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Recap
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We now know how to count holes

Chains and boundaries m Chain space: let kK > 0, the k-chain space Ci(X) is the vector space spanned by

the oriented simplices

Cr(X) = span{(io, ..., ix) 1 ig < --- < i} = RIX#|

— E s -0, as €R
o€E Xy

» Boundary operator: /inear map connecting chain spaces of consecutive

dimension 0, : C(X) — C,_,(X) defined on the basis elements as
k

On(io, .- vik) =Y (=1) (do, .. 15, ik)

7=0

Example:

01,6678= (6,2.8) - (3. 9.¢) + (3,e.8)
- (3,6.2)




We now know how to count holes

Betti numbers
Def. Homology group /_\Cydes

ker Oy
Hip(X) =
k( ) im8k+1
Q‘[L{/( ;u_ Boundaries
Cuvy — G — Gy P
\O)
Try it: What are the Betti numbers?
4

D

N

Def. Betti number

“Number of k-dimensional holes in X"




X

ok
Induced maps Cevy (W) = Ge (X)

e
Def. Induced map at the chain level (Z&,\M-\ (;) —(th,l(
A simplicial map f: X = Y induces a linear map f; : C(X) = C(Y) for all k> 0: 9\1 v
v/

Cenmn () — N
&:Zaa.ng#(a): Z aa’f(O') sl C‘QCS

o€ Xy JEXk:f(O')EYk

Try it: What are the matrices of the induced maps I, I, ,?

Lo = [#(O o (K —> & (L) : ’ Lh : 3
R ¢ R : 5
2 ® ) ®
Lo = Ipqé K 4 r A
T2l Gy — L) T, G (k) —> ¢ (L)
\~N— \~— o~ ﬂ
R @ R ho f
9
I-/:(y‘ﬁ“\p/-w(Q )q:)' 1, = ©
I 1 -
\0 0)00/ . o © ---0 J 8 \




[ ‘, Y (k) — H, (L) *] Dl
Induced maps b s - OV yme? ”
R* R o], > tb])

Def. Induced map at the homology level

A simplicial map f : X — Y induces a linear map f, : H(X) — H(Y) for all £ > O: bs | = ( O | )

o] = {a+ 0118 : B € Crr1(X)} = fulla]) = [fa(@)] = {fula) + 05 B : B € Crya(Y)}

Try it:  What are the matrices of the induced maps in homology with bases
K L : 3 L : 3
Ho | {0k, [5]x} {[0]r} 0 . 0
Hy | {la]x, bk} {10z}
5! D
a=(0,1)—(0,2) + (1,2) 2 o 2 o
4 4
b=1(0,3) —(0,4) 4+ (3,4) K L



Induced maps

Two important properties

Properties of the induced maps

@‘\ The induced homology map f, : H(X) = H,(Y) for all kK > 0 satisfies the following two properties:

& N

«N}\Q\AB m[f 1d : X = X is the identity map, sending each vertex in X to itself, then 1d, : H(X) = H(X) is

oX ,\b&\\' the identity map of vector spaces, which leaves every vector unchanged
alf f: X—>Yand g:Y — Z then — - FIEQZ:JQ\IGKQ\M
O
(& o) = 8u ol CHUP ORTHO
t J Lo % r2)
X — Y — 2 A~> H, (xy — . (Y) — Ny




Induced maps _ _
Properties of the induced maps

Two important properties nid, = ide(X)

Induces maps in homology satisty: a(gof). =g of

| K % 2 T | — | M )

- 1 o - _
[*_“ o) J'K‘- (0 (3
H,(K)=([a]) 2 [ Hy(L) = ([a, b)) & 2% H (M)=(b]) 4 @2
[4) — —> [a] > [o]
tvl — W)
WTS o - ) .
SIS (J_f_j & o ly = (01 (ﬂ:c’



Motivation

What we want to solve today

Suppose you are given the following point cloud, how can you design a test to
conclude that this sample comes from a distribution over two circles?




The nerve theorem
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Recap: Cech complex

( Finite metric space

Given (S,d) and r > 0, the Cech complex (or Nerve complex) at scale 7 is:

k
C(S,d) = {55} [ | Bls; 1) # @ Monotonicity
/=0 For r <s: C(S) C C,(S)

>//\/ //

Point cloud Cech complex



Recap: Vietoris—Rips complex

Point cloud

Given (S,d) and r > 0, the Vietoris-Rips complex at scale r is:

VR (S,d) = {{Sio, s Si 1 d(s;,8) <2 Vipg <1 <j < ik}

Cech complex

12

Monotonicity

For r <s: VR(S) C VR(S)

VR complex



Nerve theorem

Def + thm. Nerve theorem (informal) /
Let X be a topological space and % = {B(x,r) : x € SC X, r > 0} a cover of
this space, that is \
/ \
X C UB(x, r)
xXES /
The nerve of this cover is the following simplicial complex: /

Nerve(Z)=< o C S : ﬂB(x, r) # J

Xeco

: : , The Cech complex is a nerve
With some niceness assumptions on X and % we have:

( )

Nerve(%) =~ X (homotopy equivalent, same Betti numbers) CAS.d) = USip o8y} - QB(SZ-J., N#D ¢
iz

g J

1Ghrist, R., and Muhammad, A. “Coverage and Hole-Detection in Sensor Networks via Homology.” IPSN 2005. Fourth International Symposium on Information Processing in Sensor Networks, 2005., April 2005, 254—-60.

