPXDhcM693HuPn3AmlWV9GYWFxaXlleJqaW19Y3PL3N5pyTgVFJo05rHo+EQCZxE0FVMcOokAEvoc2v7wauK370FIFke3apSAG5J+xAJGidKSZ+45PijiDSudI3yJrWPs4CF2+nCHTz2zbFWtKfBfYuekjHI0PPPT6cU0DSFSlBMpu7aVKDcjQjHKYVxyUgkJoUPSh66mEQlButn0hzE+1EoPB7HQFSk8VX9OZCSUchT6ujMkaiDnvYn4n9dNVXDhZixKUgURnS0KUo5VjCeB4B4TQBUfaUKoYPpWTAdEEKp0bCUdgj3/8l/SOqnatWrt5qxcr+dxFNE+OkAVZKNzVEfXqIGaiKIH9IRe0KvxaDwbb8b7rLVg5DO76BeMj2/LMZUP</latexit>

ωk(X) = 0, k → 3

Because the tetrahedron is filled! There are no simplices with dimension greater than 3 so 
<latexit sha1_base64="OblXgS3jEYymbvJ/vLRf+rpyUUs=">AAACH3icbVDJSgNBEO1xjXGLevRSGIQIIcyoRC9CIJccI5gFMiH0dCpJMz2L3T1CCP6JF3/FiwdFxFv+xs5yiIkPCh7vVVFVz4sFV9q2x9ba+sbm1nZqJ727t39wmDk6rqsokQxrLBKRbHpUoeAh1jTXApuxRBp4AhueX574jSeUikfhgx7G2A5oP+Q9zqg2UidTLHf8XPMC7sDOgws+uH18hCtweWDWo4LKop8Hf+Z3Mlm7YE8Bq8SZkyyZo9rJ/LjdiCUBhpoJqlTLsWPdHlGpORP4nHYThTFlPu1jy9CQBqjao+l/z3BulC70Imkq1DBVFydGNFBqGHimM6B6oJa9ifif10p077Y94mGcaAzZbFEvEaAjmIQFXS6RaTE0hDLJza3ABlRSpk2kaROCs/zyKqlfFpxioXh/nS3dzuNIkVNyRnLEITekRCqkSmqEkRfyRj7Ip/VqvVtf1vesdc2az5yQP7DGv3Usnaw=</latexit>

Ck(X) = 0, k → 3 =↑ Hk(X) = 0, k → 3

Try it: What are the Betti numbers of the complex on the left?



Topological inference problem
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Motivation: what we want to solve today

Suppose you are given the following point cloud, how can you design a test to conclude that this 
sample comes from a distribution over two circles?



Session 6 — Persistent Homology
Outline

•Induced maps in homology 

•How to build simplicial complexes from point clouds 

•Persistent Homology 

•Filtrations 

•Persistence modules 

•Barcodes

10



Induced maps in homology
Session 6 — Persistent Homology 



Maps between simplicial complexes
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Simplicial maps

Def. Simplicial map 

A simplicial map  is a map between the sets of vertices of the simplicial complexes such that for every simplex 
, its image  is also a simplex

f : X → Y
σ = {x0, …, xk} ∈ X f(σ) = {f(x0), …, f(xk)} ∈ Y

Example: <latexit sha1_base64="o1/8BwoRBuq94hOUYA4YY/bZXe4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqteV2p1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDuLGM5Q==</latexit>

X
<latexit sha1_base64="D68tsJhfYUQ/GO9Zu/imGaeZcEk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+yFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+W9mSToR3QoecgZNVZqPPRLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXankcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDujWM5g==</latexit>

Y

<latexit sha1_base64="FRthmjFp4FmFiYAUHUFmYX3H9YY=">AAACCnicbVDLSgMxFM34rPVVdekmWoQWpMyIVBcWCm5cVrAPaIeSSTNtaCYz5lEoQ9du/BU3LhRx6xe482/MtINo64HAuefcy809XsSoVLb9ZS0tr6yurWc2sptb2zu7ub39hgy1wKSOQxaKlockYZSTuqKKkVYkCAo8Rpre8DrxmyMiJA35nRpHxA1Qn1OfYqSM1M0d+QVUrOjTzr1GPegXvGJl9FNgU2S7ubxdsqeAi8RJSR6kqHVzn51eiHVAuMIMSdl27Ei5MRKKYkYm2Y6WJEJ4iPqkbShHAZFuPD1lAk+MYlaHwjyu4FT9PRGjQMpx4JnOAKmBnPcS8T+vrZV/6caUR1oRjmeLfM2gCmGSC+xRQbBiY0MQFtT8FeIBEggrk14SgjN/8iJpnJWccql8e56vXqVxZMAhOAYF4IALUAU3oAbqAIMH8ARewKv1aD1bb9b7rHXJSmcOwB9YH983npgN</latexit>

f(a) = u, f(b) = v, f(c) = v
<latexit sha1_base64="Mr5pUhgC2GyUv27tYdBoQnlgeWM=">AAACMHicbVBdSwJBFJ21L7Mvq8dehiQwENmNsB4KhB7q0SBNcBe5O446OPvRzKwgiz+pl35KvRQU0Wu/ollXIrUDA4dz7mHuPW7ImVSm+WZklpZXVtey67mNza3tnfzuXkMGkSC0TgIeiKYLknLm07piitNmKCh4Lqf37uAq8e+HVEgW+HdqFFLHg57PuoyA0lI7f90t2jGUXHt8fGnHUQkP7XHJfoiggxPHLWGSWrM6/OppJNfOF8yyOQFeJNaUFNAUtXb+2e4EJPKorwgHKVuWGSonBqEY4XScsyNJQyAD6NGWpj54VDrx5OAxPtKKXiQQ+vkKT9S/iRg8KUeeqyc9UH057yXif14rUt1zJ2Z+GCnqk/SjbsSxCnDSHu4wQYniI02ACKZ3xaQPAojSHSclWPMnL5LGSdmqlCu3p4XqxbSOLDpAh6iILHSGqugG1VAdEfSIXtA7+jCejFfj0/hKRzPGNLOPZmB8/wDv16cW</latexit>

f({a, b}) = {u, v}, f({b, c}) = {v}, f({a, c}) = {u, v}
<latexit sha1_base64="jgf1B6MF1mLZHXgSHYEj2roK2sQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKpSSiFQXCgU3LivYBzShTKaTduhkEmYmhRKz8FfcuFDErb/hzr9x0mahrQcuHM65l3vv8SJGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl449vM70yIkDTkD2oaETdAQ059ipHSUt888itOgqpeFTvp2Y2TxFU4cdJS3yxbNWsGuEzsnJRBjmbf/HIGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yez+FJ5qZQD9UOjiCs7U3xMJCqScBp7uDJAayUUvE//zerHyr9yE8ihWhOP5Ij9mUIUwCwMOqCBYsakmCAuqb4V4hATCSkeWhWAvvrxM2uc1u16r31+UG9d5HEVwDE5ABdjgEjTAHWiCFsDgETyDV/BmPBkvxrvxMW8tGPnMIfgD4/MHuFOUnw==</latexit>

f({a, b, c}) = {u, v}

<latexit sha1_base64="InrePegn8nMZ0+mK5hggwFrghJY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVBEXBTcuK9iHtkPJpJk2NJMMSUYoQ//CjQtF3Po37vwbM+0stPVA4HDOveSeE8ScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8U3mt5+o0kyKezOJqR/hoWAhI9hY6TG86qCekeih1C9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZxVN0YpUBCqWyTxg0U39vpDjSehIFdjLCZqQXvUz8z+smJrz0UybixFBB5h+FCUc2YxYfDZiixPCJJZgoZm9FZIQVJsaWlJXgLUZeJq2zqler1u7OK/XrvI4iHMExnIIHF1CHW2hAEwgIeIZXeHO08+K8Ox/z0YKT7xzCHzifP98sj70=</latexit>

f : X → Y



Definition of induced maps at the chain level
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Induced maps in the chain space

A simplicial map  induces a linear map  for all  defined in the following way:f : X → Y f# : Ck(X) → Ck(Y ) k ≥ 0

•We can write  in the basis of k-simplices as: 

 

•Applying the simplicial map at each simplex, we can define the following chain in Y: 

α ∈ Ck(X)

α = ∑
σ∈Xk

aσ ⋅ σ, aσ ∈ ℝ

f#(α) = ∑
σ∈Xk : f(σ)∈Yk

aσ ⋅ f(σ) ∈ Ck(Y )

Def. Induced map at the chain level

Notice that we require the image to be a k-simplex too!