1Bauer, U., Kerber, M., Roll, F., and Rolle, A. “A Unified View on the Functorial Nerve Theorem and Its Variations.” Expositiones Mathematicae 41, no. 4 (2023): 125503.
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Nerve theorem: practical consequences

Suppose you are given the following point cloud, how can you design a test to
conclude that this sample comes from a distribution over two circles?

14



Nerve theorem: practical consequences

1. Approximate S with a Cech complex for a some radius that captures the holes:
C.(5)

2. Compute homology in degree 1: H,(C,(S))
3. If 5{(C(S)) =2, then you are observing two holes

15



Nerve theorem: practical consequences

1. Approximate S with a Cech complex for a some radius that captures the holes:
C.(5)

2. Compute homology in degree 1: H,(C,(S))
3. If 5{(C(S)) =2, then you are observing two holes

How do you find the radius r?

16



Persistent homology
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Filtrations

° ° S e . / e
° O ‘\.\ ’\.
® : .o : ° : ./o ./. ° :§[ YI
. : . A
o® . . % o"\. . % o’\. ./ %o’
Consider all possible radii! o . o e . o N . A
/

Def. Filtration
t=1.5

.‘é\ ’\

d

X, :t € R} such that for s <1, X, C X,

18



Persistent homology module

Gy Do howology sud A L
ke d wops cons U ch du

Linear maps: induced maps from the inclusion maps

Persistent homology module:
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Vector spaces = RIX0
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From the property about
compositions and induced maps!

XCX CX,

with frefn=rfn £ N &M
p \

LV‘ oLL (LLW(\)-}(-
b, %

WK % W
( LMO L -T\/)*.



Persistence module

Def. Persistence module (in full generality)

A family {V,},<,<y of vector spaces and a family {¢,, : V, =V, },., of linear maps satisfying:

n ), =1dy

"ol =l forallI<m<n

n<m

o
O
= o hd o — a_Q
1_7 7 [ An example of persistence modules are interval modules: [Q(\yl c R  w&w
W ‘——90 \—-———o> Ta. :<(O ifn<a, orn>b I[ab]”:JO ifn<a, orm>b
) o R fas<n<b Lo dp ifa<n<m<b
0, (K \ \
Module: 00— —>0—RER— . —RZER—50— - —0

Parameters: 1 2 a—1 a a+1 b—1 b b+ 1 N
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Persistent homology

An example

K() K1 KZ KB K4
© o © @ © @ © @ © 4
c c / \ c / \ c / \
@ 2 @ 2 @ 2 @ 2 @ 2
t=0 t=1 t=2 t=3 t=4

For O and 1-dimensional homology:
» Choose generators for the homology groups at each step in the filtration

= Connect the generators in subsequent steps in the filtration whenever the map induced in homology by

the inclusion connects them

= No line needs to be drawn when the generator is directly mapped to 0 by the induced map

21



Persistent homology
Hy(K.)

2
% 114

K K, e Ko K3 Ky
(3 @ (3 @ 03 @ © @ © @
@ / \ C / \ C / \
(@ (2] @ (2] @ (2] @ (2] @ (2]
t=0 t=1 t=2 t=3 t—4

131 — (31 TC‘) = (z] =)3) '

[




Persistent homology

H,(K.)
Ky 0 K4 0 Ko
3 4 3
@ DA
@ 2 L O— 0
t=0 t=1 t=2
az (L) + (2,3) = (1,8)
H,(I(t.\ .

12 ]
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Persistent homology

Choosing generators more wisely

K() K1 KQ KB K4
3, @ 3 @ © @ © @ © @
@ < /N /N N\
@ (2 @ (2 @ (2 @ (2 @ (2
t=0 t=1 t=2 t=3 t=4
L. — O —— U 1 ————— 03
(2] - (]
W(fo:
(127 - (2 3] - Tc)

[‘4’1-—[[] - .‘.—%J ’[\] N [%) ’U)
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Persistence barcode

This is true in general by the structure theorem, whose statement and proof go beyond the scope of the course