Induced maps commute with boundary operators
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Induced maps in the chain space

Important property

The induced map  commutes with the boundary maps  and , that is: f# ∂X
k : Ck(X) → Ck−1(X) ∂Y

k : Ck(Y ) → Ck−1(Y )

f#(∂X
k (α)) = ∂Y

k(f#(α))

For a k-simplex  we have two options: 

• , that is, all vertices in  are mapped to different vertices , for , and  is a k-simplex of Y.  
In that case:

σ = {x0, …, xk} ∈ X

f(σ) = (y0, …, yk) ∈ Yk σ f(xi) = yi ≠ yj = f(xj) i ≠ j f(σ)

f#(∂X
k (σ)) = f# (

k

∑
i=0

(−1)i(x0, …, ̂xi , …, xk)) =
k

∑
i=0

(−1)i f(x0, …, ̂xi , …, xk) =
k

∑
i=0

(−1)i(y0, …, ̂yi , …, yk) = ∂Y
k(f#(σ))

Proof.



Induced maps commute with boundary operators
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Induced maps in the chain space

•Two vertices in  are mapped to the same vertex of Y,  for .  In this case  because , and . 
We now check  too:

σ f(xi) = yi = yj = f(xj) i < j f#(σ) = 0 f(σ) ∉ Yk ∂Y
k(f#(σ)) = 0

f#(∂X
k (σ)) = 0

f#(∂X
k (σ)) =

k

∑
l=0

(−1)l(y0, …, ̂yl , …, yk)

Where the sum on the right only includes  

•If , then  has at most  distinct vertices, and it is not in , so all these terms do not appear in the sum 

•We only have left , where in the 
second equality we have moved  to the j-th position, changing the orientation accordingly.

(y0, …, ̂yl , …, yk) ∈ Yk−1

l ∉ {i, j} (y0, …, ̂yl , …, yk) k − 2 Yk−1

(−1)i(y0, …, ̂yi , …, yk) + (−1) j(y0, …, ̂yj , …, yk) = (−1)i(y0, …, ̂yi , …, yk) + (−1) j(−1) j−i−1(y0, …, ̂yi , …, yk) = 0
yi

Important property

The induced map  commutes with the boundary maps  and , that is: f# ∂X
k : Ck(X) → Ck−1(X) ∂Y

k : Ck(Y ) → Ck−1(Y )

f#(∂X
k (α)) = ∂Y

k(f#(α))

•If more vertices in  are mapped to the same vertex in Y, we apply a similar argument to conclude that both sides of the equality are 0 too.σ



Induced maps
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Induced maps in the homology space

A simplicial map  induces a linear map  for all  defined in the following way:f : X → Y f∗ : Hk(X) → Hk(Y ) k ≥ 0

•An element  is a whole set  where, also,  

•We define 

[α] ∈ Hk(X) [α] = {α + ∂k+1β : β ∈ Ck+1(X)} α ∈ ker ∂X
k ⟺ ∂X

k α = 0

f∗([α]) = [f#(α)] = {f#(α) + ∂Y
k β : β ∈ Ck+1(Y )}

Def. Induced map at the homology level

We need to check that this map is well-defined: 

•First, we check that  is a cycle:  

 

•Now we check that two elements of the same class  go to the same class in . Two elements in the same class are 
related as: . 
Then:  and thus 

 

f#(α)

∂Y
k(f#(α)) = f#(∂X

k (α)) = f#(0) = 0

[α1] = [α2] ∈ Hk(X) Hk(Y )
α1 = α2 + ∂X

k β, β ∈ Ck+1(X)
f#(α1) = f#(α2) + f#(∂X

k β) = f#(α2) + ∂Y
k ( f#(β))

f∗([α1]) = [ f#(α1)] = [ f#(α2)] = f∗([α2])



Two important properties
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Induced maps in the homology space

The induced homology map  for all  satisfies the following two properties:f∗ : Hk(X) → Hk(Y ) k ≥ 0

•If  is the identity map, sending each vertex in  to itself, then  is the identity 
map of vector spaces, which leaves every vector unchanged 