It is enough that you know that for each filtration (and corresponding persistent homology module) we can compute a

barcode that tracks how homology classes are created and destroyed as the filtration grows

his is the same as tracking the evolution of the Betti numbers of the complexes in the filtration

|

_BO

_ﬂl

—
—
—

, |
15 2.0 2.5 3.0 35
Filtration parameter r

o
o
Q
o
[y
o

Azumaya, Gord. “Corrections and Supplementaries to My Paper Concerning Krull-Remak-Schmidt's Theorem.” Nagoya Mathematical Journal 1 (June 1950): 117-24.
Crawley-Boevey, William. “Decomposition of Pointwise Finite-Dimensional Persistence Modules.” Journal of Algebra and Its Applications 14, no. 05 (2015): 1550066.
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Persistence barcode
” Wm Wy o auT ew 1% (;{WY&SﬁCWL Ouere

. __ped-y opced weep S
PU TS heucl

l ‘ Two long bars: we have two

persistent loops in the point

ﬁ — cloud
‘ The point cloud had the shape of

As many bars as points, two circles!
\ &F

bars die as points get

o

connected | | |- | | | _‘ - |
0 5 1.0 1.5 2.0 25 3.0 35
/tration parameter I \
[/;NW\ Persistence barcode A RN

b A
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Persistence diagram

25 - ‘
< 20-
= . é
)
Q5 o . [7/(7)
| b e - I
0
l 10- o
| S
-
. 05 - ¢ '
. =
| I | 1 I 1 1 ‘ 1 1 s . BO
0.0 05 1.0 15 20 25 3.0 35 v \ e B
: : 0.0 - I
Filtration parameter r
p A | | | I' | | | |
b 00 05 10 15 20 25 30 35
b Birth

Persistence barcode
Persistence diagram

)l[b)d) Ly ¢ 9(5
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Computing barcodes
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Filtration boundary matrix

How to define it?

m Order all simplices in the simplicial complex at the last step of the filtration K = K, by increasing filtration value

m When several simplices enter the filtration at the same time, order them by dimension

m Break ties arbitrarily when two simplices of the same dimension enter the filtration at the same time

m Compute the boundary matrices D, representing the boundary maps 9, : C(K) = C,_{(K) of the simplicial complex

at the last step of the filtration, where all simplices have been added

m Write the full boundary matrix as the block matrix given by all these matrices

n D;; = coetficient of o; in do; with indices ranging all the simplices in K

29



Reducing the boundary matrix

K K, Ko K3 Ky
(3 @ (3 @ © @ 03 @ © @
c . /\ . /\ . /\\
@ (2 @ (2 @ (2 @ (2 @ (2
tz O = Tto-2 £ 2 L=
r — ‘ ‘
2z 3y ) (13) (2,3) BN (12e3)
= | .—' 0 O l o \ ‘ B
0(4,4\4 ’ | o - | v g Z
v ( ‘ ol ( o 2
D - _ - - 2 0o o o _ 2 y
l ‘ { (7))
| < (%)
D0 05 u . |
| | (7,3
0
l o 1 (3, «)
|

30 o | /C(,’ZJ)



c="72
t=0 b= C,— $23 -9

Reducing the boundary matrix —_—
1 2 3 4[12 13 23 34123
Reduction algorithm Example I =—6—06~0+1 =1 [0 [0 | O
2 10 0 0 O 1 O 1 \O 0
3 +0—0—-o6—06190 (L[@41 | 0
Input: boundary matrix of a filtration D 410 0 o0-e6+6—a10 (D! o
Crene. P=1"1270000[0 0[0]0] 1
teps: 131000 0[0 0|o0]0]|~1
R<D 23 10 0 0 01+0—0107 0| (D
4 ol € p 34 10 0 0 0] 0 O \ O/ 0 0
i COmns o 122/0 0 0 0/]0 0M 0] 0
For 1 <j<n: A
It R; # O: é
. . o
pivot(R) < max{i : R; # 0} ' o
For 1 <k<j: ~ | o
If pivot(R,) = pivot(R;): 0o 7 o
0 o
R; < R; £ R, so that pivot(Rj) increases 5 o
0 %
Output: reduced matrix R p, o
O &

31



Reading off the barcode

u If pivot(R) = i: o; creates a homology class and o; kills it. We have to add a finite bar

[£(6), f(5)

where f(o;) = filtration value at which o; enters the filtration, in dimension dim(s))

m f R; = O (and there is no pivot), that means that this column represents a cycle that never gets killed, so we get an essential bar

[f(6), + )

in dimension dim(aj)

Example

32



The idea behind the algorithm

Notice that we are doing exactly the same thing as we did before:
m Starting from the basis of simplices in each dimension (basis of the chain space)

m We add of subtract simplices that have already appeared in the filtration to reduce the boundary, that is, we change the

element of the basis over which we are computing the boundary, adding the vectors of the basis that we already had

m We do this until we obtain a boundary that is linearly independent with respect to the other boundaries already present, or

until we arrive to the zero column (the combination of simplices is a cycle)

m [ his process gives us a basis from which we can read the barcode, just as before!
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To sum up

Today we have learnt how to..

m How to define the persistence module
m How to represent a persistence module as a persistence barcode or a persistence diagram
s How to compute barcodes

ow\tercom Ista ' rag
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'I'hank you for your attention!
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