•If  and  then 

id : X → X X id∗ : Hk(X) → Hk(X)

f : X → Y g : Y → Z

(g ∘ f )∗ = g∗ ∘ f∗

Properties of the induced maps



Induced maps
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An example for you to work on

Describe the induced maps for the 0, 1 and 2-
dimensional homology groups of the following 

inclusion of simplicial complexes 



How to build simplicial complexes from point clouds
Session 6 — Persistent Homology 



A point cloud is a finite metric space  where: 

•  is a discrete set of points (the vertices of the abstract simplicial complex we 
will build) 

•  is a distance function on the set, which we can represent as the matrix of 
pairwise distances

(S, d)

S = {s1, …, sn}

d : S × S → ℝ

<latexit sha1_base64="jRUa0BYXo1TjpZW9X0ZFjfQtyKk="></latexit>



d(s1, s1) d(s1, s2) . . . d(s1, sn)
d(s2, s1) d(s2, s2) . . . d(s2, sn)

...
...

. . .
...

d(sn, s1) d(sn, s2) . . . d(sn, sn)





Point clouds
Our starting point

Point cloud

If we consider these points as living in a Euclidean space: , we can consider the closed balls:S ⊂ ℝD

<latexit sha1_base64="08i9qHkcuiFXP3MejPs2BcKVJuw="></latexit>

B(x, r) := {y → RD : d(x, y) ↑ r} Ball centered at x with radius r

Point cloud + closed balls



Simplicial complexes
Building simplicial complexes from point clouds
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Given  and , the Čech complex (or Nerve complex) at scale  is:(S, d) r ≥ 0 r

Cr(S, d) = {si0, …, sik} :
k

⋂
j=0

B(sij, r) ≠ ∅

Finite metric space

Čech complexPoint cloud

For : r ≤ s Cr(S) ⊆ Cs(S)

Monotonicity



Simplicial complexes
Building simplicial complexes from point clouds
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Given  and , the Vietoris-Rips complex at scale  is:(S, d) r ≥ 0 r

VRr(S, d) = {{si0, …, sik} : d(si, sj) ≤ 2r, ∀i0 ≤ i < j ≤ ik}

Čech complex VR complexPoint cloud

For : r ≤ s VRr(S) ⊆ VRs(S)

Monotonicity



Simplicial complexes
Relating Čech and VR complexes
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Cr(S) ⊆ VRr(S) ⊆ C 2r(S)For r ≥ 0 :

Lemma:

This containment is easy to prove This one requires a bit more work



Simplicial complexes
Other simplicial complexes
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•  Alpha shapes and Alpha complexes 

•  Dowker complexes 

•  -NN complexesk

H. Edelsbrunner, D. Kirkpatrick and R. Seidel, “On the shape of a set of points in the plane", IEEE Transactions on Information Theory 29.4, 1983, pp. 551–559

C. H. Dowker, “Homology Groups of Relations”, Annals of Mathematics 56.1, 1952, pp. 84–95

M. Q. Le and D. Taylor, “Persistent Homology with k-nearest-neighbor Filtrations reveals Topological Convergence of PageRank”, 2022, arXiv: 2206.04725



The nerve theorem
Session 6 — Persistent Homology 



Nerve theorem
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Simplicial homology

1Ghrist, R., and Muhammad, A. “Coverage and Hole-Detection in Sensor Networks via Homology.” IPSN 2005. Fourth International Symposium on Information Processing in Sensor Networks, 2005., April 2005, 254–60.

1Bauer, U., Kerber, M., Roll, F., and Rolle, A. “A Unified View on the Functorial Nerve Theorem and Its Variations.” Expositiones Mathematicae 41, no. 4 (2023): 125503.  

The nerve of this cover is the following simplicial complex: 

Def + thm. Nerve theorem (informal) 

Let X be a topological space and  a cover of this space, 
that is  

𝒰 = {B(x, r) : x ∈ S ⊂ X, r > 0}

X ⊂ ⋃
x∈S

B(x, r)

With some niceness assumptions on  and  we have: X 𝒰

(homotopy equivalent, same topological properties) Nerve(𝒰) ≅ X

The Čech complex is a nerve

Cr(S, d) = {si0, …, sik} :
k

⋂
j=0

B(sij, r) ≠ ∅

Nerve(𝒰) = {σ ⊂ S : ⋂
x∈σ

B(x, r) ≠ ∅}



Nerve theorem — the practical consequences
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Simplicial homology

Suppose you are given the following point cloud, how can you design a test to conclude that this 
sample comes from a distribution over two circles?



Nerve theorem — the practical consequences
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Simplicial homology

1. Approximate  with a Čech complex for a some radius that captures the holes:  

2. Compute homology in degree 1:  

3. If , then you are observing two holes

S Cr(S)

H1(Cr(S))

β1(Cr(S)) = 2

How do you find the radius ?r



Persistent homology
Lecture 6 — Persistent homology 



Filtrations
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Persistent homology

Consider all possible radii!

Def. Filtration  

 such that for ,  {Xt : t ∈ ℝ} s ≤ t Xs ⊆ Xt



Persistence modules
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Persistent homology

Persistent homology module:

X∙ : X1 ↪ X2 ↪ … ↪ XN ⇝ Hk(X∙) : Hk(X1)
f1
2 Hk(X2)

f 2
3 … fN−1

N Hk(XN) f n
m ∘ f l

n = f l
m

Vector spaces ≅ ℝ|(Xt)k|

Linear maps: induced maps from the inclusion maps

Def. Persistence module (in full generality)

A family  of vector spaces and a family  of linear maps satisfying: 

•  

•  for all 

{Vn}1≤n≤N {ϕn
m : Vn → Vm}n≤m

ϕn
n = idVn

ϕm
n ∘ ϕl

m = ϕl
n l ≤ m ≤ n

with 

From the property about 
compositions and induced maps! 

Xl ⊆ Xn ⊆ Xm



Interval modules
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Persistent homology

An example of persistence modules are interval modules:

<latexit sha1_base64="GSG+aHFSSvngoYZRo3/jNsFQgnI="></latexit>

I[a, b]n =

{
0 if n < a, or n > b

R if a → n → b

<latexit sha1_base64="hsF5zEO0iJZaAAtB1JOaaN9XDS8="></latexit>

I[a, b]nm =

{
0 if n < a, or m > b

idR if a → n → m → b

<latexit sha1_base64="rH3hfqd0vVOcB8atR9ia57Mw5o4="></latexit>

0 → 0 → · · · → 0 ↑→ R idR↑↑→ R ↑→ · · · ↑→ R idR↑↑→ R ↑→ 0 → · · · → 0

1 2 a − 1 a a + 1 b − 1 b b + 1 N

Module:

Parameters:



An example for you to try
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Persistent homology

For 0 and 1-dimensional homology: 

•Choose generators for the homology groups at each step in the filtration 

•Connect the generators in subsequent steps in the filtration whenever the map induced in homology by the inclusion 
connects them  

•No line needs to be drawn when the generator is directly mapped to 0 by the induced map



Structure theorem and barcodes
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Persistent homology

This is true in general by the structure theorem, whose statement and proof go beyond the scope of the course

Azumaya, Gorô. “Corrections and Supplementaries to My Paper Concerning Krull-Remak-Schmidt’s Theorem.” Nagoya Mathematical Journal 1 (June 1950): 117–24.

Crawley-Boevey, William. “Decomposition of Pointwise Finite-Dimensional Persistence Modules.” Journal of Algebra and Its Applications 14, no. 05 (2015): 1550066.

It is enough that you know that for each filtration (and corresponding persistent homology module) we can compute a barcode that 
tracks how homology classes are created and destroyed as the filtration grows 

This is the same as tracking the evolution of the Betti numbers of the complexes in the filtration 



Persistence barcode
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Persistent homology

As many bars as points, 
bars die as points get 

connected

Two long bars: we have two 
persistent loops in the point 

cloud 

The point cloud had the shape of 
two circles!

Persistence barcode
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To sum up

Today we have learnt how to… 

•Obtain maps between homology groups from simplicial maps between simplicial complexes 

•Build simplicial complexes from point clouds, approximating their shape at different scales 

•Combine these ideas to define the persistent homology module 

•Summarize the topological information of the persistent module in a barcode



Inés García Redondo — October 20, 2026

Thank you for your attention!

Lecture 6 — Persistent Homology


